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~ Czeslawa Kulig

A Numerical Treatment of a Boundary-value Problem
| for Third-order Differential Equaﬁons

1. Given any three nonnegatrve real numbers 4, B, C (C>0), consider the
class Q(4, B, C) of the third-order linear and homogeneous differential equations

1€ ' x”’+ a(x"+b(A)x'+c()x =

w1th functions a(?), b(), c(?) measurable and bounded in the mtcrval [0, o0) by
A, B, C, respectively, -~

¥)] ' la@)l < 4, Ib(t)l IC(t)l <
It is Well-known that there exists an h > 0 such that

(i) every solution of an equation of class Q(4, B, C) satisfying the bounciary-
value conditions : :

G | ‘x(o\)=x(r):x(‘s)=d O<r<s<h -

A

s necessarily trivial, , :
(ii) for every. ¢ > 0 there exists an equatlon of class Q(A B,(C) havmg a non-
trivial solution »(¢) satisfying (3) with 0 <r < s <h-+e.
The problem of the evaluation of the value of 4 has been considered already
by many authors. The best direct evaluation known so far is that given in [1] ac-
cording to which 4 must satisfy the following 1nequa11ty

. 2
@ 1<da+3licl

2. From the theoretical point of view this problem has been completely
solved by the general ‘theorem proved in [2]. Accordingly to this theorem
‘applied to the third-order differential equations, if H is the sma]lest positive -
zero of solution u(f) of the equation

5) W AW"|+ B|+ Clu =
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satisfying the initial-value conditions :
(6) : @) =4(0)=0, w'(O)=1,
then :

(iii) every solutlon v (1) of an equatlon (1) of class Q(A B C) satlsfymg the
initial-value conditions !

O = =0, vO—1

is necesééirily positive in the interval [0, H] or, in other words, for any equatloli
(1) of class Q(4, B, C) there is no non-trmal solution v(¥) satisfying the boundary-
value conditions ‘

O ' v(O).='v.'(0) =0, v)=0
with 0 < r < H: ‘ :

On the other hand, a simple (and known) argument leads to the conclusion
~that A= H. Indeed. First of all, treating (7) as a limit case of (3), we get the in-
equality & << H. Suppose now that # < H. Then, from (i), (i) it follows that for
&= H—h >0 there exists an equation of class Q(4,B,C),

®) X e WX +y()x =0
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Fig. 1-

which has a non-trivial solution p(?) satisfying (3),

pO) =p(r)=p()=0, O<r<s<H, s>h.

(Without loss of generality we may assume that p'(0) < 0). Moreover, by (iii)»
the solution ¢(#) of equation (8) satisfying the initial-value conditions

90 =g =0, g¢"0)=1 :
is positive in the interval (0, H) (see Fig. 1). For every real number 1,

() =q@)—@




is a solution of equation (8) satisfying thc‘co‘ndition
- r(0) =

By the contmulty we may choose A>0in such a way that.in the mterval (0 )

the trajectories q(t) and 7p(f) have a common point of tangency, say, for 1, € (0, s).
Then .

ri.(to) = r).(t.o) =

and we easﬂy verify ‘that the function

w(?) “—"';.(to‘“t)
is a non-trivial solution of the equatlon

X a3+ BB X+ ) —’

where a,(f) = a(t,— vt) B = —B(t,— 1), y) = y(t,— t) Thus w(?) is a non-
trivial solution of an equation (1) of class Q(A B, 0) satlsfylng the boundary-value
conditions

w(0) = w(0)= , w(to)u , 0<t,,<s<H
which contradicts (iii) and fhereby the assertion that & = H is proyed.

/ 3. The equality 2= H enables us to confine our further considerations to
.equation (5), where the coefficients 4, B, C satlsfy the condition: 4 >0, B> 0,
C > 0. The simplicity of equation (5) mlght bave lead to the conclusion that for -
any given A4, B, C the exact value of H = H(A, B, C) may be directly computed
by solving th1s equation in a closed form. Indeed, 1f hy, hy, hy denote, respectively,

the first positive zero of the second, first and zero derlvatlvcs of the solution u(?)
~ of equation (5) satisfying the initial-value conditions (6), then in the intervals
[0, &), [Ay, ) [, B) equation (5) takes, respectlvely, the forms

® ; ' A‘u”—{— Bu'+Cu=
(10) ' u'" -—Au”+ Bu'+Cu=0
(1 : w'"' —Au'" — Bu'+ Cu =

so that by a successive integration (undel“ suitable lmtlal-value conditions) of three
linear third-order differential equations with constant coefficients one arrives at
an implicit formula for #, = H. But the fact that the initial-value conditions for
the solutions of equations (10) and (11) are given in an implicit form and that the
“explicit formula for the general solution of a third-order linear differential equation
with constant coefficients is rather complicated and extremely hard to deal with
makes this task hopeless.
For this reason it seems to be worth while to look for a partial md1rect solutlon
of the problem of evaluation of A.
~ In the present paper we try to summarize the results of a numerical treatment
of that problem giving the values of 4 for a choosen set of triples 4, B, C and
estimating for all those triples the value of the right-hand side of inequality (4).




4 Denote by 2 the set of admlssxble coefficients,
Q=1{4,B,C):4>0, B>0, c>0},
: and put -for the nght—hand side of mcquahty @), '

h(4, B, o,

12 1(4,3, C)=1(4,B,C; h(A,B, C)=4 %
a k4, B, (oM o, B, )
T 2

Then inequality.(4) may be written in the equivalent form
(13) 14, B, O)>1 (4, B,C)eQ).

For a solution u(#) of equation (5) with the coeﬂiclents (4, B, C) e 2 we can
easily verify that, for every A >0, v(f) = u(A?) is a solution of equation (5) with
the coefficients (14, °B, A’C) € 2. From this the followmg property of the function
h(4, B, C) in £ arises:

(14) ih(AA, 2B, *C)=h(4,B,C) (A1>0, (4, .B C)e.Q)
Hence, by definition (12) of the function I(4; B, C), it follows that
(15) “I(AA, 2*B, A’C)*I(A B C) (J.>0 (4, B, C)eQ)

~ Owing to the fact that for every point (4, B, C) « 2 the point (A4, 2B, A‘C) Wlth
4 > 0 sufficiently small belongs to the set

2={(4,B,0):0<4<1, 0<3<1, 0<C<1},

in the estimate of the exactness of the evaluafion (4) it suffices fo restrict ourselves

to 2. : '

The numerical procedure mentioned above consists in the numerical compu-
tation of the values of the function 4(4, B, C) (and also I(4, B, C)) at determinate
points of the set .Q namely in the nodes (4;, B,, C,).of a net in Q. The actual com- -

- putation has been made for the system of points (4,, B;, Ck) whose coordmates
are defined by the formuiae

-

A, =0+i02 (i=0,..,5), A4, =04i02 (i=0,..59,
B,=0+j02 (j=0,..,5, and B, =0+I02 (=1,..,9,
Co=0+k02 (*k=1,..,5) C,=0.

' These pomts form a net S consisting of 210 nodes disposed uniformly (with the °
R steps d,= Ay = A, =0,2) in the set £ and on its boundary (except the segment

' - {(4, B, C) A >0, B= C =0} where the direct integration of (5), (6) gives
h(4,B,C)=I(4, B, C)=+c3), Every value h(4;, B;, C;) has been computed
as the smallest positive zero of the numerical solution of (5), (6) with the coefficients
(4,, B;, C,); this solution has been found by the numerical method of step by




step integration of dlﬁ'erentlal equauons (actuaily the method of Runge-Kutta-Glll
of the fourth order with the step of integration 4z = 0,1 has been used, [4]: the
computations have been performed with six digits after decimal point). The values
h(4,, B, ) so obtained have been used to the computation of I(4,, B, C).

In the computatlons of the values of the function I(4, B, C) it has turned out
- that they all fulfill the inequality

. (16) ' - I(4, B,, C)>2 ((4, B,, Ce S)

From (iii) follows the monotomclty of the functlon h(4, B, C) in the following
sense: if . | ‘
(17) 0<4, <4, 0<B <B,, 0<C<C ((4,B,,C)eQ),
then ' : . '
h(4;, B;, C,) <h(4,, B, C)).
This and (12) give the monotomc1ty of the function I(4, B, C) in -the followmg
sense: if (Al, B, Cy), (4;, B, C,) satisfies (17), then

I(Az, B;, C,) = I(4,, By, Cy 5 h(4,, B,, C)) <I(4,, B,, C,; h(4,, B, C)).

Taking into account the continuity of h(A B, C) and I(4, B, C) in .Q ([3] p. 38)
we may state the following

Conjecture The function h h(A B,C) satlsﬁes in the set Q the mequahty
- (18) | 2<A. Z—i—B 2+C "a

5. The 1nexactness of the evaluation (4) may be estimated by the comparlson
of the values of the roots ' = h'(4, B, C) of equations

(h')’ 'y
PR SN2
with the actual values k= h(4, B, C) computated numerically.
It turns out that. _
h(4,, B, C)—h(4, B, CY>1 ({4, B,, C) es)

6. The numerlcal computations has been performed on the UMC-1 computer
in the Centre of Computers of Academy of Mining and Metallurgy in Cracow.

The most characteristic and neuralgic (w1th respect to the proposed evaluatlon
(18)) results of computations are collected in the Table 1.

' ‘ Tab. 1.
4 B C h I K

0.2 02. 02 5786679 2.925678 3.739202
0.2 02 04 4.897398 3.146861 - 3.160272
02 02 0.6  4.402385 3.188643 2.838075
0.2 0.2 0.8 4.067521 3.255952  2.621005
02 02 1.0 3.820326 3.317216 2.460184







