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Stanistaw Burys

On Partial Differential-Functional Inequalities of the First Order

This note deals with systems of inequalities of the form
w<flx, Y, Ux, ¥),d,Ux,9)) @(=1,..,m

where Y= (3, ..., ), U=, ..., u"), u,=(u,,..,u.,) and for a fixed x we
denote by U(x, -) = (ul(x, *), ..., u"(x, -)) an element of the space of continuous
functions.

Theorems to be proved are known (see [1], [3]), if the rlght-hand sides of the
above inequalities do not depend functionally on U(x, -). The proof of theorem 2
is patterned on the proof given by P. Besala in [3]. :

In the space R*X R* we denote by D the pyramid

' 0
O<x—x,<y, ka—yki gak""L(x"—xﬂ) (k= 17'"3.")’
where

O0<L<H4+o00,0<a < +a, y<min{%}.
k

For a fixed X € [x,, xo+7) we denote by Sy the projection on (y, ..., y,) of the
intersection of the pyramid D with the plane x = X
Let C,(S;) stand for this space of continuous functions z(y)= (zl(y), ey 2(P)
from S; in R™. For any two vectors U = (4, ..., ¥™) and V = (v}, ..., o) we write
U<V, ifW<v (j=1,..,m) and ] ‘
U<V, ifw<d (=1,..,m).

The index i being fixed we write

U<V, ifw<o G=1,om) and =

For :ze Cm(Sx, Z e Cm(S,), z <z means that z"(y) Z/(y) for every yeS,,
(G=1,..,m).

For a fixed x € [Xo, X+ ) we denote by U(x, ) = (u(x, *), ..., w™(x, *)) an
element of the space Cm(S,)
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Theorem 1. Let the functions fi(x,y,, ..., y,, &', ..., u", qy, ..., Gus 25 ey 2)
=fix, Y,U, @,z) (i=1,...,m) be defined for (x, Y)e D, U, Q arbitrary and
z € Cm(S,). .

Assume the functions f'(x, Y,U,Q,2) (i=1,..,m) to be increasing with
respect to u', .., u"l, ut, ., u" 2z and sat!s,fy the Lipschitz condition with
regard to Q ‘ '

@ - Ifix, ¥, U, Q, z)~f'(x, Y, U, Q 2)|L Zlq,, Gl
k=1
(i'—-‘- 1,‘...,"!). . )
Define. |E'= {(x, ¥) e D: U(x, Y) < V(x, Y)} (i=1,..,m), where U(x, ¥)
= (u!(x, Y), ..., u"(x, Y)) and V(x, ¥) = (v(x, Y), ... wm(x Y)) and let functions .
U(x, Y), V(x, Y) be continuous in D and satisfy the initial inequalities

(2) ) U(xm Y) < V(xﬂa Y) .

Assume that -u’(x Y), oi(x; Y) (i= l ., m) have first order derivatives for
(x, Y) ¢ E’ and, moreover, Stolz’s dlﬁ'erenﬁals if (x, ¥) belongs to the side surface
of D. Suppose finally that, for every j, the differential inequalities

3) ui(x*, Y*) < fi(x*, Y*, URx*, Y*), W (x*, %), U(x*, DR

@ vi(x®, Y > f(x*, YE, V(x*, YY), vi(xt, YY), VP, 9))

are satisfied whenever (x*, Y*) e F. This being assumed the inequalities
©) ' U(x, ¥) < V(x, Y)

hold trude in the pyramxd D.

Proof. By (2) and by continuity, the set of X, such that x, <¥ < x4y and
that (5) holds true in the intersection of pyramid D with the zone x, < x < X,
is not empty

Let x* denote jts least upper bound We have to prove that x* = xo—l—y Suppose
it is not true and consequently x* << x,+y. Then there exists an index J and
a point Y* such that (x*, ¥*) belongs to the pyramid D and :

(6) Ux,Y)<V(x,Y) for x,<x<x"
w(x, Y*) = ol(x*, Y*). )
By the last relations (x*, Y*) ¢ E’ and hence differential inequalities (3), (4) hold
true. Now there are two cases to be distinguished.
~Case L. Suppose (x*, Y*) is an interior point of the pyramid D. Consider the

function w/(x*, Y)— 'of(x Y) depending on Y. By (6), it attains maximum at ¥*
and hence, ¥* bemg an interior point, we have:

(7) S qu(xsy‘):’ij(xa'Y*)'



Sumlar]y, the function w(x, Y"‘)-—v’(x, Y") dependmg on x attams its maxrmum
in the interval [x,, x*] at the point x*. Therefore,:

® - u{,(x YH—ol(x*, Y*) =0. - ' ' :
On the other hand by (3), (4, (6), (7) and the function £ i mcreasmg w1th respect :
to u, ..., /™ u“" , ey U™ Z WE get
w(x*, Y% — o0, Y < fi(x*, Y7, U(x*, Y*), Wx", Y*), U(x , ))—-
— fix*, Y5, V(T y* , v(x*, YY), V(x%, +)) <O0.

which contradicts (8).
Case I1. Suppose (x*, ¥*) is a point on the 51de surface of the pyramid D. We
can assume (rearranging the indices if necessary) that we have ‘

=e-LG"-x) (@=1,.,5),
©®) Vp=—a+Lx*"~x) (@= S+1 o S+r),
il < g—L(x*—xy) (k= S+r+1, s M)
Fix p and consider the function '
' WX, VY s eons Vo1s Vps Vag1r eoes Vi) —
. ""”j(x*’ y1‘9‘°"! y:—l’ yp’ y;+19 seey y:))
depending on y, in the interval A
—a,4+L(x*—x) <y, <a,—L(x'—xp).

By (6) and (9) it attains maximum at y, = ap—,L(x"‘—- Xo), i.e. at the right-hand
extremity of the interval. Hence, it follows that : ‘

(10) W (x*, YH—ol (x*, ¥H =0 (p=1,..,89).
By a similar argument, we get '
ul (0, Y=ol (6%, ¥ <0  (g=S+1,..., S+7)

I(ll) i ul (x*, Y*)—v,’,k(x YH=0 (k=S+r+1,..,n

‘ Now, for x, < x < x*, put -
Y(x) = (@—L(x—Xy), .. as—L‘(x-—~x0) »
— 8y + L(X—Xo), ..o, — @54, L(x— Xo), Vsira1s o> V)

and consuier the composite function u’(x Y(x))—v(x, Y(x)). It attains maximum

at x*, by (6) and (9), and hence

(12) E[u’(x, Y()— (%, Y(x)]urs =0.

But the pomt (x*, Y*) = (x*, ¥(x*)) belongs to the side surface of the pyramid D
and hence the functions #/, v’ possess Stolz’s differential at (x*, Y(x*))
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“Therefore, we can apply to the,léft—hand‘ysidé ineqﬁality (12)’the'formi11a for
the derivative of a composite function and thus we get ' '

a3 ui(x ¥)—vl(x", Y*)>L[2( (", Yo", Y

S+r
— Z (1", Y‘)—v’ (x*, Y"))]
e=5%1

On the other hand we have, by (3), (4)

ul(x*, YN— v’(x Y‘)< [P, 7*, Ux®, Y7), uf(x®, Y‘),
UG, D=1, Y4 V0, 1), s, 1), VG, )+
H A, Y5, VG, Y, wl(x®, Y, V', )~
—fx", Y5 VS, YY), oh(x®, YY), VY, N -
The ﬁrst difference in the brackets is non-positive, by (6) and by the monotonicity
~ of the function f/ with respect to u, ..., w2, w/*, ..., u™ z. To the second dif-

ference in brackets we apply inequality (1) and thus — taking advantage of (10)
and (11) — we get

L |
wi(x", T)—ol(s", ¥*) < L[ D () (x*, Y)—o,(x*, ¥*))—

S+r
J— 2 ( Y*) (x', Y*))] ,

) q=5+1
which contradicts (13).

Since in both cases I and I1 we obtained a contradiction, the theorem is proved.

Definition (see [2], p. 261). A function fY(x, Y, U, Q, z) is said to satisfy
- condition C with respect to #, if #' < u' implies

fix, Y, b, ., u™ L d T um, O, 2)—
—flx, Y, ul, ..., "W, ut, L u, Q, 2) < a(— X, W —1')
where the function a(t, S) has the following propérties: )
1° o(¢, S) is continuous and non-negative in the half-strip f¢[0,a), S <0 and

- e(t,0) =0,
2° the unique solution of the equations

(14)

™ o(t

Satisfying the condmon llm S = 0 is s(2) = 0. The followmg lemma holds true

Lemma (cf. [3]). Let o(t,ES) satisfy 1° and 2°. For S,,8 >0 we denote by
w-+(t; 0, Sy, 8) the right-hand minimum solution of the equation







