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A Metric Connection on the Null Hipersurface and Discussion of Treder’s
Parallel Transport

1. INFRODUCTION

Let L(M,,) be the pr1nc1pa1 fibre bundle of linear frames over a connected,
n-dimensional metric manifold*) M, of the class C*. Components Iy, of the
linear metric connection in the bundle L(AM,) with respect to a local coordinate
system on the M, satisfy locally the equations [14], [16]

M Va‘ggy = 0,95, — ﬁg@-mygw =0
' aﬂ;),é e=1,..,n,
where g,, is the metric tensor of the M,.

Equations (1) permit the components I’;‘,, to be calculated explicitly for a glven
symmetric tensor 9. and, therefore, a metric connection I" in the bundle L(M ) [14] :
We can transform them [24] to the more convenient form o
(2) 'r;y Jse = [ﬁ’” 6]_" gyu gﬁ— gﬂa Sgy—l_ gcﬁ ﬁy ’

where S5, is the torsmn ténsor.
If the metric of M, is non-singular, i.e. if M, is ¥, then there exists a tensor lad
such that

3 g““gﬁ‘,éé‘,}.

The contraction of ¢* with the equations (2) leads immediately to the solution
@ | I3, = () 85— 00,055+ 95 S3)

1) We restrict ourselves to connected manifolds and fields both of class k = oo (exception: a null
hypersurface immersed in space-time and fields on it). However, the results for n= 3 are true for the values
of k demanded in general rolativity._ This is immediately evident from Section IT and from Section V.
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We see from (4) that symmetric, non-degenerate metric and torsion determine
a unique metric connection in the bundle L (V). We conclude also that a symmetric
and non-singular metric g,, determines uniquely a metric and symmetric linear
connection I" in this bundle. The components of this connection with respect to
a local coordinate system in the ¥, are Christoffel symbols of the second kind.
In this paper we shall express a linear connection and related concepts mostly
in terms of the local coordinate system (exception: Section IIE).

n-dimensional metric manifold with a metric tensor g, such that detllg,sll =0
is called a degenerate or singular Riemannian manifold. The number r such that
(n—r) is the constant rank of the matrix ||g,,|| determines the degree of degeneracy.
In r-time degenerate, n-dimensional Riemannian manifold, which will be denoted
by V), there exist r linearly independent vector fields k%, 4= n—r+1),.,n"

A

such that at every point of the manifold

) gapf'_' =0. ’

'We shall call the vectors k°(p), at the point p, the null vectors of the metric G.p at
P .

the point p. In the manifold ¥{” the tensor ¢g*, which satisfies the equations (3),
does not exist. ‘ ' ‘
If there exists in ¥ (1 < r < n—1) a coordinate system in which the tensor ¢,,
has the canonical form )
g}._u OI

(©) 190l =] o o)’

2')1“"1’7 T,0,0,T= 1, ...,(n—l'),

detilg, /! # 0;

then ¥ is called reducible. If there is a coordinate system in which the metric
has the canonical form and 8,g,, = 0, then V" is called r-time and absolutely
reducible [28]. The coordinate system in which the metric has the form (6) is called
the canonical coordinate system. o :

A particular example of V{ is the null hypersurface V, in space-time of the
‘general theory of relativity. The interior metric of such a surface is degenerate
and we cannot solve the equations (1) in the usual way. The metric degeneracy
of the null hypersurface is inseparably joined with a lack of the normal rigging
of such a hypersurface. Normal vectors to the null hypersurface 1*/3 are simultane-
ously tangent to it. These vectors determine the congruence of null geodesics in

space-time filling completely 173‘ The geodesics of this congruence are bicharacter-

istics of Einstein’s field equations, while the null hypersurface I";, is the character-
istic manifold of these equations [18), [19], [23].

Many authors have examined the internal geometry of this hypersurface,
e.g. [3], [4], [5)], especially the problem of the internal linear connection determined
by its immersion in space-time and the equivalent problem [1] of the internal
parallel transport on it. Lemmer [15] used the method of projection of the affinity
from space-time by means of rigging of the hypersurface.
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The affine connection obtained in this way is not metric and is not uniquely
determined because there is no natural rigging [8]. The procedure of Dautcourt [5].
is similar ‘to ours, however the class of connections which he obtains is metric
only on an absolutely reducable hypersurfaoe V,, The same class of connections
on the null hypersurfaoe V3 was examined by Kemmerer [12]. Treder [26] proposes
parallel transport on the null hypersurface which uses only Chnstoﬂ'el’s symbols
of the first kind which are uniquely determined. _

" We shall show in Section V that Treder’s proposition is a usual parallel transport

only on the absolutely reducible V,, and that, in this case, it corresponds to infinitely
many metric and symmetric- linear connections.
The problem of the metric connection in the general case of V" has been
examined by E. Bortolotti [2] (absolutely reducible V) and by O. Vogel [28].
See also the papers of A. Jakubowicz [10} and C. Jankiewicz [11].

IL METRIC CONNECTION ON A NULL HYPERSURFACE ¥,

We shall consider the case of an n-dimensional null hypersurface I’,,, immersed
in a Riemannian manifold V,,, with a sygnature (+--, ..., +—). Such a hyper-
surface is a particular example of ¥®, O. Vogel has proved two important theorems
concerning linear metric connection in V{7,

Theorem 1 [28], ¥®(1 <r < n—1) admits of metric and symmetric linear
connection if and only if it is #-time and absolutély reducible. - .

- Theorem 2 [28]. Equations (1) always admit of solutions I';, # I";ﬁ, i.e. the
non-symmetric metric connection on the V(1 <r < n—1).

The analysis of equations (1) and their solutions can, therefore, be d1v1ded in

a natural manner into two cases: ‘

- a) an absolutely reducible V,,,
b) a general V,. “

a) Absolutely Reducible 17,,.

We shall prove Theorem 1. The proof is in fact the solution of the problem for
this case. We shall show first that Ij',,, ‘which admits ‘of a symmetric and metric
linear connection, is absolutely reducible. - '

Every I},, is reducible, i.e. admits of the canonical coordinate system in which
9un = 9o =0 and Kk®= 4], where k* are the components of the null vector,
satisfying equations ‘

Q) ‘ k=0,




e
Let us conmder in tlus coordinate system the equanons
(8) ‘ VK= 8k"+I‘°k"- LK,

which foil‘o’w from (7) and from the metric character of the connection [17].
In the canonical system _

(9) . Vok? =14,
and therefore |
(9') A ‘ P2"=FLT~O.

Using (9) we ﬁave‘
(10) A NENRS SIS AL R

which means that the ¥, is absolutely reducible.

We shall now prove Theorem 1 in the opposite direction. Solutions of the
equations (1) can be obtained most easily in the canonical coordinate system. We -
have

(arn - Vi = 00, 590159, =0,
112 Vubr = Onlur— T 590 T%,0,0=0,
(11.3) | Vel = Oufun— TGy T0n 9, =0,
A1) = Vil = 0Tl s = 0.

Eq (11.4) is fulfilled identically, because in the canonical coordinate system Gna == 0.
- From (11.3), g,, = 0 and det|jg,Il # 0 it follows that I';, = e =40. Eq. (11.2)
is fulfilled identically because- I', =0 and 9,g,, = 0. Since detllg,.,ll # 0, one can

solve the equations (11.1) in the usual way [24] and get I, = {}}.
It is seen that i in the canonical coordinate system, the metnc determines umque}y
1
only the components Ij, =I');; the remaining n(nz—l- )components Ira,=1TI%,

- may be chosen arbitrarily.
On applying thxs theorem to the case of Va we see that the metric of the ab-
solutely reducible V, admits of a whole class of symmetric and metric linear con-

nections. This class depends on six arbitrary functions, namely I';; in the canonical
© coordinate system.

The null curves (the generators of Vs), tangent at every pomt to the null vector,
+ are geodesics for every connection of this class.
We shaill denote the class of metric and symmetric linear connectlons on the’

absolutely reducible null hypersurface V,, by [I,]);-




Having the components of the linear connection in the canonical coordinate
system we define them in every other coordmate system by means of the transt?or-
mation rule ‘

3x‘" ax® ox o Pxe

1 ‘-Ivu:,r=—-—-""——'-—— e —————
(_2) ST axe oxP ax” LR ox* ox”’

b) The General 7.

The proof of Theorem 2 is trivial if the theorem of Wong [30] is used. This
theorem, in application to the metric tensor g,,, says that the metric connection,
i.e. the solution of the system (1) exists if and only if in every point of ¥ there
exists the basis %) ¢* in which the components of the tensor g,; are constant and

AB
not all equal to zero. The tensor g, admlttmg of such a ﬁeld e* is called homogene—
®
-ous and the ﬁeld " the regular field [30]. 1t is easy to see that on the V there are
e
infinitely many regular fields (see Section III). Therefore, the system (1) is always
compatible and, by virtue of Theorem 1, the solutions are generally non-symmetric.

As in the case of absolute reducibility, one can solve the equations (1) most
easily in the canonical coordinate system in which they assume the form (11).
Eq. (11.4) are fulfilled identically. It r‘esu]ts from (11.3) that I, = 0. Eq. (11.1)
can be solved in the usual way [24]: I's, = {J}. It is more difficult to solve the

( -y

system (11.2). It is the system of equatlons (linear in every pomt) on (n—1)2

unknown components I,.

In the case of a null hypersurface Va in space-time, which is particularly in- -
- teresting for us, this system gives three equations for four unknowns Iy, , I, Iy,
T'5,. Summarizing, if the components I7, and I’:z are given in the canonical co-
ordinate system, then, in the general case of Vg, the metric tensor determines the
remaining components of linear connection. We put here, for simplicity, I3, = I},
(in the canonical coordinate system). In general, the number of arbitrary components
increases to twelve.

The number f of arbltrary components for V equals

E f=”a(”2—l)+n.

The special class of the non-symmetric, linear and metric connections on the 17
for which, in the canonical coordinate system, I, = {}} we shall denote by [I3,],.

2 “The indices in round brackets always refer to a local frame,







