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On Some Eigenvalues and Eigenfunctions of the Composntlon of two
Sturm-Liouville Type Operators

1. Let C*([a, b)), k = 2, denote a linear space of all functions of class C* in
interval [a, 6]. . ,
Let L,, L, be operators,

L C(la, b)—~C*(a, b)), j= 1,2
defined by ' |
0] Liu((t) = *(p,(t)u')'+q,(t)u(t), j=1,2

where p(7) >0, g(t) = 0 for tela,b), pje C'([a, b)), g;< C**([a, b)), J—l 2.
It follows from (1) that there exists a compos:tlon L=L,L, if only k >
Consider the equation

) o Lu—tu—0

with béundary conditions
€) _ a,u(@)—au'(@) =0, pu(b)+ fou'(h) =
and

asLu(D—aJLu(® =0 for t=a

@ BaLatu(t)+ AL =0 for t=b,

where ay, a4, $1, B, are ];Sositive numbers and a,, a;, B;, f; non-negative ones.
Lemma 1. If a function y(¢) € C¥[a, b)) is a solution of problem (2) (4), then

b :
J PGy Pt Loy — Loy}t <0

Proof. Multiplying by L,y both sides of equation (2) we obtain
(o) — Loy [P(Ley)'T + gu(Lay)*— Ay Ly = 0.
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On the other hand, we have )
| [PALey) LayY = [py'(Lay)) Lay-+pil(Lay) T
) Lylp(Ly)T = {Pi(LzJ’) Lyy— [pLy) T} ..
Henoe by (5), we obtain

[PULy)LayY = [P(Ley) P+ Lay)— Iy Lay .

~ Integrating this identity over [a, b] we obtain, by (4), the statement of the lemma

‘ Lemma 2. If ye C%*({a, b]) satisfies condition (3) and L;y =0 in [a, b] for
j=1orj=2, then y =0 in [a, b].

Proof. By assumption we have:

(pyY—gy=0.
Multlplymg by y and mtegratmg over [a, b] we get

(6) ’ p®)y'®)y(b)—p(a)y'(@y(a) = f[P(y )+ gy?lat
On the other hand, it follows from (3) that

M - pBY®E)—p@y @y = *p(b) [y(b)]’—~P(a) [y(a)]"

Suppose y % 0. Then, since p(f) > 0 for 7 ¢ [a, b}, the left-hand side of (6) is positive
which leads to a contradiction with (7).

2. We say that a real number y is an elgenvalue of problem (2-4) if there exists
a function u e C*a, b], u # 0, satisfying (3), (4) and equation (2) for A = u. The
function u is called the elgenfunctlon of problem (2-4) corresponding to the eigen-.
value u.

Theorem 1. If 1 is an ecigenvalue of problem (2-4), then 1 >0.

Proof. Let y be an eigenfunction corresponding to 4. We consider two cases.

If 1= 0, then by definition of

LLy=0.
" Hence, and by Lemma 2, L,y = 0. Applying this Lemma once more we obtain
y = 0. But this contradicts with the definition of y.
Suppose now A4 < 0. Then, by Lemma 2, L,y # 0 in [a, b], whence .
‘ b ' b
f Pl(Loy) P+ f a(L,y)ydt >0.

Therefore, in order that (5) may hold true we must have

® f (Lgy)ydt <0,




On the other-hand,

. , yLiy =—=0py)Y+p(y+ a9y
Hence, by (3), we get ‘
b o b . . >
fyLzydt = —ypy'lot [ UpyY+gpildt >0, »

in contradiction with (8). o ' '
Lemma 3. If 4,, 4, are eigenvalues of problém (2—4) and if Y:2z are elgenfunct:ons ‘
corresponding to A, 4,, then

y

(8) A f yLyzdt =g [ zLyydt.
Proof. By our assumptlon we have

ON ' o (mLyY—aly = "“31?

and o ‘ ,

(10) (L~ @z = — 2.

Multiplymg (9) and (10) by L,z and L,y, respectively, and subtractmg (10) from (9)
we obtain -
Lyz(pLyy) — Lyy(pLyz) = —llyLaz+ AyzLay .
Observe that '
[PuLazLoy— LoyLi2)] = Loz(pLiyY — Liy(p.Liz) .

Therefore , A .
(11) - [PlLezloy— LoyL;2)] = AyzLyy—hyLaz,

Integrating (11), (4), we come to relation (8').

3. Denote by A a subclass of C¥[a, b]) consisting of all functions satisfying
conditions (3), (4). It is easily seen that the functional

o,
(v, 2) = [ pLozdt

is the scalar product in A4. !

Since every scalar product is a symmetnc functional we have, by Lemma 3,
the following

Theorem 2. If y and z are elgenfunctlons of problem (2)—(4) correspondmg
to elgenvalues .11 and A,, respectively, AI # A5, then y and z are orthogonal, i.e.
(}', z) '

Theorem 3. Every four. eigenfunctions of problem (2)~(4) corresponding to
the same eigenvalue are linearly dependent.

" .
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' Proof. Let functions 3, (j=1,...,4) be eigenfunctions of problem -
- corresponding to an eigenvalue 4.

Suppose y; are linearly mdependent Then each solutlon of the equatlon is
expressed by _

Y= Gy,
. . J=1
'C, being arbitrary constants. Therefore, y is a solution of problem (2)«4) as the
linear combination of such solutions. Hence

YO=2y@, »0)- -gfy'a»)

independently of the choice of constants C;. On the other hand, since y, are line-
arly independent, one may choose constants C; so that (3) does not hold true.
This contradiction completes the proof.

4. Theorem 4. Let {u,} be a sequence of eigenfunctions of problems (2)~4)
Acorresponding to eigenvalues {,}, respectively, If the system {u,} is a complete

system in L([a, b]), then the sequence {4} contains all the eigenvalues of problem
(2)-(4). Furthermore, every cigenfunction of problem (2)-(4) is a finite combi-
nation of functions belonging to {uk}

Proof. Take an eigenfunction u,, 4, ¢ {uk} correspondmg to an elgenvalue 2.
I A é {4}, then (4, u)=0 for k=1,2,... Hence and by Parseval identity,
(ty, ) = 0. Therefore u, =0.

- Assume "now that 10 {%}. Then there exist at most three elements A, € {4}
such that A=A, =4, =4,. Indeed suppose 4, =4, for j=1,...,4, where
hoe{hd, ri# 1 for i aé J. Let u, (j=1,...,4) be eigenfunctions corresponding
to 4,,, respectively. Then, in accordance W1th Theorem 3, u,, must be linearly de-
pendent But this is not possible since every orthogonal system is linearly inde-
pendent. Put ;

. s
1) = u(D+ D, au, (@),
Jj=1
where a; = — (1, ,,) It is easily seen that (11.,, u)=0forj=1,2,.., ie. w4 is
orthogonal to every function belonging to {}. Thus #, = 0. 'I’herefore

3

wlty = D) — o, )

_ =

The proof is completed.

. 5. The considerations relating to the problem (2)-(4) we have so far been
working-out do not give a method of construction of an eigenfunction complete

system and an eigenvalue system corresponding to it which, in accordance with

Theorem 4, exhaust all the eigenvalues of problem (2)-(4). We shall now give

‘a construction. Our method will based on some results given in [1].




 Denote by B the set of. functlons belongmg to the class C*([a, b)) (k 2) and
' sausfymg condition (3).

Lét A denote the image of the set Bby the operator L,. It follows from Lemma 2
that there exists an operator K: inverse to L, i.e. K= L;*, Consider the equation

(12) , ' - Liv—AKv =0
with boundary conditions E
(13) av{a)—av' (@ =0, Bod)+p,0'(0)=

where a,, ﬂa, a,, B, are defined exactly as in [3]. It is seen that problem (2)-(4) is
equivalent to problem (10), (11) for k = 4.
Theorem 5. The operator K is positive, i.e.

b .
f«quJdt>0 for pefo, 9 £0.

Proof. Given function peMs, ¢ $ 0, there exists ue B, u # 0, such that ¢
= L,u. Hence

b & ’
fq)Ktpdt = f‘.uL,ud,t‘= (u,u) >0.
Theorem 6. The operator K is symmetric, i.e.

b b .
f:pKtpdt = ftpKtpdt for p,pe M.

Proof. Take functions ¢,y e . There exist elements u and v of B such that
¢ = Lyu and p = L,v. We have

b

b b b .
f pKpdt = f (Lyv)udt = (u, v)=(p,’u)—_~ [vLyudt = f ¢ Kydt

It follows from Lemma 2 and Theorems 1, 2 that functional H: .ALXJL—>R
given by :

(14) H(p,y) = fquwdt for ¢, pedl

is the scalaf product in J6; moreover, if u = Ky and v = Ky), then

(15) (u,%) = Hlg,y)

5. We shall find eigenvalues and eigenfunctions of problems (12), (13) by means
of some variational methods (comp. [1]). To thisggd we put

16y D(p,y)= f (p9'y +q1w)dt+w(b) w(b)pl(b)+w(a) <P(a)p1(a)

" D(p.p)= D(y), H(qo,«;o)ﬁ-——— H(g),







