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INTRODUCTION

The present note is a continuation of the paper [2], in which the problems of
existence and uniqueness of solutions of boundary value problems for functional
differential equations were considered. The purpose of this note is to investigate
the dependence of solutions of boundary value problems for functional equations
on their right-hand sides. The main result of the paper is that if the right-hand
sides of functional equations tend to right-hand sides of differential equations
(in the sense to be defined later) then the corresponding solutions of boundary
value problems for functional equations converge to the solution of the boundary
value problem for the ordinary differential equation. This result is a natural ex-
tension of A. Lasota’s result [1] to the case of ordmary differential and difference
equations.

- Some ideas in this paper were suggested by [3] but the results obtained here
are mdcpendent of those of Petryshyn.

1. THE PROBLEM

Let -R™ denote a real Euclidean m-space with norm |-|. Let Cia) (a < b) be

a Banach space of all continuous functions x: [a, b]— R™ with uniform norm ||-||. .

For a=b, G, is identified with R™. Moreover for any b >a C,,= R"
will always be considered as a subspace of C[,,,,,1 consisting of all constant mappings
{a, b}—>R".

Let C, = C{,_,,,, (s=0). For any xeC,_,, and te[a,d], let xjeC, be
defined by x'(t) x(t+t—a). (Observe that this definition of x, commdes with

" that given in [2]).
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‘By ¢f(R™) we denote the space of all non—empty, compact oonvcx subsets of R™
with the Hausdorff distance: . :

d(4, D) = max(supé(g, 4), sppa(q, D), A,De cf(R'") '
. qeD ) geAd

whére
- 0(q, A) = inf{lg—pl: ped}.

Let B denote the Banach space and let F: B->c¢f(R™). The mappings F will be
called continuous in B if it is continuous in the Hausdorff topology. The mapping F
will be called uper semi continuous in B if for any uoeB conditions u,—>u,,
v, € F(u,), v,~>v, as n—>oo imply v, € F(u).

-Let {f}retons {Fo}seton be the families of maps f: [a, b]x C,~R™, F.:[a, b]x
X C,~>cf(R™ and let L: C{,.,,l-:-R"‘ Consider boundary value problmes

(1) X =ft,x), Lx=r (reR™
12 X¥=ft ), Li=r (s<(0,h], reR).

In this paper we consider the relationship between the solutlons of (1.1) and (1 2)
‘as s—>0.

Together with problems (1.1), (1 2) the homogeneous boundary value problcms
for the equatlons with muiti-valued right sides will be considered

(1.3) xeFo(t,x) Lx=0 (reR™),
(1.4) | XeFx), Lx=0 (reR"se0,A).

By a solution x(#) of boundary value problem (1.1) we mean any absolutely
continuous function on [a, b] satisfying the conditions x'(¥) = fi(t, x(?)), Lx = r.

In like manner we define the solutlons of boundary value problems (1.2), (1. 3),
(1.4) (see [2].

- We- shall assume in the sequel that j;, F,, for s€[0, ] and L satisfy the as-
sumptlons

(i) F(t,p) satisfies the Carathéodory condmons (see [2]), F(t, Ap) = ZF,(t, p)
for A€ R and moreover : '

Sup IF(t, p)l <o)

where ¢(f) is integrable on [a, b].

(Here and below ||-{, denotes the norm |-| if s = 0 and the norm of C, in the
case § >0);

@) £, p) satisfies the Carathéodory conditions and moreover

b

lim - sup 841, ). EL, D)=

n—»00 " lipls<<

(iii) L is linear and continu.ous ;
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(G v) f (t,p)is measurable in ¢ for fixed p and in addmon satisfies the Tollowmg
generahzcd Lipschitz. condmons” '

A p—fLt, q)eF,(f P— 4)

. and the mndiﬁons .

* f 140, Ol < oo

2. A CONVERGENCE OF FAMILIES OF MAPPINGS

Let X be the metric space with metnc o. Let {G,}"m i be the family of mappings
of C, into X.

Defmltlon 2.1. The family {G}, ¢ 18 sald to be convergent to G, as s—0
(G,—~G, as s—0) if conditions o' € C,, y* ¢ G(a), ll@’—ul,~0, o(3*, ©)—0 where
ueCy=R"™ veX imply that veG,,(u)

 We shall use this definition in the case: X = R™ and X = cf(R"'), ie. in the
case of single or multi-valued mappings.

Example 2.1. Let G: C,—c¢f(R™). For aeC, we write
a(s), a—h<t<a—s

[al,(r)* @), a—s<t<a O<s<h

Define the family of mappings {G,} O<s<h) by

@D | G() = G(lal) O< s <h)

and let Gy = Glgm — the restriction of G to R™ be identified with the set of constant
maps of fa—h, k] into R™. .
It is easy to verify that G is upper selmcontmuous (see [2]), then G, converges
to G, as s—0.
Since the single-valued map be considered as a special case of multivalued
mappings, the above example has the following counterpart

Example 2.2, Let g: C,—R™ be continuous. Then the maps' g, defined by
22 &fa)=g(lel), se[0,4]

~ converge to g, = glgm as §—>0."

Example 2.3. Suppose that g: R"—R™ is continuous. Let g, be defined by

£.(2) = g| f a(x)dp,(7))

a8

where a € C_,, the function ¢(7) is increasing and, in addition, ¢ (a)—¢.(a— 5)
= 1. It is easy to see that g, is convergent to g in the sense of definition 2.1.
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Indeed, let o' ¢ C,, aeC, and [l@'—al,>0 as s—0. Then

g( | #@dn ) =s( i [(ef(r) — o+ dlde9) = B+ A >5@ a3 150,

a—s a~s

because | A »
a(s) = f [w'(s)—aldp, ()0 as s->0.

- a-3

3. APPROXIMATION THEOREM FOR CONTINGENT EQUATIONS

Lemma 3.1. Let the mappings F,: [a, b]X C,~>¢f(R™ (0 < s < h) satisfy (1)
and let for any te{a, b); F(t,)—>F(t,*) as s—0 in the sense of Def. 2.1, Let .
o eC,, se(0,h), xeCy= R* satisfy |a’— x|l;~>0 as s—0. 4

Then for every ¢ >0 and almost all ¢ € [a, b] there is an s.,(t)—~>0 such that for
0<s< s

. Fft, a') CF(t,x)
where .
Fft,x)={y e R": 8(y, Fft, x)) < &} .

Proof. We shall show that Lemma 3.1 holds for all ¢, for which ¢(f) is bounded.
Assume the contrary. Let for some ¢ > 0 be a sequence s,—0 such that F (¢, a*)
¢ F(t, x). Let y, e F.(t, a®)\F(¢, x). By (i), |y are bounded, because ¢(¥) is
bounded. Passing, if necessary, to the subsequence we may assume that 11m y,, y.,

We have (y,, Folt, X)) = ¢, i.e. Yo ¢ Fy(t, x), which contradicts F, (L, a"‘)-—>ﬁ},(t x)
as s—0.

Theorem 3.1. Let the mappings F, (0 < s < h and L satisfy the conditions (i)
and (ii) respectively. In addition, let for any t € [a, b], F(t, ")~ F{t,-) in the sense
of Definition 2.1.” Assume that the problem (1.3) has the unique solution x = 0.
Then there exists 4, > 0 (depending on L and F;) such that for 0 < s < hy, problem
(1.4) has exactly one solution.

Proof. Suppose, if possible, that for each k there exists 0 < 5, < 1]k such fhat
for s = s, (1.4) has a non-trivial solution x*, i.e. _ ‘

3.D O*@) € Felt, ¥, Lx*=0, x*#)#0 on [a,5].
From the homogeneity of F,(t, a) and L, we may assume that

(32 | Xl = 1.
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1 From (3.1), 3. 2) and (1), it follows that the family x*(¢) is- umfotmly bounded
an‘;l equicontinuous on [a, b], hence by Arzela theorem one can choose: the sub-
sediuence

(3.};) . x"™(0)—xi0), unifqrmly-in [a, b] as »,—0.
By (3.1), (3.3) and Lemma 3.1
- O(x"™(0), Fi(t, x))—>0 as »—0 a.e. on [a, b] ,
which by Pli§ Lemma [4] implies that ’
X(0) e F(t, x), Lx=0.

Obviously |lxf| = 1 which contradicts the assumption that problem (1. 3) has only
the trivial solution.

As a corollary of the above results and Theorems 3.1 and 3.2 in [2] we obtain

‘Theorem 3.2. Let for any te¢[a, b] the family of mappings F, (0 <s < h)
be convergent to function F, in the sense of Definition 2.1. Suppose problem (1. 3)
has only the trivial solution. Then:

1° If the mappings F,, f,, L satisfy (i), (ii), (iii) then for a sufficiently small 5
there exists at least one solution of the problem (1.2).

2° If F,, L, f, satisfy (i), (ii), (iv) then for a suﬂimently small s there exists
exactly one solution of problem (1.2). .

" 4. APPROXIMATION THEOREM

Theorem 4.1. Let F,: [a, b]x C;—~cf(R™), £ [a, b]x C—R", L: Cpg p—>R"
satisfy (i), (iii), (iv) for se [0, A), Let families {F},ci0m, {fs }“m n be convergent
respectively to F, and f; in the sense of Definition 2. 1

If (1.3) has just a trivial solutlon then:

1° there is a unique solution x to (1.1);

2° ‘there is a h, > 0 such that all 5 € (0, &), (1.2) have exactly one solution x*;

3¢ hm[!x’— x|, = 0.

Proof The first statement of Theorem 4.1 follows from the Lasota Theorem {1].
The second is exactly Theorem 3.1. To prove the last part, let x(t) (x°()) be a solu-
tion of problem (1.1) (of problem (1.2) for s < hy).

- We write

u'(t) = x’(t)—-:%(t). .

To prove the theorem it suffices to show that u'(f)—0 as s—>0,
Obviously

@@ = £t $)—Flt, ) = £i(t, x)—ft, XA, X)—ft, X) -







