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" A Difference Method for a Non-linear Integro-diﬂ’erential Equation of the
First Order

1. In this paper we shall éonsider the following integro-differential equation
Ly J(S,x,u, = u(f, x)dx)

We construct the correspondmg difference equation and we prove the convergence
- of the difference method in the p-dimensional case. -
The paper gives generahzaﬁons of results obtained by Z. Kowalskl [2] for
a differential equation.
2. Let us denote by m the sequence of p natural numbers

(2 1) ' 7 = (my, ..., m,)
and let .
2.2 M= (u,m),

where 4 is a natural number.
We shall consider the points x"' of the real p-dimensional space R? with co-
ordinates

@3) | X = (M, ..., X)
and also the nodal points ,

(24 | | (&, 3™ ¢ Re+
& and x™ being defined by _ L
2.9 : 5:"=/4k,‘ X} =wv-h,

p=0,1,.., ©=0,1,.., j=1,..,p,

O0< h=const, O0< k= const
for S ‘

(X, o, X) € B,
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where ,

2.6) . E:0<§<d, 0<x,<d‘, d>0,
j=1,.,p.

We deﬁne the following sequences of indices .

@7 R w(M)—(u-i-l m), J(M)—'(I‘ Jm)

where-

Jm)y=(my, cymy_y ,my—1,my, ,.,my), j=1 wos Py

Suppose that to each M there corresponds a number ¥, Index n, being chosen
so that
n,h <d and (n,,+l)-h >d,

and putting ¢ = d—ny,*h,
we introduce the following differences and the sum

e Lo,

2.3 oM — %(fo”—'- PNy | M (Mo pis) |
#0 = Y oMM, “
MeE=
where :
B={M=@m,..m):0<m<mn, (i=1,..,p)
and
(2.9) : ’ dM = oFhPk

for M = (#, my, ..., m;) such that m, =n, for k indices i (0 <k <p), m;<n,
for the remaining p—k indices i. We have obviously ,
@.10) , D, dM = d.

MeE®

3. Throughout the rest of the paper we shall use the followmg assumptlons H.
Assumptions H.
1° Assume that the scalar function f(¢, x, u, g, 8), where
x=(x1""’xp)’ q=(Q1, (RS p)‘
is of the class C! in the region

0<é<d, O0<x<d—o<u<+too,
‘ —c0< g < oo, —0<d< ++00, j=1,..,p.
2° The derivatives f,, f,,, f; fulfil conditions

(.2) <L, f,<0, IflI<K, Jf#0

3.1) D:




~the mesh size h and k bemg defined so as to obtam

(.3) Zf,”+ >0 for . x,u, q’,'v)eD

. J=X

3° The scalar function u#(£, x) of the class C! satisfies the 1ntegro-dlﬁ'crent1al '
equatlon

. F) u d
G4 | 7 =SE X o f u(é, Hdx)

ox’ 3
for (&, x) € E, where

ou_ (ou ou
ax  \ox,’ " “ox,)’

and the boundary conditions

G.5) : {u(O,‘x) = @o(X) , | ‘ -
u, x)=g¢fx) for (§,x)eE, x=0, j=1,..,p.
4. We accept the following boundary conditions for the numbers v,
' oM = [%(x"‘) for M= (0, m),
. P& X, e X), oo, x0) for
2=0,1,.., M=(@m,..,0,.,m,),
| - J=1,.,p,

the values o™ for the remaining M being defined successively with the aid of the
-difference equation

(4.2) oMY = f(&, x™, oM, oM, 0

We denote by #™ the value of solution u(£, x) of equation (3.4) at the nodal point
(2.4) and we define the corresponding differences as in the case of numbers. v™.
The boundary conditions (3.5) imply the boundary conditions for u*

g for M = (0, m)
L G- G T ) ,
for pu=0,1,.., j=1,..,p, M= (s,m,, s 0y ey )

@1

@.3) WM =

D
The numbers #™ satisfy the diffcrence equation

44 M = f(&, x™, uM, uMs, y Oy 4 M
for all nodal points in E,
where max|7™|->0 as h—0, since A—0 implies by (3.2), (3.3) k—~0 and conse-
M . '

. d
. ou o
quently #™~, 4™, 49 tend to 6_5’6—2’ f u(€, x)dx respectively.
0 ’ '
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5. Lemma 1. Suppose that the numbers R* satisfy the difference inequalitics
¢.1) : R~ <LR+e p=0,1,.., ‘
and the initial condition R® = 0, where

R = ;I%(Rﬂ“—-kﬂ), 0 < H = const

0 < L,=const,

: 0<e ==const.
Under these assumptions

- \_eLlH""‘ .
5.2 R’.<Li : ‘1).

This Lemma.is due to Z. Kowalski [2]. o

6. Lemma 2. Suppose that the assumptions H are fulfilled and the values u™
and o™ satisfy (4.3), (4.4) and (4.1), (4.2) respectively at the nodal points in the
region E. Let us write
6.1 - M= MM
(6.2) st = max(r""") , 2¢= min(r“"") p=0,1,..

By (4.1), (4.3) we have obviously s* >0, z* < 0. Under these assumptlons the .
numbers s* and z* satisfy respectively the inequalities

(6.3) s*<< L jr*|+ Kéﬂ"”‘ dM+s(h),
>—Ljr*|—K Y IrMIdM——e(h) .
MeE+*

where 0 < s(h)»o as h—0, and (g, a), (4, ¢} denote certain nodal points.
Proof. There exist a= (4, ..., a,) and b= (b, ..., b,) such that

64 - s = maxr#t I s petle

(6.5) : s‘f = maxrsm — ril.b’

whence

(6'6) . Ilc (I’“‘H a o p 4 b) = (rﬂ+l.¢_ rﬂﬁ)_l_ (ry a_;_ ry,b)

Because of (6.1) we have

(6.7) ‘ 1 (}-ﬂ+1.a__ rﬁﬂ) — _1_ (uu-i-l.a__ ”#4'1#) _-

L) = A )
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‘If for some j, 1 <j<p, we have a; = 0, inequalities (6.3) hold true, since by the
boundary conditions r*+'* = r#* = 0 and r** >0 by (6.5).
However, for a > 1 ] =1,..,p, we have .

(6 8) _(ry+l,a r”'a) f(f“ x“ u‘“’ u"""’A u"u)-{—yr" ﬂfﬂ xdl ”aa '0(1"")A ‘U"D)

We apply the mean value theorem to the right hand member of (6 8) and puttmg
= (i, a) we get

(69) 57 = (A PR (P ) = o )

+2J‘;,(~)(u"—ﬂ“’)+ﬁ(~)(w‘° o)+

j=1

+E (r#f— r#Py = o f( ~)rea

1 F'a ~ A..
s D fol )= v g0 )

=t -

~ +fy(~)2(u”dM—2deM)+ (r*— ,,u,)

MeE" | MeE#

=1

= A ) S

) 3 rane X L (eo—rr).

M(E"’

Now we majorize the right hand member of (6.9). From (6.5) follows

(6.10) . : r#:}(a) { rll:b’

Whenoe

(6.1 }) . ) . pho_ rﬁnl'(") = phe r,pl,b

and

. ,

(6.12) ' 2 fal(~ )(r" a__ ph 1(a)) < Zﬁ’ ~)(ra— oty
' j=1

since fy(~) <0 by assumptxons H




It follows by (6.9), (6,12) that

61y e <t S e

Jj=1

) 1 ,a N}
+fa("‘)3£‘>f"w+‘lz(’” —rr%)

= PELLIPEASL ) D Mg+

Me£*
T PN ok o nl
=) PGP
J=1
The last term of the right hand member of (6.13) is non-positive by (3.3) and
the mequahty et < Q, Hence by (3.2) we get the first inequality (6.3)

s~ <e®+Lr*|+K D' |rMdM,
MeEF

where e(h) = max [n™|.
M

The second inequality (6.3) for z* can be proved in a'simiiarAway.
This completes the proof of Lemma 2.

7. The following Lemma [3] is obvious
Lemma 3. The quantities s*, z* being defined by (6 2) we have

(7 1) [max [r*™{]~ < max(s*", —z“”) .

8. Lemma 4. Suppose that the assumptions H are fulfilled and let us denote
8.1) , R* = max |r*™| .

Under these assumptions R* satisfies the difference inequality
8.2) , R < (L+K-d) R+ e(h)

and the initial condition R® =0,

Proof: R®= 0 since r™ = 4™—o™ = 0 at the boundary nodal points.
From (8.1) and Lemma 3 it follows that .

(8.3) R*~ = (max[r™))~ < max(s*~, —2*").

But s* and z* satisfy the inequalities (6.3), hence :
(8.4) R~ < max (LIr#|+ K Y [r™|dM~+e(h) ,

MeE®

L+ K 3 IPMdM+e).

Mek®







