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On a Difference Method for Non-linear Parab(;lic Equations
with Mixed Derivatives

, 1. In this paper we present a difference method for the non-linear parabolic
equation with mixed derivatives ’ '
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with initial and boundary conditions
H(O, x) == (P(X)
“tou , -
(1.2) a—)g—%(t,x,-) for %=0, j= 1"f"P’

ou "
—a-;'zij(t,xj) for ;=a, j=1,..,p,

7

’ i !:l A ‘
where x; = (xy, ..., x,_,, 0, Xig1s oeos Xp)y X = (Xy, s Xj_gs s Xjiys eens Xp)

Assuming conditions (1.2) with

(1.3) | P(t, X) =91, %) =0

for a non-linear parabolic equation without mixed derivatives Z. Kowalski [2]

solved the problem by proving the convergence of a difference method. On the
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other hand 'for the equation (1.1)-and the conditions
| u@,%) =99 '
a4 Nut, X)=gft,x) for x;=0, j=1,..,p

u(t, x,) v(t, x,) for x,=a, ]—1 s P
a dlﬂ'erence method has been introduced and investigated by A. Fitzke [1].

In the present papéer we propose a difference method, similar to that in the
paper [1], for solving the equation (1.1) with conditions {1.2). The proof of the
convergence is based on our previous results [3] concerning the convergence of
various difference methods. An error estimation will also be given.

2. Let us denote A .
(21) DT_{(t x) 0 T9 ng a, J_l :p}

In the set D, we introduce a net w1*h the time-step k = 7T/N, and the space-step -
= g[N, where N, and N are positive integers. We denote by M = (u, m), where -

m=my, ..., m,, the nodal point (#*, x™), with * = uk, x™ = mh. We shall also

use the nota_tlon i and j for p-dimensional indices with all coordinates equal to

zero except the i-th, resp. the j-th, which equals 1. Here we make the following

convention: whenever the 7 and j are written as upper indices they are to be under-

stood as p-dimensional. '

Consider the fo]lowing two sets Z and Zt

' 2.2) . ={@,m: 0<u<MN,0<m<N,j=1,..,p}
o 2.3) Z+—{(p m: 0<pu< Nl,O\m,\ ,J=1,..,p, ,
: except of at most two values 7 and j forwhlch——l <m,<N—|—1
—1 <m; < N+13.

We introduce the set Z* since we shall consider the difference quotients only
at the points of the set Z, but in expressions for difference quotients the points
of Z* may occur.

The values of a function v at the nodal points M we denote by vM. Following [1]
we define the terms:

24 oM =

.5) I = (0™, ..., 6vM7)
(2@ ,vMu — hS(P )Z (a('v"""““ Zw+r+ vl-lm-l-l—l)_l_

4]
+ B H — Dppm | ppmT) | g (ppm Qe gy

(2.7)' ot = (ov™m, ..., ovMer)

(2'8) | QﬂMu = 4;12 (v“m+i+j+’0”m_'_’—-—rv#m+l—l /UF""—!'H)

29 o™ = (oo™, ..., o™, oM, ., oMy
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. where i and J on the right-hand sides are the above defined p-dimensional indices
and ¢ and g are the positive constants satisfying the condition 20+ 8 = 1.
3. We denote by E the set :

E={{t,x,u,p,q,W): (1, ) e Dy —c0o <u < +o00,—00 < p,< +00,
_'°°< g; < +o00,—0c0 < wij< +oo, i=1,..,p,j=1,..,p,i<j}
Assumptions A: ) ‘
(i) the function f(z, x, u, p, q, w) is of class C' in the set E,

(ii) there are such positive constants a, §, that 2a-+8 = 1 and the steps k and A
may be so chosen that the inequalities

‘ ‘ of of 2a .3f
(€B)) | ‘55, ,<2h(ﬁaqi p—14 3—%)
of | 4a f
3.2 aw, < p— 1(3% + ‘9%)
| o Lo 28k O of ‘
(33) 1+k5;,—?;a—q,>°

‘ hold in the set E, :
~ (iii) the function u(¢, x) is of class C? in the set D, and satisfies the equation (1.1)
. with the conditions (1.2).

4. Now we shall define the values of the solution at the nodal points of Z*\Z

™t = =iy 2hy (e, x™)  for my= N
wm =y H_2he(t, x™)  for m; =0
(1) = I Ol (e, Xyt X)) for m—=m; = N
' W = i Dh(p(t, x™)+ g%, x™)  for my=m,=0
W = k(g (¢, X, x™)  for my=0, m;= N
‘The u™ just defined satisfies the conditions '
W =g(x™) for M=0O,meZ ‘
4.2 SuM = g (t", x™) for m;=0, MeZ, j=1,..,p
ouM =y, x") form;=N, MeZ, j=1,..,p
The first condition follows from 'aséumptions A, the other two from (4.1).
5. Lemma 1. If the assumptions A4 are fulfilled, then we have
i gm

e = f(t*, X", W™, 8™, ouM, M)+ M

(5.1) .

, ' forAOS,usN,—l,0<mj<N,j==l,...,p,
(5.2) ‘ limmax|n™| =0.

h—0 M

11*




Proof. Since the function u is of class C? in b,, then (5.1) and (5 2) are satis-
fied at:any inner nodal point M for which 1 << m; < N—1. We shall show that
‘the equation (5.1) is also satisfied for the boundary nodal points. By (4.2) it is clear

ou
that duM’—)a— as h—0, thus it remains to prove that for boundary nodal points

ox;
we have
' o
o a‘uM” ——
1 ‘ . >3 * as h—0,
e oo - 0%
2 . ouMi—> as h—>0.
- . axiaxj

Suppose that m; = 0 i.c. the nodal point is on the hyperplane x; = 0. Consider
the three groups of indices:

IL={i: (u,mti)eZ and (u,m—i)eZ}
Ig= {i: ]m,=0}

' I3={i:mi=_N}- P
Using (2.6) and (4.1) we have
A 2a X o _
o,uMJJ — 2 unm+i+j_ uam+s + upm—i+j__ uum-—i___ h(tpj(t", x"'+') + (pi(t"‘, X" t)) +

(p—Dh* &
b )T 2 ) B8, X7 g, X7 e, XY~ )+
iely = -

+ ) 26w by, ), = X —p(t*, X))+

tely

+ 2 (e, 2.

" With the aid of Taylor’ s expansion at the point (#, x™) we obtain:
for iel;:

iR pml + it gt h(lpj(t“ xm+i) +97](t" x’”))

x2 + 2h h(qv,-(t“, X)L gy, 27 +-0(h?)

for ielLy:
2(m H— gty L b (2, x'")~¢,-<ﬂ' x'"+f)+¢i(tﬁ, X)) —

— (", x"H) = h“8 ; +2 —l—h((p](t" x™)— gy, X"+

i, Xt X" )+0@),




20— iy 4 e, x"'ﬂ)—wf(z*‘ X+ gy, )

+ h(%(t.u xm-H)__

— 2 o
=g, ) = B ax2 2 oxon ox, | o
— (", x*")+ g(t", X"y~ g (t*, X"+ 0(h?) .

and finally

2y (4, X)) = B2 +0(h==)
J

ox}
Replacing «p,:,qoj; ¥; by suitable derivatives from (1.2) yields

) O B
ax}+0(l) as h—>0 o S -

that completes the proof of 1° if m, = 0. A similar result can be obtained if we
put m; = N.

Now we shall prove 2°. Putting m, = N and using (2. 8) we ‘get for 1 <

< N—1 the formula :

it = o Db, )~ Db, 270
Hence
2

[F
. o™ 0x,0x;

+0(1) as A0

We can obtain similar results: by putting m; =0 or m; = N. When m, =0
the proof is similar.
This completes the proof of Lemma 1.

6. Denote :
. P ~
(6‘1) |n| = Z Insl L)
where n, are integers and n = (n,, ... > ). L

Consider the difference equation thh the unknown function r*"

phtim__ ppm 1 . '
62) — = L"'"r’"+—(P°r""'—l— Z P"r“’”“")—l—’?""’
k h 0<|ul<2 ‘
and put '
(6.3) . L=max{l*": y,meZ}
(6.4) : = maxmax[y™| (v, m)eZ

Y om

The following Lemma is a particular case of Theorem 1 in paper [3]:
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iemma 2. If

Pr=0for 0<n<2, P+ Y P'=0,

0<|n|<2
1+ kLA %P"'; 0
then the solution of (6.2) satisfies the inequality

[ < SZ" (€“—1)

in the set Z, .
7. We are going to describe the approximate solution #™. We put
(7.1) " =g(x™), M =gqt*,x") form;=0 MecZ,

oM =y, x™) for m;=N, MeZ, j=1,..,p
For the nodal points M ¢ Z we calculate the ™ successively from the equation

phtlm__ gum -
_'T_ :f(tp) xm’ 'UMa 67)M_a GQJM: Q/UM)

and for M € Z*\Z the v™ are defined by the right hand sides of (4.1) 'with u re-
placed by ».
It is easily verified that the function v is well-defined for any nodal pomt M.
- 8. We denote

®1 | § P — MM

Now we are ready to prove the following

Theorem. If the assumptions A are fulfilled for the equation (1. 1) the accurate
solution #™ satisfies (4.1), (4.2), (5.1), the approximate solution v™ is defined by
(7.1), (7.2) and (4.1), the error r™ is defined by (8.1) and the function & by (6.4), -
“then '
1° r™ satisfies the inequality (6.5), :
2° the difference method (7.2) is convergent i.e. for each 7 >0

(7.2)

IimrM = Q
h—>0

uniformly in the set D,. ‘
Proof. Using the mean-value theorem we obtain as in [1]:

patim_ pem af _]_— (af Zﬁ af 4o 2 _a£> rpm-H_'_
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