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On a Fumctional Inequality with the -th terate of the Unknown Function

In this paper we shall deal with solutions of the inequality

) | (%) = g(x)

in the class C(a, b) of the functions ¥': (a, b)—(a, b), continuous in the interval
(a, b). ¥" denotes here n-th iteraté of the function ¥. In the present paper we
give some conditions sufficient for a function ¥ € C(a, b) to be a solution of the
inequality (1) for a positive integer n.

In the sequel we shall assume the following condition (H). The function g is
strictly increasing and continuous in the interval [a, b), g(¢) = a, g(b) = b, g(x) > x
for x e (a, b). ' I

Under the hypothesis (H) the equation

2 , . ¢"(x) = g(x)

where ¢” denotes the n-th iterate of the function @, has in the interval (a, b)
a continuous solution ¢ € C(a, b) depending on an arbitrary function and all the
continuous solutions of (2) are strictly increasing in the interval (a, b) (see [1] cf.
also {2], p. 297).

Lemma 1. If there exists a positive integer n such that ¥ e C(a, b) is a continu~
ous solution of the inequality (1) and the hypothesis (H) is fulfilled, then

3) | ¥(x) >x for x e(a,b).

Proof If the lemma is false, then either ¥(x) < x for x € (a, b) or there exists
an x,  (a, b) such that ¥(x,) = x,.'In the first case we have ¥*(x) < x for x ¢ (a, ),
k=1,2,.. and in particular ¥P"(x) < x < g(x) for x e (a, b), which is impos-
sible. In the second case we have ¥*(x,) = x, for k=1, 2 ... and in particular
P(x,) = xo << g(xo) which is also impossible.

Corollary 1. If the continuous function ¥ e C(a, b) fulfils the inequality m
in the interval (a, b) for a positive integer n, then

P4(x) = g(x) for xe(a,b), k=n
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, Corollary 2, If the contmuous function ¥ e C(a b) fulfils the mequahty (1)
in the interval (a, b) for a positive integer n, then

lim¥P(x)=5. .
x-—b
Proof. Let the continuous function ¥ e C(a,b) be a solutlon of the ine-

quality (1) for some positive integer n. Hence and from lemma 1 we have x < ¥(x)
< b for x¢(a, b), wh;ch implies that lim P (x) =

x—>b

Lemma 2. Let the function Y’e C(a, b) fulfil the mequahty‘(l) in the interval
* (a, b) for a certain positive integer n and let a function @ C(a b) fulfil the ine-
quality :

) D(x) = ‘P(x) for x-e(a,b).
If either the function ¥ or @ is increasing in the interval (a, b), then
P'(x) = g(x) for xe(a,b).

Proof. Let the function ¥ be increasing in the interval (a, b). The ine-
quality (4) implies

P(x) > V(@ 1(x)) > PO™Nx)) > .. > P(x) = g(x)  for x<(a, B) .

If the function @ is increasing in the interval (a, b), then we have from (4), ®%(x)
= ®(¥(x)} for xe(a,b). Hence, by virtue of (4), we have @*(x) = ¥*(x) for
x € (a, b). Repeating this reasoning n-2 times we obtain @*(x) = ¥Y"(x) = ¢(x)
for xe(a,b).

Corollary 3. If the continuous function ¢ € C(a, b) fulfils the equation (2)
for a certain posmve integer n and the continuous function ¥ ¢ C(a, b) fulfils the
inequality

Y(x) = (p(x) for x e (a b),

then the functlon ¥ fulfils the inequality (1) for x e (a, b).
In a manner similar to lémma 2, we can prove the following
- Lemma 3. Let the functions ® and ¥ be continuous in the interval (a, b) and

let the inequality @(x) < ¥(x) be fulfilled for x ¢ (a, b). If either the function ¥
or @ is increasing in the interval (a, b), then

PHx) < PHx) for xe(a, b), k=1,2,.
In particular, if for some positive mteger n and some x,¢ (a b) we have ¥"(x,)
< 9(xo), then D"(xg) < g(x5).
Theorem 1. Let the function ¢ fulfil the hypothesis (H) and let for a function

¥ e C(a, b) the inequality (3) be fulfilled. If there exist real pumbersa < @’ < b’ < b
and a positive integer p such that

©) () > 909 for x<(a,a) U @, B,




then there ex:sts a posmve integer n = p such that the mequahty (1) holds for

xe€(a, b). «
Proof. From (3) we have ?"(x) = Yt"'“l(x) >..=2¥(x for xe (a, b),

I=1,2,..., whence : '

" 6) T’(-x) = SI”’(x) =>g(x) for xe(a,aYvw (@', b),I=p.
Let us put k(x) = ¥(x)—x, k= inf (x). It follows from (3) that k(x) >0 for
' : xefa”,b']

x e(a, b), and then k > 0. Let x ¢ [¢', '] and let s, be a positive integer such that
x+5, ke (', b). From that and from (3) we have '

Por(x) = x4+ k@) +E(X+KE) + oo + (X +EE)+ oo FE(x+..)) = X+ sk r(x)

Since k(x) >0 and ¥((a, b)) C (a, b), then r(x) =0 and x+s,k+r(x)e@®,b).
This together with (3), (5) and the monotonicity of the function g yields

(D P=T2(x) > PP (x+ 5. k+r(x) = g(x+s.k+r(x) = g(x) for xeld, b].
Let ¢ be a positive integer such that 7k = b'—a’. Then from (3) and (7) we have
(8) Peritn(y) = W) > g(x)  for xeld, B

It follows from (6) and (8) that the inequality (1) holds for n = t+14p, x € (a, b).
This complete the proof. ‘

‘Remark. The following example proves that the assumption (5) of the theo-
rem 1 cannot be omitted. Let us put (a, b) = (0, 1), g(x) = x'%, P(x)=4x*+4.
Since for each positive integer k we have (P*)'(1) =1 and ¢'(1) = %, then there
exists a left-hand neighbourhood U, of the point 1 such that ¥*(x) < g(x) for

x € U,. Then the inequality (1) does not hold in (0, 1) for any positive integer k.
' Theorem 2. Let the function ¢ fulfil the hypothesis (H), let the function
¥ e C(a, b) fulfil the inequality (3) for x e (a, b) and let lim P(x) = a. If there

x—a+
exist real numbers my, my, wi, ps, a’, b’, such that u,,my >1,p,me(0,1),
a<a <b <band ' :

-

© g(x) < myx+b(1—my) for xe(b', b),
(10) VY(x) = pex+b(1—puy) for xe(d, b),
an g(x) <mx+a(l—m) for x . (a,a),
(12) - ¥(x) = mxta(l—p) for xe(a,ad),

then there exists a positive integer n such that the inequality (1) holds for x ¢ (a, b).

Proof. It follows from (3) that ¥((%’, b))C (¥, b), whence, for xe (¥, b),
we have

PHx) = P D)+ (1 ) =l 200+ b(1— )+ b(L— i) >
> pixH b (U )+ ot b (1— ) = px+b(1— i)

]
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Since uy, my « (0, 1), there exists a positive integer k, such that s <.m,, whence
pex+b(1—p) = myx-+b(1—my) > g(x) for x(',b), k =k, Since u;,m, >1,
‘then there exists a positive integer k, such that #2* >=m,. Let us denote -
p = max(k,, k). Since ¥eC(a,b) and lim ¥(x) = a, then there exists an a’’
) ) ‘ : ) X-+a+

~ (@, d) such that ¥*((a, a"")) C (a, a’), whence, for x(a, a"), we obtain

PP(x) = PP )+ b(1— 1) = ... > pdx+ = b(1— )+ .+ b(1—p) =
= mx+b(1—pf) = mx+b(l—m) > g(x) for xe(a,a”).
Let us denote ¥(x) = ¥*(x) for x e (a, b). The function ¥ fulfils the assumptions
of theorem 1, then there exists a positive integer r such that ¥(x) = g(x) for
x €(a, b). Whence, putting » = pr we obtain ¥"(x) > g(x) for xe(a, b), and the
proof is concluded. '

Remark. Since x'® < $x*4} for x (0, 1) and for each (0, 1) there exists
a left-hand neighbourhood U, of the point 1 such that Ix*4 % < pux+1—pu for
x € U,, then the example 1 proves that the assumption (10) of the theorem 2 cannot
be omitted. 1t is easy to construct analogous examples showing that the assumptions
(9), (10), and (12) of the theorem 2 cannot be omitted.

Lemma 4. Let a function y € C[a, b] satisfy .the conditions
2(x) >x for xe(a,b), y(@) = a, x(B) = b

and let Ay, hy € Cla, b} be two increasing functions in [a, b). If there are numbers
a,b',b>a >a and a < b" < b such that

- (13a) 2 =hx) for xela, )
(13b) 2() = h(x)  for x e, b]

- then there exist an a, ¢ (@, @’) and a function ¥e C [a, b] which is increasing in o
la, b] and fulfils the conditions:

14 ’ P(x) < x(x) for xela,b]
and , ‘ '
(15a) Y(x) = (x) for xela,a)
(15b) ' P(x) = hyx) for x(&', b].
Proof. We. shall prove that the ﬁmction ' '
(16) ‘ ‘ Y(x) = inf y(7)
te[x,b)

- has all the required properties. In fact, it is increasing in [a, b) and fulfils (14)
(see [2], p. 71). ‘ ’

Moreover, from the monotonicity of the function hy, and (13b) we have x(7)

= hy(t) for te[x,b) and x e (¥, b]. Taking infimum we get (15b) since inf 7,(¢)

_telx,b)
= hy(?). .




To prove (15a) first denote u = inf () and put
teld, b]

a1-sup{xe(a a’l: inf x(t) | u}.

te[x a)

Since x(x) > x, then u >a’ >a and from the continuity of the functwn x we
infer that a, actually exists.
Now, for every x ¢ [a, a;) we have

) inf x(f) = inf 2(®) < inf x(t)“ ¥Y(x).
telx,m) . telx,a’) telx,b
By (16), and from (13a) we see that
- (18) inf 7() > inf h() = h(x),
. te[x.a") telx, @)

as h, is increasing in [a, a’).
Inequalities (17) and (18) yield (15a) and the proof of the lemma is completed.
‘Theorem 3. Let the function g fulfil the hypothesis (H). Let a function ¥
satisfy the conditions

" ¥eCla, bl P(x) >x -for xe(a,b), Y(@)=a, Y(B)=b,
and let there exist real numbers a, 8 €(0, 1) and a’, ' such that
(19) P(x) >ag(x)+(1—a)x for xe(a,d),
(20) ' Y(x) > Bg(x)+(1—pfx for xe (¥, b).
If there exists a positive number s such that
Q1) g()—g(x) = s(j——x) for y >x and x, y e (a, ) or x,ye(d,b),

‘then there exists a positive integer n such that the inequality mm holds for x ¢ (a, b).

Proof. The lemmas 2 and 4 imply that it is enough to prove the theorem for
the function ¥ increasing. Let us denote

n=1-4

e = 9B ) —g().

We shall prove by induction the following inequality

Q2 ) > A=) g+ %+ (I=1"")e (@) ...+ (1 n)e(P"X(x))

' for xe(d’,b)

Since ¥((b’, b))C '(15’, b) for I=1,2, ..., then from (20) and from the condition
#(x) > x for x ¢ (a, b) and from the monotonicity of the functions ¢ and ¥ we have

and

W3(x) > Bg(P(X)+ 0¥ (x) > Bg(Bg(x)+nx)-+ n{Bg )+ nx) .
= (B-+18) 9(x)+ n*x+ Be(x) = (1—?7“)9(36)-!- X+ (1— )S(x) for xe (¥, B).
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