S ZESZYTY NAUKGWE UMWERSYTETU JAGIELLON'SK!EGG -
cocLvi ' PRACE MATEMATYCZNE, ZESZYT 16 o

Antonina Spisak

On the Existence of Aperiodic Solutions for a System 6f Delay Differential.
Equations

¢« In this paper ‘we are concerned with the study of solutions of the problem

m - X =flt, x(~h)
® xO)+ix(M)=r, 4>0
3 | x(®) = x(0), te[—h,0],

- where f: [0, T]X R*—>_R" satisfies Carathéédory conditions, that is

@ f(t, x) is continuous in x for each ¢ ; [0, 7]
_ Jf(t, x) is Lebesgue measurable in ¢ for each x ¢ R".
When 2= —1 and r =0 the solutions of such a problem are called aperiodic

solutions, The stated above problem was discussed formerly in many papers for A
- equal 0. Using the method of contingent equations (see [4]), it is possible to obtain-
the existence theorems when 4 is sufficiently small

In this note we have chosen another approach, trying to find the effective
estimates for A, under which there exist solutions of the problem (1)}-(3). Then
we study the dependence of solutions on the parameter A.
: The basic device of this paper are Lemmas 1 and 2, resembling Gronwall’s
- inequality. Lemma 1 was used before in [4] but, as its proof was not published,
we present it in the whole for the convenience of the reader. Lemma 2 is in the
essential way more subtle, as the inequality in it holds true only for 4 small enough.
In particular, when A0, the solutions x, converge to the solutions of the differ-
ential equations without delay.

Theorem 2 is analogous to Theorem 2 in [2] and therefore it is one more gener-
alization of Theorem 2 in [I] and Theorem 3 in [3].

Lemma 1. Let # be an absolutely continuous real-valued function defined on
the interval [—h, T] where 4 is a positive number. Assume that L@, PQ® are
nonnegatlve integrable on [0, 7] and u satisfies

‘(5) {u(t) < L) |u(t—h)|+P() a.e. for te[0,T]
| u(f) = u(0) for te[—h,0].
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Then
. ‘ T t ’
()| < (l@l+ [ p(s)dg)ei“""

© Proof. Denote w(f) = ju(f)|. Then |w'(f)| < |w'(?)] and in the place of ine-
quality (5) we have _ . '
© W) <LOWE—h+PE).
Let | ’ g
(1) o(f) = max{w(s): s {—h, {]} = max{w(s): s [0, £]} for z¢ [0, T7.
-Integrating (6) we get ‘

w(t) < [ L(s)w(s— Bds+ [u(0)|+ [ P(s)ds
and, in view of (7) -
w(@) < [ Lv()ds+ )|+ [ Pls)ds .

The integrand 1s nondecreasing, so .the_ following inequality holds true

W(?) < fL(s)'v(s)ds—l— |u(d)i+fP(s)ds ~for 0<i<t<T.
Henceforth 0 ' : .
o()) < [ Lv(ds+ [u(@)|+ [ Pls)ds .

If we denote the right-hand side of this inequality by z(#), then
2() < LOvO+P@) < L()z()+P(),
z(0) = [u(0)] .
Thus
.. H 5 F3 L Ylg
20 <o WO O [ Pyds
(1]

which completes the proof.

Lemma 2. Let L{#), P(f) be given nonnegative integrable functions defined
on [0, T). Then there exist constants z, >0, M, >0, & >0 depending on L such
that for every absolutely continuous function u: [--h, T}>R, conditions

®) {lu'(t)l < L@u(t—m+P@), te[0, T [Pl < &u(0)
\ u(t)=u(0) >0, for te[—h,0]

imply the inequality , .

® o u(?) = Myu(0) .
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Proof. From Lemma 1 we have

; (@] < (u(0)+ P])eltl,

‘From inequality (8) it follows |
G L(r)lu(t)i—L(t)Iu(z)-u(t—h)l—P(a

where from we have

W) > — L@ — L) f lu'(s)|ds— P(2) .

t—h
Note that ‘ :
(@) < L(s)lu(s— h)|+ P(s) < L(s){u(0)+[|Pljje!! .
Hence ) | , -
wW()) > —LOWOI—LEO | LE@O)+ [P e ds—P(i) .
t—h
Let '
e(h) = maxe!! f L(s)ds,. (L(s)=0 for s<h).
- [0.7) t—h
Then )

w'(t) = — L) lu(®)|— L(t)e(h)(u(0)+ I|Pl)— P(2).

This 1mp11es, using the methods of differential inequalities, that u(f) > ¢(?), where
@(?) is a solution of the equation

¢'(0) = —LOlp(Ol~L@De® U Q)+ 1Pl}— P

with the initial condition ¢(0) = u(0).
The function ¢(f) may be written in the form

R —eu@-+ 1P ) P s

t
—._fL(q)dq
—les P(s)ds .
. 0
Since
: ~ t
— [ Lig)dq
e s <1,

we have
(1) = u(0) e~ MM — & (h) (u(0)+ IIPII)HLII—— IIPII
- In view of the constraint on ||P|| we obtain

9() = u(0) (e —ey— e(R)|LI|+ 2 (B ILI) .
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For sufficiently small h,oland g, we get .
1w My & &1 g s () | L — e (o) ILI| >0 .

From the sinequality u(f) > @(#) and condition (10) it follows the desired ine-
quality (9). ' :

Theorem 1. Assume that L, P are given nonnegative integrable functions
defined on [0, 7). Assume moreover that

1y JL@wdt<a.

Then there exist positive constants #;, Ml,‘M2 depending on L such that for every
absolutely continuous function x: [#, T}—R" and he]0, h,], conditions

(12) () <L) 1x(¢—h)|+P@), 10,71,
(2) and (3) imply .
(13) C x(@)] < Mylr|+MyP|,  tel0,T].

" Proof. Let u() = |x(?)|. Then w'(f) < |x'(¢)| and [4'(?)| <L(t)u(t—h)+P(t). |
From Lemma 1 it follows , :
(14) : u(?) < u(0)+||Pjle!l.

Let Ay, M,, & be as in Lemma 2. Now let us consider the two possibilities:
1° IP)|/u(0) = & and 2° ||P|//u(0) < &,.
In the case 1° we have u(0) < ||P|//¢, and
u(®) < (feo-+1)|1P| e,
so it suffices to take ,
M, = (1 Ifeg) e,

In the qasé 2° denote »(¢) = u(#)/u(0). From the obvious reasons v(0) =1 and

: P
| ') < L({Ov(t—h)+ u_(Oj .
Also
p :
;@ < 80'0(0) .

From the two last inequalities and Lemfna 2 it follows that v(?) = M,v(0), so
o(f) = M, and u(f) = Myu(0). Whence and from Lemma 1 we have

u(O)M, < u(t) < (w(0)+ |IP|) e,
which implies : - _
15) | My (x(0)] < [x(3)] < (Ix(O)]+ [P [)e!.




| | | i
Now let z(f) = x(1)/ix(®). Then |

L x'@!
- PO
From inequality (15)~ we have

P@)
Mol x(0)]

=B, PO
IECITCR

<L(®»

2] <
Therefore we obtain
()

#O! < 3o
Condition (14) (w1th u(?) = |x(¢)|) implies

x(0)—x(t— )}

+L(’)(““ =0

B (X )+ IP()+ 1P} .

+L(t)+L( ) M,%0)]

x@—x(t—h)| < f [x'()lds < f L(s)ix(s—h)}ds+ f P(s)ds

t—h t—h

= e(h)(|x(0)|+ IP1)+11PIl,

and consequently

I1P]] E(h)(lx(0)|+HPll)+!lPll
A (0)l+l!LlI+llLil JYATTO) .

Assume temporarily that r = 0. Then

Cx(0) = —ix(T), A= |x(0)/Ix(T)|

f 2@ dt <

and . :
x© —x(T)
0) = = =—z(T).
O~ ko~ weyi = P |
This means that the arc z = z(t) on the unit sphere joins the antipodal points z(0)
and z(T). Thus :
. r
' [ lZ@)ldt = n.
Hence *
2] s(h)(!x(O)I—i-IIPIIHHPiI
| <3z ey L YAFOL :
Knowing that m— L] >0, we get )
_ P||(My+1 L
01 < e (D s+ ).
For h, sufficiently small, the numbef
f & (ko)llLll( — Ly

is less than one.
14+




- Then |

M,
From the above inequality and (15) we abtain'ﬁnally

: PM, ((z— ILI)~(My+1) 12
19 o <( (D ) ey,

In the general case, for r = 0,_ let us write

YO = x(t)— %)

I (O)I\IIPII ((ﬂf-llﬂi)’ (Mo+1) )

- where x(?) = (T—1)r.

The function y(¢) satisfies the homogemous condition y(0)+Ay(T) =0 and the |

inequality

) = |x'(r)|+ Lo lx(t—-h)l+P(t}+U

< L(t)ly(t— B L) 5 (— B+ P()+ ﬂ _

Since 1#(5)] = Ir| we obtain |
YO LGB+ (L0+3)r+P0.
Now denote
PO = LW+ )P0,

Then, of course, [|P|| < {|P||+ r|(14|IL}). Replacing in the preceding Vargument P
by P we obtain in the place of (16) -

— ML)~ (Mot 1)+ Mop “D“”

) (T v o (T

L el ((n 1|L!|)“1§M09+1)-|—M0

+1>IIPH

This completes the proof of Theorem 1.

Theorem 2. Assume that f: [0, T]>< R"— R* satisfies Caratheodory condmons
‘and the inequality

¢, ©) <L) |x|4-P(@®), t<[0, T], xR, |
where Lv(t)_P(t) are nonnegative integrable and such that (11) holds. Let h,, M, M,

‘be chosen as in Theorem 1. Then for each A O # the problem (1)—(3) has at least -
one solutiomn.







