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Turbulent Diffusion and Space-Time Characteristic Functionals

§ 1. INTRODUCTION

The diffusion e”qﬁation has the form (cf. [3])

7 29(¢, x)
ot

%3¢, x)
ox,0x,

where x e R?, t¢[0, ), #(¢, x) denotes density of substance, u(z, x) = [(¢, x),
ut, x), ug(t, x)] the velocity vector of the continuum in which diffusion occurs,
x — the coefficient of the molecular chﬁ"usmn We employ the summation convention
over repeated indices.

In the present paper we shall treat the function 0(1‘ x) as a random function and
vector u(z, x) as a random vector. We shall consider here the changes of diffunding
substance density depending in the first order on the velocity field. For the de-
scription of this phenomenon the space-time characteristic functionals will be used.
Using them we shall formulate the basic problem of turbulent diffusion. The
essence of this problem (cf. [3]) is to find such a random field #(¢, x; w) for
the given random fields u(?, x; w) and d(x; o) (initial) as will make the pair
[u(z, x; o), 8(t, x; )] satisfy the equation (1) and the condition ‘

Wy, x; 0) = Pg(x; w)

Functionals of this type were introduced by Lewis and Kraichnan [2]. Similar
functionals were used by Hopf [1] for studying the turbulent movements of viscous
mcompres51blc fluids, and by Szafirski {5, [6], [7] for studying diffusion processes
in continuum in which turbulent motion takes place.
We assume that the sqlutxon [u, #] is uniquely determined for ¢ > to by specify-
“ing initial conditions at spatial infinity. Unless explicitly indicated, integrations
.
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- w1th respect to t wﬂl be over the sgml-mﬁmte mterval 0.< t,< t Integranons
with respect to x = (xl, Xy X3) and k= (kl, ks ko) will always be over the entire
3-dimensional space.

-1 am greatly mdebted to Doctor B. Szafirski for hls mvaluable encouragement
and advice. I wish to express my deep- appreciation of his continual interest and
many enghghtenmg oonversatmns

§2. A FUNCTIONAL ‘DIFFERENTIAL EQUATION

Let us consider the funcuonal o
(2) b =3, 5)=Pp(t, %), s(¢, 9] = [exp{i [ pa(t x) (t,'x'; w)dtdx+
_ +i f s(t, X)8(t, x; w)dtdx}P(do) =
o= (exp{z‘fp,,(t, xult, x; w)dtdx‘—l—i-f_s(t, x)3(t, x; w)dtdx})

Where the vector field [p(z, x), s(t, )], p(t, x) = [pu(t, x), pft, x), ps(t, x)] is
continuous on R®*X [4, o0) and with compact support contained in R®X [f,, o).

P is the probability distribution of the random field [u(z, x; w),¥(t, x; )]. The -
functional @ will be called a space-time characteristic functional. It is characterised

as follows: ‘ : -
;e 20.0=1, 2@, )=B(=p,—5), 6@, <1

From the equation (1) we can now obtain some equation with the functional

derivatives for the functional @. The symbols used in the present paper were taken

02 (p, 5)
8p.(t,%)
with respect to p, at the point (¢, x) can be expressed

80(p, 5) _

épu(t x)

‘from [2]. Remark that the functional derivative of functional @(p, 5)

u(t, x; w)exp {i f 2.t ¥)u (e, x;’w)dtdx-k

—i—ifs(t, ;c)ﬁ(t, x; m)dtdx}>

‘S"im‘ilarly we have

(;f((:)’:)) <n9(t x; w)exp{ f pat, X)u,(t, x; : w)dtdx+i fs(t x)D(¢, x; “’)dtdx}>
8*P(p, 5)

m —uyt, x, w)8(t, x; w)exp{zfpﬂ(t,‘x)ud(t, x; w)dtdx—l—

i f s(t, 09, x; w)dtdx}>
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\Henoe and from (1) we have

- 08D(p, s) mj<lat9(t x; w)

Cords(t, x) ot { f Pt Xu (2, x; w)dtdx+ T

—~|- ifs(t, x)#(t, x; w)dtdx}>

=i (—wzu,,,(r x5 090, % @)+

2%9(t, x; . .
+x-;—;~—)exp{l f pa(t,-x)u.,(t, x; @)+

| +1 [ 50,990, 5 ayara])
We have ) :
0% oD(p, s)
ox, ax ds(t, x)
= 13;3( a’ exp{ f P8, Dut, x; w)d’dx‘*‘i f s, x)’?(t *3 w)dtdx}>

Finally from the equation (1) we can obtain for the functlonal di the equation
2 0B(p, 5) _ ; o 0 e b
ot 6s(t, x) ax 3p,(t, x)ds(t, x) "ax ox, ds(t, x)

The problem as follows for the equation (4) corresponds to the basic problem of
turbulent diffusion: for a given functional (initial)

¢0(P (x) ’ ) (x))

“to find the functional & [p(z, x) s(¢, x)] which satisfies the equatlon (4) con-
ditions (3) and such that

ON o Dp()O(t— Io), $(x)5(t— )] = Bolp (), S(x)]

Application of the characteristic functionals for studying the basic problem of
diffusion is appropriate because by the functional derivatives of the functional @
we can obtain all the moments of distribution of density and velocity. For example

@
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op.(t, X)0s(2, x)lp_o = Cut, x; o)O(t, x; w))
i e = (B(t, x; w)ﬂ(&y; w)) :

ds(t, x)és(t, y)Lp:g _




~-§ 3. A'SPECIAL SOLUTION
‘ The ﬁnditigﬂ of the full solution of the initial problem for the equation (4) in-
volves great mathematical difficulties because the equation (4) contains functional
derivatives of the second ordgr. That is why we shall consider equation simpler

than the equation (1) (as in papers [4), ,[7]) This equation has the form , J
N aa(t x) ,,(: ), asa(: X X
©  gr=—d0 «® )

where the function c(#) and vector ‘[dl(t), AGR d,(t)] are given. Using the characte-
ristic functional and proceeding in a similar way as in the case of the equation (4)
we now obtain

poD@,5) 0 8B 2 8B B D
at bs(t, x) () 0x,0s(¢; x) c(t)bx . 0p.(t, x)+x¢9x ox,6s(t, x)

™

We now find the solution @[p(t x), s(t, x)} which satisfies the equation (7) and
conditions (3), (5).

In the equation (7) we apply Fourier’s transformation. Let

2t ) = @07 [ 2, ek 2t ) = [ put, De*dx

s(t %)= Qa0 [ uie, Kyedk (e, k) = f s(t, X)e*<dx
and “ ‘

®  olz(t, B, pt, D] = B[ [ 2(2, kyedk, @) [ w(t, k)edk]

We have now

oD dp
’ — e—-ikx dk
6S(t x) f 6#(t k)
)
—xkx
| 6pa(t 0 JC s, k)dk ‘
and further . - : , , ‘ o )
0 5@ — : - p—ikx 6¢
e i LT
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