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Effective Formula for the Crossnorm in Complexified Unitary Spaces
Introduction.r Let (E, | |) denote a normed linear space over~the field of
real numbers R. The complexification of the space E is the space = E@i‘E,

where i =V —1 ¢ C and C denotes the field of complex numbers Elements of the
space E have the form z = x+-iy, where x, y ¢ E.
We define in E the operatlons

() - G )+ G ) = Gt X)),
(x) Gt iDGet i) = Gox—B)-+ i+ k),
where x,y,x',y' ¢ E, k,l<R.

It is eas11y seen that E, with ‘these operations, is a linear space over C. We may
also 1dcnt1fy E with the tensor product EQgC. The norm | [i¢ in E defined by:

lzll, = {2 izl z= > ax, x, < E, a,ec}

_is called the crossnorm (sce [1], [6)). ‘
It is easy to verify that the function || || is actua]ly the norm in E. Moreover
lx+ iyllc < x|+ Iyl and |xllc = Iix]| for x,y e E.
Henceforward we shall denote the set of all linear and continuous mappings
from a normed space X into the field X by L(X, K), K denoting either R or C.
The crossnorm has the following mterestmg propertles (see {1], [2]);
'1° If f is a n-linear continuous mappmg from E in a normed space (F,| D)
over C then :

S Cets s X1 3 By ol < 1, j= 1, oy}
R — Sup{f(zas s 22 7€ By lgfle < 1, = 1,. S L

2° If E is unitary, f; E—~F is 2 homogeneous and continuous polynomial, then
1f1 = |f5l, where fz is the restriction of f to E and '

1 =sup{lf@)I: z<E, |zl < 1}
while

fel = syp{lf(x)lt xeE, x| <1}




3° The mappmg ®: L(E C) s frfe L(E C) deﬁned by the formula (B )(x+iy)
‘= f(x)+if(»), is an isometrical isomorphism. o
The following. property will be proved in §2 ‘ .
4 If (E, | |)) is a normed space over R, E is its complexxﬁcatxon then

IZIIC—Sup{lf(Z)I feL(E O, 1fel <1}

The main purpose of this paper is to prove the following:

A " Theorem 1. If E is an unitary space over R, with the scalar product {,> and
the norm in E is given by x| = {(x, x)> for x ¢ E, then the crossnorm in E is given
by the formula

l|x+zyl!c—[<x,x>+<y,y>+2l/<x X<y, Yo, y>=]’, x-{—:yeE

It is worth while noting that if E = R* (thus E = C"), then the set {x-i— iyeC:
1!x+ zyHc < 1} is the Lie ball (see [3D.

§ 1. PROOF OF THEOREM 1

“ Case I: E is a Hilbert space over R.

Let fe L(E, C). Then f= fi+if;, where f, j;eL(E R). It follows from the F.
Riesz representation theorem that there exist a, b ¢ E such that

O R - f(x)=<a,xp+ib,x» for xe¢E.
We denote | &
@ A=<{a,a», B=<a, by, C=<b,b,
Leni‘rha 1. Given any functional f(x) = <a, x>+f<b x>, fe L(E, C), we have

3) 1S sup{f(0)]: xe E; 1] < 1}—2[A+C+V(A Cy+4B7]

Proof. In finite dimensional case formula (3) was first proved by A. Turowicz.
His argumentation may be repeated without essential changes for all Hilbert
spaces.

It is obvious that? f(x)i2 = {a, x>2+ <b, x> Let p be the orthogonal projection
from the space E on its subspace lin{a, b} generated by the vectors a and b. This
means that p(x)elin{a, b}p(x) = x for xelin{a, b} and (x—p(x),y> =0 for
x e E and y elin{a, b}. Hence |f(x)|2 = |f(p(x))|>. We have (p(x), p(x)) < X, x>
because |p| = 1.
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Hende it is enough to calcilate suprémum (3) for x elin{a, b} fulfilling the
condition (x, x» < 1. Since f is homogeneous in E, the last condition may be
replaced By the condition (x, x) = 1. Let.x == ka-Ib, where k, [« R. Then .

(LD gk, l) = |f(ka+ B)|F = k¥(A*+ B”)+ 2kl(A+ C) B+ (B*+ C?)
and the condition ¢x, x> =1 is equivalent to:
(L2) | k2A+2kIB+PC=1.

In order to find |f] it is enough to find the maximum of g(k, /) under the con-
dition (L2). The problem is trivial, when a and b are colinear. Therefore assume
that a and b are not colinear. We shall find the maximum by the Lagrange method.

Put F(k,l) = g(k, )— t(k*A+2kIB-+I2C). The necessary condltxons for the
extremum are given by:

k(A4 B'—t4)-+I(A+C—1)B=0,
(L3) - k(A+C—HB+IB+C—1C)=0, .~
A+ 2KkIB+PC=1.
k2412 >0, becai}se {x, x> = 1. Thus it follows from (L3) that

det (A=+ B—14, (4+C— t)B) _
(A+C—0)B, B+C—1C)

A,B\ . [A—t, B\
det(B,C) det( B, C——‘t)*o'

B C) # 0, because a and b are not colinear.

Thus 2—t(A+ C)+AC— B = 0. From this equation we derive

which ‘is equivalent to:

(L4) = 3[A+C+V A= CyraBl, t = 4[4+ C—V(d—Cy+ap.

Adding the first equation in (L3) multiplied by k£ and the second multiplied by / we
obtain by (L2) and (L4) g(k, )= t,.

It is obvious that max{g(k, I): k, I satisfy (L2) = ¢,. Therefore |f]|= 3[4+ C+
l/(A—- C)2+4B?]. The proof of Lemma 1 is completed.

Let z = x+iy ¢ E, where x,y ¢ E. We obtain from the property 4° that |z]|¢

= sup{|f(2)|: F < L(E, C), |fel <1} = sup{|f(2)|: f« L(E,C) and |fz| = 1}. Put
f= f». Then by 3° and (1) every f e L(E, C) can be written in the form

F @) = f()+if(y) = <a, x)— b, y>+ila, y+ilb, x>,

where a, b e E.
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Define
) 9(a, b)— I/ (Z)I’“ [¢a, x> <b, y>]“'+[<d y>+ b, DT
By (3) and (2) the condition [f| < / is equivalent to
© N A+C+V(A—C)P+ 4B < 2.
Analogically. the condition | fl=11is equ‘ivalentr to
A+ CHV(A—Cp 4B =2

- Let p be the orthogonal projection of the space E on lin{x, y}. It is easy to check

that g(p(a), p(b)) = g(a, b) and that inequality (5) are fulfilled for p(2) and p(b),
provided they are satisfied for a and b. By an argument similar to that in the proof
of Lemma 1, we obtain ‘

© lzlc = max{g(a, b): a,belin{x, y},
{a, ay+<b, by+V (<a, ay—<b, b>)=+4<a by =2},

- Let

Y t(z)— [ilxllz-i-l]yll?‘-l—?«l/(x x><y y—<x, y)”}z- where z = x+iyeE.
It is easy to check that

o) t(kz) — K| #(z) for keC, ze B,
(i) t(x) = ||x|i for xe E, .
@)  tx+p)=|x|+lyl, where x,y e E and <x,y>=0.

We shall prove that

(iv) for each z ¢ E there exist qe R and z’ = x'+ iy’ ¢ E such that <x’, "> = 0 and
z = [exp(ig)]z".
Proof. Let z = x--iy, where {x,y> # 0.
Put a+ ib = [exp(—ig)]z, where <a, b> = 0.
Then
a = xcosq-+ysing
b= —xsing+ycosq
Since <a, b» = 0, we obtain

Lx, x>— ¥, > ,

ctg(2g) = YR

x, X0—<y, y>

Puttmg qg= larcctg YRS

and z’ = [exp(— ig)]z we obtain (iv). .

. \
i
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We shall now prove:
® If Cx,y> =0 then [x+ o= Hle—IIyH

Indeed, putting e = n d b= E—” we have
a,belin{x,y}, (a,a)=<b,b>=1 and <a b>=0.
By (6) we derive
‘ llx+iylie >‘g(a, b) = (llxll+ llylh=
 Since fx-+iylle < I+ Iyl we have |
Ix+ iyl = fixll+ Iyl -
If <x,yy #0, then by Gv) |
x+iy = [exp(ig)](x'+iy"), where g« R and X', y>=0.
From (8), (iii) and (i) we derive
X+ e = IX'+llc = X1+ V)| = t(x +iy) = t(x-!~ iy)

Therefore ||zjlc = #(2).
Case II. E is a unitary space over R. )
All facts from the Hilbert space theory used below can be found in [5].

Lemma 2. Let (E, <, ») beanunitary space. Then there exists a Hilbert space H
with the scalar product {, >, such that ~

(i) <x7 y>H = <x,.)’> for x:y EE

and
(i) E is a dense subset of H.

By the continuous continuation principle for each functional g ¢ L(E, C) there
exists exactly one functional g*e L(H, C) such that gy =g. By property 3°, for
each g e L(E, C) there exists exactly one f'¢ L(E, C) such that f = g and for each
g*eL(H, C) there exists exactly one f* ¢« L(H, C) such that f;; = g*. Hence, for
each fe L(E C) there exists exactly one f* e L(H, C) such that fE = f, because
Je=9=gr=/f7. Therefore by Lemma 2, we have

©)  sup{lf@I: feL(E, C), |fgl <1} = sup{|/*@)|: f* < L(H, C), ISzl < 1}.
On the other hand, by an argument of case I for z =x+iye H we have
10)  sup{If*@I%; /* e L(H, ©); Ifal < 1} = <x, Xy ¥ out

F 2V (%, %05y, You— <X, W
Hence, by (9), (10), ;;roperty 4° and Lefnma 2, we obtain

X+ iplE = <x, x>+ <@, o+ 2V <x, x5<p, yo—<x, yo* for x,y e E.
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