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Remarks on H-bounded ‘Subsets in Banach Space

The aim of this paper is to give a generalization and simple proofs of some
of Dineen’s results ([3], [4]) characterizing the subsets of Banach space on which

every entire function is bounded.
Let E be a Banach space over the field K (equal R or C) E’ be the dual space

and let B(E)= {xe E: [|x|| <1} .
We denote by PY(E) the Banach space of all continuous homogeneous poly-
nomials from E into K of degree k. (We set PY(E) = K)

Definition 1. A function f: E—K is called entire, if there exists a sequence
{f,: f,ePE), n=0,1,..} such that the series Y f,(x) is convergent for every
0.

er and

f)= D fix), x<E.

Every entire function is analytic on E (see [2], Th. 5.2))
The vector space of all entire functions from E into K is denoted by H(E).
We define :

H(E)={fe H(E): f= ) g for some {g,}?" C P*E)}

1

Cfor k=1,2,..
The set H(E) is completely described by the following

Proposition 1 (see [4], when K = C). Let {g,)7C P"(E). Then
f=) i HE)>Vx<E: g,(x)+o
1

" Proof. (=). Fix an x ¢ E. Then, for.every ¢ ¢ K, the series 3 s*"g(x) is con-

n=1

 vergent. Therefore, g,(x)—0.
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(=). Sincezg;ePk"(E),for n=1,2,.. and since, for every x e E, the series
Y gi(x) is convergent, the function f= ) g7 is entire.
1 .1

-Now we give two basic definitions.
Definition 2. A subset X of E is called H(E)-bounded (Hk(E)-bounded), if

for every fe H(E) (for every fe HUE)) If lx = sup{|f(x)|: x ¢ X} < oo,

It is obvious that every H(E)-bounded subset (or H(E)-bounded) is bounded
and the set X is H(E)-bounded (H,(E)-bounded) too.

Condition (G,). We say that X C E satisfies the condition (G,) (we write:
X €(G)) if for every {g,)7° C PXE), g,(x)—~0 for every x e E implies [ig,/x 0.

Condition (G,). XC E satisfies the condition (G,) (we write: X e (G,)) if
for every {g,: g, ¢ PYE), n=0,1,...}, 1g,(x)[¥"—0 for every x < E implies [|g,//}"—0.

~ Condition (G,) is explained by the following theorem (see [7]).
Theorem 1 (Gelfand). Let E be a Banach space and let X = X C E be bounded.
" ’ .
(+) every bounded sequence in E' has a weak * convergent subsequence

then o _

X is compact <> X € (G)).

Remark 1. Gelfand’s theorem is formulated in [7] for Banach spaces over R
without the assumption (+), which, however, is used in the proof. Actually, as-
sumption (x) cannot be omitted.

We obtain the complex case by the natural isomorphism between (Eg)’ and
ReE’ = {Ref: fe E'} (Eg is the space E treated as a vector space over R).

Every separable and every reflexive Banach space has the property (x).

The space I, does not have the property («) (cf. Remark 2). .

There is a connection between Definition 2 and conditions (G;) and (G,); namely
we have (about 2° see [3]). '

Lemma 1. 1° XCE is H,(E)-bounded<> X ¢ (G}).
2° XCE is H(E)-bounded <> X € (G,.).

Proof. 1° (<=). By Prop. 1.

(=). Suppose that the set X does not satisfy condition (G). Then there exists
{£32 CPHE) and {x}*C X such that f(x)—>0 for every x¢ E and |f(x,)| =2
for n = 0. ' ‘ ,

Put 1, = 1. Take an n, such that |f,(x,) <27 for s = n; and |fn(x,)| = 2"
= 24 | 3305,

By iteration we obtain the sequence of positive integers 1 =n, <n, <n <.
such that ’ "

O . | ) <27 s=mny,

@ LI = 2] 3 )
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Put f= 2 . Then fe H,(E) and by (1) and @)

3y

—| Zf:;(x,,,) >~
o d=l+1

fe)l = lf::(_x,,,)l— | ;ﬂ %)

=1
. o0
>2—- Y2 =2-2.
. J=0 -

Thus, {|f]ly = oo and 1° is proved.
Ad 2° («=) — obvious.

(=). If X does not satisfy G, one find a sequence of 1ntegers nR<m<.
a sequence of polynomials f, € P*(E, K), k = 0, and a sequence of points {x,} C X

such that ‘
. , 1
If;t;;(xk)l > 2%k > 0) and lim|f, (x)| =0 for xe E ’
k=00

.Now, analogously as in 1°, one may find a sequence of integers 1 =k, < k; <
such that for /=1,2,. :

.
(1) | 1f,,.(xk,ﬁ,)ﬁ'<z~1, s=k
-1
@ st.k,(xk,)l > 24| 3 )] -
‘ &

The function f= 2 S, 1s entire and it is not bounded on X.

The following theorem 1is a slight generalization of a Dineen’s result (see [4],
Prop. 3).
Theorem 2. Let E satisfy assumption (*) and let X = X C E. Then the following
Statements are equivalent:
() X is H(E)-bounded,
(ii) X is H,(E)-bounded for every k = 1,
(iil) X € (Gy) for every k > 1,
(iv) X €(G,) for some k > 1,
V) Xe(G),
(vi) X e (Gy), ,
(vil) X is Hy(E)-bounded,
(vili) X is compact.
Proof. By Lemma 1 and Theorem 1.

Remark 2. In [4] it is proved, that (i)<> (vii)<> (viii).
(i)= (viii) does not hold true when assumption (x) is omited. For 1nstance,

Dineen proved in [3] that in-the complex space [, the set X = {e,: e, =
) ‘
©,..,0,1,0,..), n=1,2,..} is H(l,)-bounded, though it is not compact.




The author does not know the answer to the following question.

Problem 1. Does (v)= (iii)=> (i) remain true for an arbitrary Banach space?

It would be of interest.to give a reply to Problem 1 even for I,.

In the_study of analytic continuation one meets the following open.

Problem 2 (see [3], [4], [5]D. Does there exist a Banach space E, dimE = oo,
such that B,(E) is H(E)-bounded? . E

Problem 2. Does there exist a Banach space E, dimE = oo, such that
B(E) € (GY)?

Relations between Problems 1, 2 and 2’ are given by Theorem 2.

Remark 3. Dineen proved in [4] that Bi(L.) and Bl(l;,) do not satisfy con-
dition (Gy).

Remark 4. It follows from Phllhps theorem (see [6], p. 14) that By(c,)C [,
satisfies condition (G),), i.e. By(c) is a Hy(l)-bounded subset of [,,.

There is Hirschowitz’s oonjecture (see [5]) that B,(l./c,) is H(Iw/co) bounded
subset of I /c,.

The negatlve reply to thls conjecture is - due to Dineen in [3]

Now we give an immediate simple proof of this fact.

Proposition 2. B,(l./co) ¢ (G).

Proof. By a factor space property (see [1], p. 152)

(lofco) ~cg, where ¢ = {fely: c,Cf0)}.

"Therefore, it is enough to construct the sequence {h,, ® C i such that h =0
in the weak * topology for I, and |h,]|+0. ‘
For every Banach space E

E™ = P(E")® I(E)*

where I: E—>E" and I’: E'—>E"” are the natural embeddings (see [6], p. 73).
Putting E = ¢, we obtain

(3) | ‘ i;o == ‘h@cg— ’

where /, and c, are isometrically embedded into [, and I, respectively.

By Remark 3 there exists a sequence {f,}?° in /, such that f,—0 in the weak *
topology, but ||f;l++0. By (3), for every n = 1 there exist a g, e/, and an h,ecy
such that

C)] ' Jo= Guth,.

We shall show that 4,—0 in the weak * topology in [, while ||, ]|++0.
Since h, = 0 on c¢,, we have

&) 1fleyew = 19allayny = ”yn"

(l, = c; is isometrically embedded into I).
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By Remark 4 g,,~>0 in the norm: topology in [, and, consequently, in the weak *.

,‘ topology By @, h,~0 in the wcak‘topology Since |If|l < {lg,/l+ ll4,ll and
lg,/l->0, we have [j4,]|+0.

Therefore {4,)° has the :eqmred properties and the proof is completed

I would like to thank Professor Jézef SlClak for helpful discussions on this
problem.
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