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Krystyna Twardow.fka
Controllability of Linear Systems with a Stochastic Control

1. INTRODUCTION

We shall consider in this paper a system of linear differential equations with
‘a stochastic control which admits only positive values. We shall show under the
assumption of local controllability at the origin that the set of the values of the
solution of this system is dense with probability one in a neighbourhood of the
origin,
The necessary and sufficient condmon for local controllability of linear systems
with positive controls is due to S. H. Saperstone and J. Yorke ([3]). ‘
The theorem which we shall prove is an analogue of the theorem on complete
- controllability proved in [2] by ‘A. Lasota and A. Moro for a class of stochastic
controls acting in an arbitrary direction.

2. DEFINITIONS AND NOTATIONS

Consider the system of linear differential equations in the real Euclidean space R?
(1 X = Axtbu

where 4 is a constant dx d matrix, b is a constant d — vector .and u(-) is an inte-
grable function of the real variable ¢ with values in a certain set 2 C R.
The system (1) is called locally controllable at the origin if there exists a finite

time # such that the reachable set K7 (#,) at time #, contains a nelghbourhood of .

the origin.
Let us recall that the set Kj(f) is defined by

K3 (0) = {x(t, u(")), ue Uy}
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where Ub is the. set of all mtegrable ftmctions u( ), u: R"' {0}—Q. For each
ue U, let x() = x(t, u(: )} be the unique absolutely contmuous function satis-
fying (1) such that x(0, u(+)) = 0. : :

We assume in the sequel that Q = [0, 6] for 6 > 0.

Tt is known (see [3]) that the system (1) is locally controllable (ue Uto,s)) I
a finite time ¢ 4 at the origin if and only if

@) all elgenvaiues of A have non-zero imaginary parts and

- (i) the controllability matrix for (1) has rank d.

Consider also in the same space the system

® S k= Ax+bE()
and the homogeneous system related to [0))
3 k= Ax
with the initial condition -
@ x(0) =

where £(¢) is a sample function of a certain random process ¢,t=0).
Let us assume that

(D (&,t>=0) is a one-dimensiona] separable stochastic process with stationary
independent increments and E(|&,]) is a locally bounded function of .

In this case the characteristic function @ (u) of the process (£,) is g:ven by Levy’s
formula '
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where y is a real constant, G(4) is a nondecreasing bounded function.

Moreover, let us assume that
(D) (@GR =0 for 2<0

B®GH >0 for 2 >0

(»limG@)= 0.

This means that the steps of the sample functions of the stochastic process
are only positive ((a)) with probability one and as small ((8), (+)) as we want with
a positive probablhty
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3. RESULTS

‘We shall proverthe followirig‘

Theorem 3.1. Suppose that -
(i) the stochastic process (5,, t = 0) satisfies assumptions (I) and (II) of Section 2




(i) the equation (1) is locally controlfable,
(iii) the equation (3) is- asymptotically stable. -
Then there exists a neighbourhood of the ongm such that the set of values of the
solution of the problem (2), (4).i.e., {x x= xe(t), t = 0}.is dense in. thls nelghbour-
hood with probability one.

. The problem (2), (4") where _

@) - x(t)=r1, re R

was considered by A. Lasota and AT Moro in [2] under assumptions of complete
controllability of the system (1) for #(+) belonging to U_, , (@ >0) and asymptotic
stability for the system (3). They proved that for almost all sample functions £(7)
the set {x,(?), t = #,}, where x; is the solution of the initial value problem (2), (4')
with fixed r, is dense in RY. .

The theorem 3.1 can be extended to the case of a d X d matrix-valued functlon
A(2), periodic with period one and belonglng to the appropnate class of differ-
entlablhty : ,

4. PROOF OF THEOREM

We shall use two lemmas: ~

Lemma 4 1 If the assumption (I) is fulﬁlled and the equation (3) is asymp totic-
ally stable, then there exists N >0 such that the solution x, of the problem (2), (4)
satisfies the inequality

liminf Ix(m)] <N (n integer)

with probability equal to one.

Lemma 4.2 If assumpt:ons @) and (11) are fulﬁlled then for every e >0, 7T >0
and for every increasing continuous real-valued function A deﬁned on [0, 7] such
that 2(0) = 0, we have :

Prob(sup If(t) h(t)l e:tef0, T]) >h0

. For proofs of these lemmas see [2] Lemma 4.1 has even been proved for penodlc
matrlces Lemma 4.2 was stated in [2] for an arbitrary continuous /4(f) which was
not necessarily increasing, with the assumption that G(ﬁ.) >0 for 4 >0. In our
case A(?) is increasing and G(4) = 0 for 4 < 0. But the proof of Lemma 4.2 is
similar and will be omitted. ' ,

Proof of Theorem 3.1 —Let 8,C R? be that nelghbourhood of the origin
which can be attained by the solution of the problem (1), (4) in a finite time Ty,
according to the Saperstone-Yorke theorem. ‘
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Let x* be an arbitrary point of O, and ¥ an arbitrary neighbourhood of this »
point with radius e, . : o
We shall show that the solution of the problem (2), (4) reaches the neighbour-
hood ¥V with probability equal to one. & , L
Denoter - : : AR B
' Ky ={x: |x| <N}

where N is chosen as in Lemma 4.1. : .

By the assumption of local controllability there exists an integrable function
1), finite time 7, and the appropriate solution x,(#) (7 [0, 1)) of the problem
(1), (4) which reaches the point x* i.e., x* = x(7;). .

By using the continuous dependence property of the solution upon initial con-
ditions it follows that there exists a positive number é such that every solution of
the equation (1), starting from the neighbourhood ¥, with the controller u(*),
reaches the neighbourhood V. R e

Furthermore, by the assumption of asymptotic stability, the solution x(®) of
the equation (1) starting from an arbitrary point of K, with the controller identic-
ally equal to zero reaches the neighbourhood ¥, in finite time T, which we can
estimate from the inequality

Xl < rlple™.

The constants @ and r are positive and depend on the matrix 4 of the system (3).
Choose T, in such manner that the following inequality holds true

rlple™*™® <8
ie., . ‘
1. rlp|
. 7;, > -(; IIIT .
We define the controller u,(-) as follows
0, 0<r<T,
u,(t) = : ‘ ?
~ w(t—1y, T,<t<T+T,.

Let

¢
£O = [ ugs)ds.
0 .

By using once more the continuous dependence property of the solution upon
a parameter and initial conditions, we conclude that for every point p of K, there
exist such neighbourhood ¥, and a positive number &} that the solution of the
., equation
: X = Ax+bh', x(0) < V,
where

lh(t)_—f,,(t)l <e,

reaches the 4neighbourhood V:.







