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An Application of the ‘Waiewskl Retract Method to Boundary Value
- Problems .

§ 1. STATEMENT OF RESULTS

‘The purpose of this paper is to present an application of the Wazewski retract
- method {1] to boundary value problems for nonlinear, second order differential -
equations. This method enables us to prove the existence of a solution for a broad
‘class of boundary value problems, including problems of Neumann type for which
no Green’s function exists. Similar, but less general results, which rely upon the
existence of a Green’s function have been proved by Keller [2], Bebernes and
- Gaines [3], and Schmitt [4]. The retract method was first applied to boundary value
problems by Nagumo [5] (see also Milak [6]).
Consider the ordinary differential equation

(1.1) R X" = flt; x, x)
wh:re f: [0, 1]1x R* >R is continuous, with boundary conditions:
(1.2) L) =r, L% = ax©)—bx(0)

- (13) Lx)=r, Lyx) = ax(D)+bx'(1) -

Without loss of generality we may assume that b,, b, > 0, since otherwise we may
_multiply by negative one when defining L, and L,. Note that if @, = a, =0, we
~obtain a problem of Neumann type. In [2], [3] and [4] it was additionally assumed

that ¢, >0, a,4+b, >0 for i= 1,2, and a,+a;, >0.

We use the following definitions, which were previously considered by Jackson

and Schrader [7].

A function a(¢) will be called a lower solution for (1 1), (1 2) and (1.3) if both
of the follow ng inequalities are satisfied:

s (4 - d'=f(t,e,0),
e a5y L <r fori=1,2.
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A function B(t) is an upper solution for (11), (12) and (1.3) if
(1.6) ‘ B, B,8),
a.mn ‘ LB =r fori=1,2.

If the inequalities (1.4) and (1.6) are strict inequalities we call a and g a strict lower
solution, and a strict upper solution; respectively. . 5 '

We will say that @ is a Nagumo function for f on a set DC [0,1]x R if
&: [0, 0)—>(0, oc) is continuous and satisfies the two inequalities:

@8 Ufx ) <S(y) for all ¢, x,5) ¢ D
19 . ' [ b _
( ), : Qi(y)

The main result of this paper is: o S
Theorem 1. Suppose by, b, >0, and f: {0, 11X R*— R is continuous. Assume

(1.10) there exists an upper solution, §(t), and a lower solution, 'a(t), Sor (1.1), (1.2)
and (1.3), and a(H) < () Jor all te[0,1], and A ‘

(1.11) there exists a -Nagumo func‘tion D for f on the set
D={(t,x,5): 0t <1,a() < x < B

Then there exists a solution x(f) of equation (1.1) satisfying (1.2) and (1.3), and
a() < x(t)y < p(t) for all te[0,1]. . o

We should remark at this time what is meant if a,= b, = 0, or a, — by = 0.
We will consider only a;, = b, = 0, the other case being similar. If there exists
an upper solution 4(f) and a lower solution a(z), then we have by definition that
Ly(a) < ry and L(B) = r,. It follows, therefore, that r, = 0. We interpret the bound-
ary condition L,(x)= 0 in this case to be automatically satisfied whenever x(0), x'(0)
are defined. Notice that even if @, = @, = b, = b, = 0, Theorem 1 is still non-
trivial, o -

§ 2. LEMMAS

The proof of this theorem will require the use of three lemmas. The first iemma
states a well known property of solutions of equations which satisfy a Nagumo
condition. The second lemma is a simple corollary of the first one. The third is
a reformulation of the Wazewski method for the type of problem we are considering.

Lemma 1. Let condition (1.11) be satisfied. Then for every ¢ >0 there exists
a constant M = M(c) such that each solution x(r) which exists on an interval =

[P st o
Py (R
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A C [0 1] ‘and wluch sansﬁeﬁ
X' < B for some toe a4; a(t) < x(t) < p@ for all ted

&

 also satisfies o .
' x'@) < M) for all teA

The methods requlred for the proof of Lemma 1 may be found in Hartman [1]
and so the proof is omitted here.:
- It should: be remarked that the condition (1.9) is not necessary. If we defme
K=K(a,f) by
.1 ’ K= sup B()— inf a(d),
. o tef0,1) tef0,1]
we only require that

[ ydy
¢(y)

Lemma 2. Suppose that there exists a strict upper solution, p(t), and a strict
lower solution, a(f), for (1.1), (1.2) and (1.3), with a() < () for all te[0,1].
Let condition (1.11) hold. Then there exists a solution xt) of equation (1.1) valid
in an interval [0, h+-¢]JC [0, 1] for some h >0, ¢ >0, satisfying boundary con-
dition (1.2) and such that a(t) < x,(f) < B(t) for all te[0, k], xi(b) = B(h), and
xo(f) > B(0) for all t € (h, h-+ ¢). Similarly, there exists a solution zq(1) satisfying (1.2),
valid on an interval [0, k+81C [0, 1), for some k = 0,8 >0, such that a(f) < z(?)
< B(t) for all 1 €10, k), zfh) = alh) and Z\(t) < a(t) for all t ¢ (k, k-+ 5].

Proof. We will demonstrate the existence of xof?). The proof of the existence
of z(f) will follow in an analogous manner.

Case 1: b= 0. Let x,(f) denote the solution of (1.1) satlsfymg

x,(0) = rya;?

- x,(0) =n.

Note that a(0) < rya;! < B(O). Let
B = max { sup B8O, K, Sup lo’ (D1}

te[u

(2.2) >K.

Suppose Lemma 2 does not hold. For each n, the solution X, is defined either until
~t=1or t=T, where x(T) = a(T) In elthcr case, there must exist some first
. tlme t,€[0, 1] such that o

By : 1 x(t)=B.
I 2 A ‘

%)l < M(B) for all £¢[0,4,].

. But x/(0)=p. This a is contradiction for n > M(B). This contradiction implies
+ - that for some N > M(B), and some A ¢ [0, 1], a(f) < x\{f) < B(?) for all [0, k]
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and xy(h) ;—.—%ﬁ(h). MbréOWr, because () is a strict fiwer fsoluﬁon ‘we must have

xy(h) > B'(h). Thus there exists ¢ >0 such that xy(f) > #(¢) for all te(h, h+e).

Case 2: b, +# 0. In this case; we may simply let x,(f) denote the solution of (1.1)
and (1.2) through $(0). Then Lemma 2 will be satisfied with h=0. -

- Lemma 3. Let x(t, #) be a Jamily of functions indexed by a parameter u. Let
x(t, p) be continuous in t and p simultaneously. Let C be a simple closed curve
in_the (¢, x) plane, and let IntC and ExtC denote the open interior and the open
exterior of C in the sense of the Jordan Curve Theorem. Suppose that for each u,
(0,x(0,w) e CoIntC, and x(t,p) is deﬁned on an mterval [0,7,), where
(T x(T, ,p))eExtC Define '

W=t
where
= inf{r > 0: (7, x(¢t, w)) ¢ ExtC}.

- Then y is lower semi-continuous. If each function x(t, p) has the additional property
that (¢, x(t, 4)) « ExtC for te(t,, t,+h,) for some h, >0, then y is upper semi-
continuous, and hence continuaus '

The proof of Lemma 3 may be deduced easﬂy from the discussion of the Wa-
zewski method in Hartman [l]

§ 3. PROOF OF MAIN RESULT

Proof of Theorem 1: Without loss of generality we will assume that f is
defined on [0, 1]x R? in such a way that (1.8) is satisfied for all x € R, since we
may redefine f outside of D in such a way that the Nagumo condition will still
hold, We will first give the proof under more restrictive hypotheses than those
given in the statement of the theorem. We will then show how these stronger
hypotheses can be weakened.

In condition (1.10), let a(f) and B(f) denote a strict lower, and a sttict upper
solution, respectively, with a(f) < (?) for all t€[0, 1). Suppose, in addition to
(1.11) that fis locally Lipschitzean, so that the umqueness of solutlons to the Cauchy

problem for (1.1) is assured.
' Consider now the set of all solutions of (1 1) satisfying (1.2), such that a(0)
< x(0) < #(0). These solutions form a one parameter famlly of functions which

we may represent by {x(z, ,u)} where the set of values of u is connected Define -

a map
B p (1, X )
where 7, is as in Lemma 3. Denote by C the Jordan Curve which forms the bound-

ary of the region D. Since f is locally Lipschitzean, and since a(f) and g(f) are
a strict lower and a strict upper solution, respectively, each function x(¢, ) sat;s- .







