CCCLVIY, T pmcn MA’I'!‘-MATYCZ‘NE zmszw 1 .

Anna Krakowiak

An Application of the Homotopy Method to Linear
Problems for Nonlinear Differential Systems

1. For systems of differential equatlons

m ' : ' '(t) £, x®) -

where : _
' 1, x) - (fit %05 s %), oo St X5 %)

" we consider the so-called Nicoletti problem: given n distinct points £, < ... <{?,
in the interval [a, b] and # real numbers r,, ..., 7,, does there exist a solution x(f)
= (x,(9), ..., x,(1)) of equation (1) such that ‘

@ xi{t) = (=1,..,n?

The purpose of this paper is to giveé an existence theorem for a special Nicoletti
problem for systems of differential equations (1) in the proof of which we use the
homotopy method.

The formulation of our theorem is similar to the formulation of theorem in [2].

In the proof of their theorem Lasota and 0p1a1 have used the Schauder ﬁxed-‘
" point theorem.

We shall show that this theorem may also be proved by an application of the
homotopy method in a ‘way very sumlar to the method used in the proof of our
- theorem.

Our method is similar to that of [3].

2. We shall assume that the function f(¢, x) is defined and continuous in the
set [a, b] X R". Furthermore, we assume that there exist n? nonnegative continuous -
functions Py#) (i,j=1,...,n) and n nonnegative continuous functions Pi?)
(i=1, ..., n) such that

B U X, %) < P,(t)—l—ZPi,(t)lxlm la, b]x R" forzwl,. ,n

i=1




Theorem. If there exists an ¢ > 0 such that every functlon x(r) satlsfymg the
differential mequahty ' .

% ()] < 2( ,(t)+e)ix,(z)| (i= lon)
and the condition
| x(t)=0 (i=1,..,n)

is identically equal to zero, 'then problem (1), (2) has solutions.

Proof. Consider the first case when (A) for every system of differential equa-
tions

NON L - x'(t)y =M(¢, x(1)), 1[0, 1] -
the Cauchy problem with arbitrary initial data has a unique solution, then it is
sufficient to show that

(i) For A= 0 system (4) has an odd number of solutions satisfying (2),
(ii) If solutions to (4), (2) exist, they are bounded for every 1 ¢ [0, 1] by a common
constant, ' o
Indeed, from Theorem II on the properties of a deformation by homotopy
‘and by the considerations contained in [3], it follows that there exist solutions of
problem (1), (2). It is easily seen that condition (i) is satisfied. For 2 = 0 problem
(4), (2) has the unique solution x(#) = (7, ..., m). Therefore, it is sufficient to verify
condition (ii).
For arbitrary contmuous vector functions x(7) on [a b, define |x(?)|| by the
formula:

I = 2 max |x,(f)|

j=1 labl

Suppose that for a given 4 € [0, 1] the boundary value problem (4), (2) has a solu-
tion x(z, ).) (x(z, A) > X2, 2)). We have

(e, D] = 1 x, (B, ey X, D] < PO+ 2 Py0)x(t, B .

Denoting x(t, )—r;, by y(t, 2) (z‘ =1, .., n) we obtain,

) Yige, Bl < N+ ZPij(t)lyj(t 2l
and
(6) . o ) yl(ti) =0 _

where N = max (ﬁax(P(t)—i-i’ P,-,.(t)|rj§)) -
) i [a,b] =1




Two cases are possxble there emsts a constant k >0 such that for every solutlon
of (5), (3) there exists #, € [a b] such that the mequahty : :

. S <k .

i : oy

is satisﬁcd ot for every constant k there exists a solutlon Yiuo(2, 2) satisfying (5), (6)
such that

Z Iyi(k)(ts 2)1 >k, for eVéry te [a, b] . : ;
i<1 o
Suppose that the first case holds.

From (5) it follows that

D i, Dl < A+ B Y Iyte, V]

i=1 i=1

where 4 = nN and B=n- max(maxPi,(t))
iJ lab .

This 1mp11es by a well-known theorem on dlﬂerentlal 1nequaht1es ([1], p. 151) that

@ Z Indt, H] < kexp(B(b— a))‘+ = (exPB(b—- a)—1)

and this means that for the given 2 the solution of (4) (2) is bounded in the sense
of norm || |. Now we shall show the second case is nnp0351ble
We have

. n n N :
il <N Y POl = 3 (P~ )xym: < (P e
j=1 .

For a sufficiently large k,
lyi,(k)l <Z(Pﬁ(t)+ )V -
. L j=1 .

- From the assumption of our Theorem, this implies that y,,, = 0.
This completes the proof in the case (A).
Suppose now that (A) is not satisfied.
Let 7 >0. Put P(t)= P(f)+7n, N= N-ty, 4= nN.
, There exists a constant & such that for every solution y(7) of the differential
inequality , :

o < T Z‘P,,(t)ly,(t)l

such that o o b
‘ y{t) =0




the mequallty

@ 2 940 < kexp(B(b—»a)H A expBo—ar-1)

Jeel

48 satlsﬁed
Denote by ? the right side of (7°), and by 4 the interval [H—Z‘ ry, — l— 2 r)
¢ i=

There exists a sequence { f{t, x)} of functions deﬁned in the sct [a b]x ar,
satisfying conditions -

@ e 3 < PO S0
- and (A) such that T 4
| | £, %) = lim £z, x) ST

umformly on [a, b]x R".
From the first part of the proof it follows that there exists a solution x,(t) of
the equations ‘

X ofY) (=1,2,.)

satisfying condition (2).

By (7'), the sequence {x,(¢)} is umformly bounded and by (3') it is equicontinu-
ous. Thus, by the theorem of Arzela, there exists a uniformly convergent sub-
sequence {X,,(9)}. Its limit is a solution of the problem (1), (2).

This completes the proof.

3. We consider the Nicoletti problem for an nth-order differential equation
which has already been studied in [2].
For the nth-order differential equation

®) ;_ XD = f(t, x, X', ooy X07V)

we consider the following problem: given » distinct points ¢ <.. <{, in the
- interval [a, b] and n arbitrary real numbers r,, ..., r,, does there exist a solution
x(?) of (8) such that :

9) ‘ . x(t) = r,-‘ i=1,...m?

We shall assume that the function f{(z, x) S, Xgs v X,_1) 18 deﬁned and continu-
ous in the set [a, b]x R".

Furthermore we assume that there are n nonnggative continuous functlons
P (i=0,..,n—1yand a nonnegative constant M such that :

ft 0l <M+ S PO

i=0







