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- 1. INTRODUCTION

Consider the linear system of differential equations

@ X = AWx+f(0)

" where A(f)is an n X nmatrix continuous on an interval 7, x and f (¢) are n-dimensional

vectors and f(f) is continuous on /. We may assume, without loss of generality,
that 1D [0, 1].

Denote by || || the Euclidean norm of vectors, and denote by C" the space of
all continuous n-dimensional vector functlons x(?) on. I with the norm [x @l

= sup{lix()Il: 7<7}.

For a given linear continuous mapping L of C" into R” and for a given point / -
in R", the general boundary value problem is usually stated as follows: does there
exist a solutlon x(1) of (1) such that :

@ | ' =17

It is well known that if for the fundamental matrix ®(f) = (tpl(t), s @,(1)) Of
the corresponding homogeneous system

x'=A()x
the rank of the matrix »
| Lé(t) = (L‘Pl(t)s A ] L%(t))

is equal to n, then the boundary value probiem m, 2 has one and only one solu-
tion for any /. In the case where the rank of the matrix L®(7) is smaller than » the

- problem of existence of solutions of (1) satisfying (2) becomes much more delicate.

This is discussed in Section 2. (see “also [2]).

.




~ The same emtenoe prob!em may be stated for nonlmear systems of differential
equatxons e@e form

B S x'wA(‘t)x+f(t)+sX(t %)

where ¢ is 2 parameter, X(¢, x, s) is an n- dlmensmnal vector oontmuous for (t x)
- €IX R and [e] < &. .

A particular case of problem (3), (2), namely thc N-pomt boundary value
~ problem of the form

ZN‘M,x(ti)‘———‘ 1

. i'=o

where M, (i = ., N) are given constant square matrices, ;e [, 1, < t; < . < Iy,
has been- consxdered by Urabe [2].

By a method analogous to that of Urabe we obtain in Section 3 a simple neces-~
sary condition in order that the problems (3), (2) have a solution.

2. LINEAR PROBLEMS FOR LINEAR SYSTEMS IN THE DEGENERATE CASE

 Suppose that the raﬁk of the matrix L&(¢) is n—m (1 <m < n). The following
theorem gives a sufficient and necessary condition in order that the boundary value
problem (1), (2) have at least one solution.

Theorem 0. System (1) possesses a solution satisfying the boundary condi-
tion (2) if and only if

-

@ Ai-aL(e@ [ ¢—1(s)f(s)dg) -

where A is an mX n matrix whose row vectors d, (a =1, ..., m) are linearly inde-
pendent, satisfying the condition

d,Lo(f) =

If (4) is valid for a given / and f(?), then any solutlon x(f) of (1) (2) can be given
by thc formula

®) x(t) — 00 Y ke i+ aﬁ(t)S(!—m(z) f cb-l(s)f(s)ds)w(r) f & (s)f(s)ds
. a=1 .

where ka (e=1,...,m) are arbltrary constants, c,(f) are m linearly independent

column' vectors satisfying L&(f)c, = 0, S is an nXx n matrix, independent of f(¢)

and 7/, such that

LO(0)Sp = p




for any column vector p satisfying
L - Ap 0
Proof Any solutlon of (1) can be written as

- ® X)) = Oa+00) f - (5)f)ds

where g is a constant vector in R*. '
Solution (6) satisfies the boundary value condmon (2) if and only if

L(@(t)q)+ L) f G H(s)f(s)ds) = 1,

;

that is 1f and only if
¢ . @eW)g=I-L (ab(r) f ¢“(S)f(S)d9)

From the lemma in [2] concerning linear algebraic equatlons it follows that the
constant vector g satisfying (7) exists if and only if (4) is satisfied and that ¢ can
be given by _

(8)7 o q= Zk et S[I—L ((b(t) f ¢-1(s)f(s)ds)]

. awl

Making use of (6) and (8) we have (5) and this completes the proof.
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3. THE LINFAR PROBLEM FOR NONLINEAR SYSTEMS IN THE DEGENERATE CASE

Assume that the rank of the matrix L&(7) is n—m (1 <m < n) and define
mappings . F, G by the ‘fonnulae

F(, /() = 41— AL(8(0) f T O)ds),

Gk, f(1) = D) Zk.,cam(r)s(z— Lo() f ) f()+2 () f ¢‘1(s)f(s)ds")

a=1

where k = (k;, ..., ) is an m-dnnensmnal vector. By (5), G(k, f(1)) is the solution
“to (1), (2).
Denote by Fyl, f(t)) the ‘Fréchet derivative of  F(/, f(t}) with respect to f(N.
For any continuous vector function #4(f),

©) - ROk = —AL(®(9) f @"(s)h(s)ds)
We have the followmg




g0

Theorem 1. If problem (‘l), @ posz;eéses solutloné, then a necessary con-
dition in order that the boundary value problem (3), (2) have a solution (for ¢ suf-
ficiently small) is that there exists a solution x(7) of (1), (2) such that

- : E(L ) X, x(0), 0) = 0
that is N

— AL (@(t) f G X(5, %5, 0) ds) = 0.

Proof. Suppose that for any small e, [¢] >0, the boundary value problem
(3), (2) has a solution x, = x,(¢).. By Sectlon 2, we have’

(10) ‘ - x(0) = Gk, f(O+X (2, x(0), ¢))
and . N
(11 F(L,f(O+eX(t, x (), €)) =0
(11) can be written in the form | ) 4
) FLAO+X( 20, 9) = FUSO)+2 [ RlLO+
| +reX(t, x(1), &)) X (¢, x(1), e)dr = 0
From (9) we ha_wé o ‘ , =
(13) Ffl, ft)+ reX (¢, x,(0), €) = F{L /().
By substituting (13) into (12) we obtain
(14)  ELO)X( %0, =0

Substituting (10) into (14) we have

F{L f0) X(t, G (k,, f(O)+eX (1, x,00), ¢)). ¢) =
which, as e—0, tends to the equality
15 ‘ . F{l, () X((, G(ko,f(t)), 0)=0
‘Denoting G (ky, f(£)) by x,(f) we have ‘
o F{l f0) X (¢, x(0), 0) = 0

and this completes the proof.
Now assume that X(¢, x, ¢) is of class C? with respect to x and . Denote by
(¢, x, ¢) the Jacobian matrix of X(z, x, £) with respect to x. We have the following.
Theorem 2. If there exist k, = k% (a =1, ..., m) satisfying (15) and if the
Jacobian matrix J of the left-hand side of (15) with respect to k, (e =1, ..., m)
is non-singular for k, = kE (a=1, ..., m), then there exists & >0 such that for
any ¢, 0 < |¢| < ¢ the boundary value problem (3), (2) possesses a solution.




Proof. Take the system of equations

Ty(x, k; &) = x(0—Glk, f()+X(z, x(t) &) =0
Tix, ks ) = Bl fO) X[¢, G(k, f+eX(t, x,2),€) =0.

. It is clear that, for & # 0, {x(¢), k} (with some k) is a solution of (16) if and only
if x(7) is a solution of the boundary. value problem (3), (2). Thus, the problem
of existence of solutions to (3), (2) reduces to the problem of existence of solutions
to system (16) of two functional equations. Put

T(x,k; &) = {Ty(x, k; ¢), Tg(x k; €)}.
- Then equation (16) can be written as
an T(x,k; &)=0

and can be regarded as an equation, dependent on the parameter ¢, in the Banach
space C"x R* with norm. [[{x(2), K}l = [Ix(),+ llkll. We have

(18) : 'T(—??o,ko, 0)= 0‘

Let J,, (x, k; ¢), Jig (x, k; €) (=1, 2), respectively, be the Fréchet derivatives of T;
(x, k; ) with respect to x and k. Put

. - Jll(xsk;-e)' Jm(x, k; -';‘)
I, k; &) = [Jm(x ki) (e ks 8)].

Then evidently J(x, k ‘e) is the Fréchet derivative of T(x, k; £) with respect to
{x, k}.
For any continuous vector functlon h(t) and any m-dimensional vector 2

= (s wees A)
Juh(t) = h(0)+ a[@(t)SL(b(t) j DY)V (s, x(s), e)h(s)ds—

(16)

Aol RLab

_¢(t)f¢—1(s)¥’(s, x(s), e)h(s)ds] - “

Jph = —0 ijlaca

i=1

Jouh(f) = s{—AL@(t) f [gs—l(s)w(s, Gk, f+eX(s, x(s), 2)), ¢) X
X (——(b(s)S’Lq)(s)fsdi‘l(o)‘P(cr, x(0), e)h(c)do+

_}_di(s)f@‘“‘(o)?'(a,x(a), a)h(ﬂ)d“)]ds}

ik = ALO() f¢~l(s)[ (s, G(k, fHeX(s, x(s), s)) ) Z‘a cads| .

a=1
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