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. The Darboux Problem for Partial Differential Functional Equations
of. the Hyperbolic Type

The theorems given in this paper relative to the convergence of successive
approximations and uniqueness of solutions in the Darboux problem are closely
connected with the results obtained by B. Palczewski ([5]). The conditions presented
here, which assure the uniqueness and the convergence of successive approxima-
tions, are certain generalizations of Brauer’s conditions ([1]) transferred from
the theory of ordinary differential equations to the field of hyperbolic partial
differential equations. They also make provable the theorem on the continuous
dependence of the solutions on the boundary conditions.

The paper [5] contains theorems relative to the Darboux problem for the equa-
tion of the form

. x y .
Usy :f(x, YU, U, uysffg(x, V.81, ll(S, t), us(s, t), u,(s, t))det)
090

Below there are given some generalizations of these propositions with respect
to equations of higher orders in more independent variables. Furthermore, the
integral operator the right side of the equation depends on is replaced by a certain
more general operator.
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I. Let Y be a Banach space, E = H[O al, a; >0,
H=\JE,E={P=(X,..,x): x,=0nE.
=1 :

. .
Let o denote multiindex e= (ay, ..., @,); and |af = Y @, I, ={a: loj=k,a;=0
A ~ .
n—1 df n .
or ¢; =1 for j=1,..,n}, I=\JI. Let us put a= []a;; s is the number of
k=1 J=1

elements of set 7, A4,(P) ik [l [0,x]for PeE, ael.

Jjefl,,..,n}
aj=0
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Accordmg to the general rule we shall use the notation
dlely
oxi .. ax""
We shdll define the foilowmg operator
~: EX C(E)>» (P,v)>7(P)e Y,
where 7(P) is given by the formula
o(P) = [ o(D)drT.
Aig,.0F)

By C*(E) we denote the class of vector functions u: E-Y, whlch are continu-
ous on E together with all its partial derivatives of the form D,u, where ae I'v I,,.

By R we shall denote the space of real numbers.

" Now, we shall present conditions and lemmas for proving our theorems.

The Brauer conditions (compare [}, see also [5]): Let a be a real number,
a > 1, We shall denote by (B,) the class of all pairs {y,, ye} of functions satisfying
simultaneously the conditions:

- (B)) the functions y,: (0, a]x [0, c0)—[0, ), i =1, 2, are continuous,

(B,) there exist functions A4;: [0, a]>R, i= 1,2, such that 4(0) =0, 4() >0

J
for ¢¢(0, d tim 29 _ o
T e( a] an rilg- 40

(By) if a continuous function u: [0, 2] [0, o) continuously differentiable on (0, 4],
is such that #'(f) = (¢, u(?)) for ¢€(0,a) and u(0) =0, then u(t) < A1)
for t€[0, d],

(B, if a continuous function s: [0, a]—>[0, o) continuously differentiable on

(0, a], is such that s’(t)- ,(t s(?) for te(O a)] and 11m s(0)

Az( ) O)
5() =0 on [0, a].
By (B}) we shall understand the class of all pairs {y,, v,} of functions fulfilling
the conditions (B,)—(B;), where:
(B;) for every fixed #e¢ (0, a), the functions [0, o0) 2 r—>yft,r)e[0, ), i=1,2,
are non-decreasing,
(B,) for every -fixed r ¢ [0, o), the functions (0, a]> t—>yft, rf)e[0, ), i=1,2,
are non-decreasing.

"Lemma 1. If {y,v,} e (BY), then the functlons t—>pft, f w(s)ds), i=1,2,

are non-decreasing with any function w non-negatlve and non-decreasmg on [0, a].

There is a simple proof of Lemma 1 in [5].

‘Lemma 2. If a function s: [0, ][0, o) is absolutely continuous, such that
5(0) = 0 and almost everywhere on (0, a] we have the inequality s'(r) < (¢, s(t))
for i =1, 2, where {y,, y,} ¢ (B,) and the condition (B;) is satisfied, then s(f) =
on the 1nterval [0, a].

We prove this lemma analogously to the proof of Theorem 1 of [1]; we shall
omit the details.

D,u=

then




Lemma 3. If a funcnon w: [0, @} [0, o) is continuous and non-decreasmg,
then for every multiindex ae 7w I, and for every PeE the following inequality
is satisfied: -

P
f] % | w(”x"’é"‘“) H g~ < f w(o)do .

=1 248 i=1.
We easily obtain the proof of Lemma 3 by usmg the equahtles contamed in {3]:

x [ wondn =y | wiende = [ wioyds,

f (} w(f’?)dﬂ)df = fy-(l;fu(r)dzda .

_ 2. Let functions g: H~Y, f: Ex Y’+1->Y and an operator 4: Ex(Cl(E'))'—->Y
be given.

We shall consider the Darboux problem (D) consisting in finding, in the class
C.(E), a vector function u satisfying the equation

(l) ) D(l....,l)u(P) =f(P: {Dau(P)}aell"A(Ps {Dau}usl)) fOl' P‘ E
and boundary conditions :
(¢)) u(P)=g(P) for PcH

where g is of class C,_,(H). .

It is provable that problem (D) for the equation (1) is equivalent, on a scale
of functions v ¢ C(E), to solving the suitable integral equation:
3) v(P) = f(P, {D(§+0)(P)aer> A (P, {D(§+D}cr))
for P¢ E, where ,
@  9(P)=200, Xz, e X )+ oo + (%1, oory Xy, 0)—

— 90,0, x5, ..o, X)— . — (15 0y Xy, 0, 0+ ... +(—=1)"""9(0, ..., 0)

Of course, the above equivalence holds true only if the function f is continuous
on Ex Y**! and also if the operator A4 is continuous with regard to the first vari-
able P ¢ E, while the other variables p, € C(E) (a€I) are arbitrarily fixed.

For proving the uniqueness and the convergence of successive approximations
. we need some additional inequalities relative to the function fand to the operator 4:

) AP, oer> NI, @doers P

< 2 @?(P)‘P.-( ﬂ X H xf’ilqa—?alf)-i-m(P)Hr—fll/fP(P) :
© AP, )= AP, Pl J - |
<o(P) X (P)%(ﬁ %, n x%|p.(P)~PP)I)

ael J=1 j=1




%

for i=1,2, a eI Pe¢E, H x; >0, where ¢, yj, 7;, % are arbitrary non-negatlve

functions on E, satlsfymg the condltlons

S Py =1, SwP)=1, ¢(P)#0, for PeE.

ael ael

We shall now define the successive approximations

D wnaP =B [ SO ADtlDaerr AT, (Dyndoe)) T,

Aqo,,.0f(P}

for k=1,2,..., wherew is a function of the class C(E) and g is defined
by (4).

We can now formulate the following theorems:

Theorem 1. If {y,, vy} € (BY), the vector function f is continuous on EX Y’“‘1
and fulfils the inequalities (5), the operator A is continuous with respect to the
first variable P on E, while the other variables p, e C(E) (a ¢ I) are arbltrarlly fixed
and A fulfils the inequality (6), then problem (D) has at most one solution in the
class* C)(E).

Theorem 2. If {,, ¥} € (B') the vector function f and the operator A fulﬁl
the assumptions of Theorem 1 and, moreover, M = sup WAL, {go}aer» I < o0,

Exy+1

then the successive approximations are uniformly convergent to the unique solution
of problem (D) for equation (1). .
The proofs of Theorems ‘1 and 2 are analogous to those of corresponding

theorems in the paper by B. Palczewski [5]. Thus we will give below only an idea of

the proof of Theorem 1 and an outline of the proof of Theorem 2.
The idea of the proof Theorem 1. If # and » are two solutions of (1),
then we shall define the following functions '

z(P)= |u(P)—v(P)| for PcE
w(a) = sup z(P) ‘ for o ¢ [0, a]

PGA(;

where A, ={PeE: 0 < ” %, < o}. From the inequalities (5) and (6) we obtain

for z(P) the estxmatlon whlch in virtue of the properties of functions v;,, w and
using the Lemmas 1, 2, 3 and Fatou Lemma gives w(o) = 0 for o € [0, a]. This
proves the uniquenes.

Proof of Theorem 2 (outlme) We defined successive approxunatlons recur-
rently by -

ul(P)=x(P)’ uk+1(P)=Fuk(P)! k=’-‘-1,2,...,
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Wherg the operation» F is defined for anyicontinuous function u by the right side
of equation (3) and y ¢ C(E). Putting
6k(‘P) = Sup 1!uk+m(P) uk(P)“ k = 0: 19 2, LLEN]

1<m<oo
-

w(0) = sup 6,(P) for ge[0,d],
Ped,

w(o) = limsupw,(s) for oe[0,dq],
k—»00 .
in virtue of the property of these functions, we can estimate 6,,(P) and we obtain,
just as in the proof of Theorem 1, w(¢) = 0 on [0, a]. From the definitions w and w;
it follows that the sequence {8,(P)} is uniformly convergent to zero on E. This
proves that the sequence {u,(P)} is uniformly convergent to a vector function u,
which is continuous on E. It is seen that u is the only fixed point of the operation F,
or the solution of problem (D) for equation (1). ,
3. Let us define functions g,: H— Y of the class Cr_,(H) for k=1,2,...
Let us consider the Darboux problems for the equation (1) with boundary
conditions

(29 - w(P)=g(P) forPeH, k=1,2,..

These problems we shall denote by (D¥) (k=1,2,..).
Just as before it is evident that on the previous assumptxons (D") is equivalent
to the appropriate integral equation

3G9 v(P)= f(P {Da(gk"””k)(P)}ael > A(P {D (9k+”k)}ael))
for PeE, k=1,2,.

As a consequence of Theorems 1, 2 we can further obtain:

Theorem 3. If the vector function fand the operator A satisfy the assumptions
of Theorem 1, u and u, are solutions of the problems (D) and (D¥) respectlvely
and moreover

®) lim 3D (g—9)(P)|=0 for PeH,
i - % gl
~ then A
) lim > |DGu—u)(P)|=0 for PeE.

k=0 4 eI 1n

In connection with the equlvalence of the problems (D) and (D*) accordmg
to the equations (3) and (3*) the following equalities are true

w(P)=g(P)+12(P), k=1,2,..
u(P) = &(P)M P,

where v and v, are solutions of (3) and (3*), respectively.

(iO)
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To" prove this .théorem we shall define the following functions:
’ z(P) = [ (P)—v(P)| for P<E, k=1,2,..,

(11) z(P) = limsupz,(P) for Pe E,
} " k=00 ) .
’ w(c) = maxz(P) for € [0,d],
Pedo

where A, = {Pe¢E: 0 < nxj

“The function w is contmuOus ‘non-negative and non-decreasmg on [0, a], w(0) =
and

(12) : z(P) < w(ﬁxj) for llf’e‘ E.

Let us take an arbitrary P ¢ E. From the mequahtles (5) and (6) we obtam the
following estimation:

z(P) < D #‘.-’(P)wi (H x [] x}”liD.,(ﬁk+ 5(P)— DG+ ) (P)I+

ael j=1 J=1
+0(P){ 3 (v, ([‘[ %, ]_7 DG+ 5)(P)— ,,(g+a)(p)”)

Passing with k to infinity, we obtain from (8), using the Fatou Lemma in virtue
of the monotonicity and continuity of the functions y; the following inequality

By < Y@ ([[ 5 [[5PE) +

ael j=1. j=1
) (S []5 [[ w020
' ael =1 j=1

Furthermore by using Lemma 3 we obtain in virtue of the property (12) of the
function w, with the monotonicity of (2

z(P) < 2/‘?(}’)% (fo: ” f (H xE” M)

ael J=1  j=1 AdP) =1

X ﬂ ds}-’") +m(P)( Z H(P)yi (n % H

=1 j=t
| w(” x,.s}-w) H ds}-w)) <
AdP) =1 J=1 .
ﬁx;

(ﬁ X;, f (cr)da) .

J=1 0







