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Some Remarks on Processes

1. We recall the follow_ing definitions (see [1], [2]).
Definition 1. A process on X (X is a metric space with metric d) is a mapping
| ' u: RX XX Ry X '
with the following properties ]
(i) v(x,0)=xforall teR, xeX,
() #'(x,s+7)=ut(u(x,s),7) for all teR, xe X, v,5¢R.,
(iii) for fixed 7 ¢ R,, the one parameter family of maps

(-, 1) X—>'X, parameter fe R,
is equicontinuous.
Definition 2. The orbit of ¥ which originates at (¢, x) is the map

w(x,"): Ri—>X.

Def1n1t1on 3.A process u on X is called continuous if for any fixed x ¢ X,
7€ Ry, the map
w(x,7): R>X
is continuous on R.
Remark 1. Remark 2.1 in paper {1} said that every process on X can be
extended on to a process on the completlon of X. This is false without additional
assumptlons :

Example 1. X = RX (R\{0}), d is the restriction of the Euclidean metric on '
the plane,

W(x,7) = (v Tsgnxs, x9),  x= (%, %) e RX (R\{0}) teR, veR,
Proposition 1. If for a fixed v e R, the one parameter family of maps

u'(,7): X— X, parameter f¢ R,

is uniformly equicontinuous, then the process u on X can be extended synonym-
ously on to a process on the completion of X.




Proof. Let Xbea completlon of X. For x¢ X, teR te R, we put

u(x, 1) = llmu‘(x r) where x,—>x, x, e X.

Definition #'(x, 7) is not- dependent on sequence {x, }, the mapping u satisfies the
conditions (i), (ii). We show (iii).
Let 7€ Re, x € X, ¢ >0 be fixed. With the uniform equicontinuity there exists
6 >0 such that d(u'(z;, ), u'(z;, 7)) < ¢ for every teR, z;,z e X, d(z;,2) <9.
We take ye X, d(y, x) < o. Let x,—>x, y,—~y, X,, V,€X. Usmg the triangle
‘inequality

d(xn9 yn) == d(x", X)+d(x, y)+d(yn’ y)
it is deduce that d(x,, y,) < é,n = N for some N. Thus

d(u'(x,, ), u'(y,, 7)) <e.
Hence ' _
du'(y, ), w(x, 7)) = d(imlu‘( y,,, 1), limu'(x,, 7)) = limd(¥'(y,, 1), #(x,, 7)) <
The condition (iii) is satisfied, the reste is trivial.

Remark 2. If the orbits of a process u are continuous, then # can be not con-
tinuous. There are processes u which are not continuous but have contmuous
orbits (compare Remark 2.2 in [I]).

Example 2. X = R, d is the Euclidean metric,

X for >0

W(x, 7) = xfj;—’ for <0, t+7<0

o for <0, t+7=0.

The inequality -(2.3) in Remark42.2 in [1] implies only the right-hand continuity.
2. We recall a pseudoprocess definition (see [3]). Let X be an abstract space,
Iet (W, +) be a group, let UC W be a subsemigroup, O e U. Let u: Wx Xx U-X.
Definition 4. A system (X, W, U, u) is said to be a pseudoprocess on X if:
(@) ¥'(x,0)=x for all te W, x¢X, |
(b) w(x, s+7) = " (w(x,s),7) for all te W, xe X, v,5¢U.
Definition 5. A pseudoprocess (X, W, U, u) is called periodic with period
TeUif w'(x, )= u'(x,7) for each te W, xe X, ve U.
We assume that W= R, U= R., X = R". We shall give some characteri-

zation of a pseudoprocess defined by an ordinary differential equation.
Let f: RX R"—R" be continuous. We consider the differential equation: -

o - x'=f(t, x)
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We assume that for every (f,, x,) « R x R” there exists a sole solution g, ,,: [%, o)
- —>R* satlsfymg x(t,) = x, and equation (1). We put:

. w(x,, 7) = 'p(tu,xo)(t(b“" T)
(R, R, R, ,u) is a pseudoprocess.
Theorem. Let f satisfies the condition:
) 'f(t’ JC)"'f(t, y)] = w(ix—yl)

where o is an increasing function and 0 is the right-hand maximum solution of

problem x'(¢) = w(x(?)), x(0) = 0. Let T >0. Then: f(-, x) is a periodic with

period T for every x € R"< the pseudoprocess (R", R, R, , u) is periodic with period T.
Proof '

< We have

u(x,, 7) = ul(x,, rj for every x,e R", e R, .
Hence
‘P(o,xo)(") = @, x.;)( T+7)

d d
d ‘P(o xo)( ) - W(T Xo)(T+ T) R N

fe, x) = f(T-I- T, Xo)
= Let x,¢ R", t,¢ R be fixed. We show that

u" (%, T} = u"(x,, 7) for every e Ry .

Iu'°+r(xo 7)— um(xm 7)| = |‘p(to+T xo)(to_'_ T+ T)_¢('0=Yo)(t°+ 1)1 ‘
to+T+1«'

= “xo+ s, ‘P(:.,+T,x.,)(s))d3] [xo"" f f (s, ?’(ro,xo)(s))ds”
to+T

o+t

= I f [£Gs P a5+ D) =151 Pt s(8))] d5 |

to+z

= f “’(|‘P(zo+ TS+ T)— ‘P(ro,xn)(s)l} ds
fo

= [ o(lu T(x, )~ uo(x,, 5)])ds
0
We put A(r) = |t 7(x,, T)— u'*(x,, 7)] and we have an integral inequality

h(t)’<fw(h(s))ds for e R, .

In virtue of Theorem 22.1 (see [4]) we have

h(r)=10 for each TeR,.
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