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Lukasz Kamykowski

On a Certain Generalization of Schreier’s Theorem in Lattices

Let X be a set and R a binary relation RC X% X such that:

) | VaeX: aRa (reflexive)
?2) Va,be X: aRb,bRa= a=b (antisymmetric)
B) VneN,Vx, . x,eX: (x;Rx,, xaﬁxs,' ves Xo_y Rx,; xR x,)=>x, RX,

i=1,..,n

Condition (3) is weaker than a transitive condition. For a transitive relation < we
should have x; < x; if only i < j as the consequent of the implication.
Let now 4 be a group and @ a set of all subgroups of A.
We define a relatlon R on § as follows:

VH,KeS: K:RH"@» KC H and Vhe H: hK = Kh; that is to say K is an invariant

subgroup of H. It is easy to prove that (8, R) satisfies (1)~(3). We shall demonstrate

here only (3). Let H, X H, ..., H,_, R H, and H, R H,. Let also i< {l,. ., n}.. We

get H,C H,, H/C H, and. VheH hH, = th therefore ¥ h' ¢ H, W'H, = th' SO .

that H, R H,. .
Return now to the general 51tuat10n Let

(%15 0os XD € X(n = 2)(x: {1, ,n}—>X).

The sequence x = (X, ..., X,) 18 cal'led a chain from a to b if and only if:

Dx=a x,=b, : -

2) %, R Xz, Xs R Xz, ..r» X,_y R X, (we shall note it more shortly x;, Rx;R... Rx,
or in diagrams: x;= X3= X3= ... = X,). The chain x will be called a proper chain
if x is a one-to-one mapping. For a proper chain (xy, ..., x,) we have x; R x,,, and
X # Xy (=1, ..., m). We Shall note it: x;Rx;., and in diagrams: x;—>Xx.,.
The following property of relations which satisfy (1)~(3) can be proved: '

() Let (xy, .., x,) be a chain from a to a(a= x;Rx;R ... Rx,=a). Then a= x;
= Xp = ..= X,_; = X,. S0 that the situation represented by Fig. 1. is impos-
sible. S ‘ :
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Condition (3) is weaker than a transitive condition. For a transitive relation < we
should have x; < x; if only i < j as the consequent of the implication.
Let now 4 be a group and § a set of all subgroups of A.
We define a relatmn R on§ as follows:

VH,KeS: K.‘KH"@ KC H and Vh e H: hK = Kh; that is to say K is an invariant

subgroup of H. It is easy to prove that (8, R) satisfies (1)-(3). We shall demonstrate

here only (3). Let H; R H, ..., H,_, R H, and H, R H,. Let also ie{l, ..., n}. We

get H,C H,, H,C H, and. VheH hHI th therefore Vh‘eH hH1 th' SO .

that H, R H,. -
Return now to the general situation. Let

Gty oy 32) € X7 = (x5 {1, oy M X)

The sequence x = (X4, ..., X,) is called a chain from a to b if and only if:

Dx=a x,=b,

2) xR Xa, X3 R X3, «r» X,_; Rx, (we shall note it more shortly x.R%R..Rx,
or in diagrams: x,=> X3= X;= ... = X,). The chain x will be called a proper chain
if x is a one-to-one mapping. For a proper chain (x,, ..., x,) we have x; R x,,, and

X; # Xy ((= 1,..,n). We Shall note it: Xx;Rx; , and in diagrams: x;—~>X; ..

The following property of relations which satisfy (1)+(3) can be proved: '

() Let (xl, ... X,) be a chain from a to a(a = x; Rx;R ... Rx, = a). Then a=x,
= Xp= ... = X,_, = X,. S0 that the situation represented by Fig. 1. is impos-
sible.
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Fig. 1

We prove the-lemma by induction onn Forn=2x=a=x. Suppose that
the lemma is valid for some 7 and x, Rx; K ... RX, RX,;1 = X,. Since R is reflexive
X1 RX, ., 80 that lex because of (3) but also x, Rx,(= x, ,,H) Hence by (2) x, = x,
and x; = X, = ... = X, = Xppq. :

(I1) As a corollary of lemma (I) we obtain that the relatlon R can be extended to
a partial order.

Let by a<b (a— = ——>b) be meant that there exists some chain (xl, ey X))
from a to b. Clearly such a defined relation is transitive (if (xy, ..., x,) is a chain
from a to b and (34, ..., y,,) i8 a chain from b to ¢ then (X, ..., X, == Vi, cecs V)
-is a chain from a to ¢) and reflexive as an extension of reflexive R. Let a < b and
b < a and let (x,, ..., x,) be & chain from a to b, (y,, ..., ¥,,) a chain from b to a.
Then (x;, ..., X, = }1, --» V) IS @ chain from a to @ and according to (I) x, = »,
a = b. Hence < is also antisymmetric. (3) implies one more property of <:ifaR b
and a < ¢ < b then a R c. The relation defined above will be called an order in-
duced by R.

We assume two other properties on R:

(4) (a meet for covered pairs of elements — Fig. 2)

b,

anc=d
Flg 2

Fa,b,ce X 1f aRb, ¢cRb then Hde X' dRa, de dRc and d Ra, d Rc
implies d’ < d.
Since < is antisymmetric it is obwous that d is uniquely determined. We now

note it by aA c. aA ¢ does not depend on concrete b. Let b and b’ be two elements
b b . '




such that a R b, cRb aRVb, eRb’ Then we have aAc and gAc but a/\cRa, ‘
bl
a/\c?c SO anc < aAac and aiso aAc < ahc. Hence aAc-~ ance and so we shall
B » » 2 ‘ b %
s1mpiy wnte ance. - o '

(HD If a, ¢ in (4) satisfy a < ¢ then arc=a.

Really, then there exists a chain a=x, Rx; R...Rx, = ¢ and aRb so (3)
implies that a R ¢. Obviously a R a. Now if d'Ra d’Rc then d' < a and that
ends the proof.

-In the case when X = Q R= :R Hanan be put as HAK for H,Ke8.
If for some LeS HRL and KR L then also H ~ KR L (because for each /<L
I(H~K)I"*C H~ K and this is enough for VleL; I(Hn K) = (HAK)I) As
HRL and KR L itisclear that H~ KX K and H~ KX H. Directly can be checked
that if MR H, MR K then MRHA~ K.

Note also that in any lattice (L, <) condition (4) is satxsﬁed by < and d equal
to the greatest lower bound of 2 and c.

Condition (5) that we assume on R replaoes parually the condmon for modular
attices (Fig, 3) :

aAcC
’ Fig. 3
,b,e,deX: aRb | -
(5 Deaee =4 <b,de: aReRY <b, dRe,cRY,

anec RARcRb

Consider the case (g, R). Let H~ K&M.RK.RG HRG. Then we can put KH
as b’ and MH as e (Flg 4. :







