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Boundéry Value Problems for Linear Differential
Equations with Distributional Perturbations

In the present note we consider the problem of the existence and the
uniqueness of solutions for the differential equation

1) o' = Axtf
satisfying the “smooth” condition .
{x, @)y =r, or more general Lx = r,

where A is a n X n matrix with (% coefficienté, f i8 a distribution, ¢ ¢ ¢ has
compact support and L : (D')*—R" is linear. Next, we derive the corollary for
the nth-order scalar differential equation

™+ alm‘“"’+...-i—anw =h,

where a; e C° and & is a distribution, and we give two examples of its applica-
tions. In the last section we study the problem of the existence and the unique-
ness of periodic solutions for the equation (1) and the connection between the
existence of periodic and bounded solutions of (1). Some results of this type are
due to [2], [3].

NOTATIONS

Let R be the real line and E" its nth-order Cartesian product. By D we denote
the linear space of all infinitely differentiable functions ¢ : R— R with compact
support. We shall write shortly 4¢ = suppe. Let D, be the subset of D such
that

D, = {q):fpeD, p(t) = 0, fw(S)ds= 1}‘
de
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As usual D’ and (D')* will denote, respectively, the linear space of all distribu-
tions and the linear space of all n-dimensional vector distributions. For given
zeD', (xe(D)) and ¢ D we have (x,¢)><R, ((z,p)>eR"). Let C* and
(C*®)*** be, respectively, the linear space of all functions and the linear space
of all n X n matrix functions defined and infinitely differentiable on K.

For a given linear mapping L : (D')*—R", L™ will be the induced mapping
of (D'y*** into R"*" which to every matrix ¥ in (D’)**" assigns the matrix ob-
tained by the application of L to every column of V. It is clear that
(2) ’ L[Vel=[L"V]e¢

for any V e (D')**" and any ¢ e R™.

BOUNDARY VALUE PROBLEMS

Consider a linear nonhomogeneous system of differential equations
(3) | o = Awdf

with a matrix function 4 ¢ (0*)"**" and a vector distribution f ¢ (D’)*. Moreover,
consider a boundary value condition

(4) ' Le=r,

where L is linear mappiné, L:(D)—R" and r ¢ B*. We have the following

Theorem 1. Problem (3), (4) has a unique distributional solution for any
re R", if and only if the corresponding homogeneous linear system

(5) o = A
with the boundary value condition
(6) - Le=10

has only the trivial solution « = 0.

Proof. If U is the fundamental matrix of solutions of system (5), U'(f) =
= A(t) U(t), then the general solution x of system (3) is of the form

(7) v= Uc+ Uy,

where ¢ is a primitive of the distribution U~'f and ¢ is the constant distribution .
corresponding to the vector ¢ ¢ ™. Thus equation (4) may be written in the form
L{Uec¢+ Ug] = r, equivalent by (2) to the system of n linear algebraic equation
with unknown ¢,

(8) [L"U]e = r—L[Ug].







