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Continuation of Separately Analytic Functions

Abstract. Let  and F be compaet subsets of C® and C™, respectively, such
that @ (2, E) and @ (w, F) (def. see (1)) are continuous in O™ and C™, respectively.
Given B> 1, p> 1, define

={z;0":@(z,E)<R},
(A1) G={weC":P(w,F)< g},
X=DxF)v(ExG).

We shall prove that if f: X—C is locally bounded and separately analytic
(def. 1.2) then f is continuable to an analytic function f in the domain of holo-
morphy £(X) given by

2X) = {(z w) e grim ; 082 B) | logd(w, F) 1}.

logR . loge

In the case when E and F are closed Weil’s polyhedrons (def, [5]) defined by
homogeneous polynomials the assumption of the boundedness is superfluous.
log®(w, F)

Toge is equal to function hg(w, F) defi-

By the way we prove that

ned in Theorem 1.3.

Next we shall prove:

If D is a bounded circular domain of holomorphy the necessary and sufficient
condition that @(z, D) = @(z,8D) be continuous in O™ is for any a ¢ 2K(0, 1),
oD A n, (n,= {z e C": 2= Aa, A e C}) be a circle.

We also give the example of a circular bounded domain of holomorphy where
there exists a ¢ 9K (0, 1) such that 8D ~ x=, is a ring.
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1. INTRODUCTION

The following definitions and theorems are the basic tools in the proofs
given in this paper.
Let E be a compact subset of the space C™ of n-complex variables. Let

)!
p(v)= {P1y ey 2,}, Where p; = {24, ..., 21,} 'i== 1,2, .., v", V= ("’;;:i)

a system of points such that p; e Z and the determinant
V(p) = det[}...288] 4,1=1,2,...,%*

is different from zero. ‘
A system {,, ..., 5,.} = 7™ will be called the »th extremal system of E if

V(") < V)
for every system points p” of E. ]
Let us denote by Vi(p'?, z) the determinant formed for the system of points
{P1s ey Po1y %3 Pigay -y Do} and lot
’ Vilz, o
L, 90) = k).
If f: E—C then we put

Ifllg = sup{|f(2)| : # ¢ E} .

Let us denote by F(E) the set of all polynomials p such that ||p]; < 1.
- Definition 1.1. ([2]). The extremal function of the compact set B,

@ (2, E) = sup{|p(2)|%%? : p « P(E)} .

The following theorems are known:

Theorem 1.1 ([2]). If the complement of a eompact set E is connected,
D(z, E) is continuous in C* and the function f is holomorphic in a neighbourhood
of E, then the sequence of interpolation polynomials

LSz, f) = Zf(?]z)Li(z, 7 v=1,2,..

i=1
converges maximally to f (def. 1.4). )
Definition 1.2 ([3]). A set E.e(L) if and only if for any a € B, any r > 0,
¢> 0 and for every family of polynomials p of n-complex variables such that:

Mp(z) = sup{|p(2)| :peF} < 0o, zeHEnK(a,r)

there exist two positive numbers M = M(a,e) and 6= d(a, &) such that
|p(2)] < Mexp(edegp), l¢—all<d, peF.
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Theorem 1.2 ([3]). Assume that: a) @ is an open set in €™, b) E is a compaet
subset of @, F e (L), ¢) {4,} is a sequence of positive real numbers, d) 7' is an
arbitrary non-empty set, and e) for every t e T, {f,(z, 1)} is a sequence of analytic
functions in @ such that

i) sup—log[f(z 1)) < K=const.,, ze G, v>1 -
teT ™

ii) limsupsup I—-loglf,(z, t)} < A = const., z¢ K.

>0 el 4y

Then for every ¢ > 0 there exist a positive number M = M (¢) a.nd an open subset -
U= U(e) of G such that EC U and

(iii) If,(z, )| < Mexp((A+e)d,), 2e U, teT, »> 1.

Theorem 1.3 ([3]). Let & be a domain in the space 0" and F be a compact
subset of @. Let
Mo = M(G, F)= {u: u is a plurisubharmonic function in @ u|p <0, ulg<1
and
(1.3) he{w, F) = limsupsup{u(w’) tue M}, weG.

W'
Then hg(w, F) is a plurisubharmonic function in @. Moreover for any plurisub-
harmonic function » in @ such that v|z < m, v|g < M we have
(1.4) v(w) < mp-(M—m)hg(w,F), weG. |
Definition 1.3 ([3]). A function f is separately analytic on
=(DXF)v(EX@)
if and only if f is analytlc on D for every w ¢ F and f is analytic on @ for every

zelH.

Definition 1.4 ([2]). We say that the sequence of polynomials {P,},
deg P, = » converges maximally to the function f holomorphic in D (def. (A.1))
and uncontinuable on D’ for R'> R if and only if

limsup (max | f(z)— P,(2) |} = 1,
) —+00 zel ‘ k
It has been proved in [2] that for any zeC"
(1.1) . lim max |LYz, )|V = &(z, B)
y—00 {=1...0*
and
(1.2) Ip( z)l lpllzPier for any polynomial p .

9 — Prace Matematyczne, z. 17
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2. THE ENVELOPE OF HOLOMORPHY OF THE UNION OF TWO DOMAINS
OF HOLOMORPHY DEFINED BY EXTREMAL FUNCTIONS OF CERTAIN
COMPACT SETS

»

Theorem 2.1. Let B C C* be a compact set such that C™\F is connected
and @ (z, B) is continuous in O*. Let F' C O™ be a compact set such that C™\F is
connected and ®(w, F) is continuous in C™. If f is a bounded and separately
analytic function in

X=DxF)v(EXEG
where

D={zeC: P, B)<R}, G={wel™:9(w,F)<R}, R>1,

then f is continuable to a holomorphic function in the domain of holomorphy
Q2(X) given by

Q(X):{(z, w)em+m:log¢(z,E) logdi(w,F)<1}.

logR logR
Proof: Let M > 0 be such that |f(z, w)] < M on X. Let us denote:

{4} — the »th extremal system of points of B
{y*} — the uth extremal system of points of F.

(21) Pz, w)= D flm, w)Li(z, 1)

=1 .

is the corresponding interpolating polynomials of z e C™.

(2.2) Qulz, w) = D f(z, v Li(w, y*)

=1
is the corresponding interpolating polynomials of w e C™.
Take the sequence of the functions

fiz, w) = f(z, w)— P (z, 0) .

For every z¢E f(z,w) is analytic in & and

1 ~ 1 1
i) max;loglf,(z, w)| g;logM—[—;log(l-w") <K,weG v>1
zeE

1.~ 1
ii) limsupmax-log|f,(z, w)| < logﬁ, welF,
v

00 veE
The second inequality follows from the proof of Theorem 1.1. Thus by Theo-
rem 1.2 for every R, such that 1< R, < R there exists M, such that

(2.3) max]fﬂP,igiu—’-“, v>1,
ExF R:
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By analogy we can prdve that

(2.4) max If—Q. < 1.

R“’

Taking if necessary max{M,, M,, M} we can assume that M, = M,= M.
Setting
’. #C

Lz, w)= D> flni, ) (e, o) o, 49)

i=1 =1

the following estimations are obtained:

(2.5) max|P(z,w)—L,(2, w)|
EXF ®

v ut -
H | v M
— max| ' [£(ne, 0)— D) Slner v L0, )] LHe, 1) <
ExF = j=1 1
*
(2.6) max [Q,(z, w)—L,(z, w)| < R’ you>1.
ExF 1
Hence
2Mo* 2M(0+1)*
I;f'”x ]La,a+1—Lu,o| < R‘l, 1 IE113’§ lLa+1,a+1"'Lu,a+1| < T
(2.7)
2Ms* 2M (o-+1)
I;ISX]L,+1,, cx,ol < R,], H Inf‘giLa+1,a+1_Lo+l,al = T .
It follows from (2.1)—(2.6) that L,,=f on EXF. From (2.7) we get
4M(o+1)*
) WaX Ly yppy— Lol < Mo+l .
. ExF Rg
Since by (1.2) for any (2, w) e "™ we have
4M(a+1)* }
IL0+1,a+l(z’ w)—L, (2, w)] < qu'(’:é)@(gjr)
1
the series
(2.8) | 2 [Losr,041— Lol + Loy

g=1

is uniformly convergent in an arbitrary set
OR, = {(z,w) e C**™ : (2, B)P(w,F) < R}, R,<R,.

Therefore the series (2.8) is convergent uniformly on every compact subset of
the set

Q(X) = {(z, w) € O™ ; D(2, B)®(w, F) < R} .
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D(z, B)D(w, F)
R
a domain of holomorphy. Observe that Q2(X) can be written in the form

log®(z, B) log®(w,F)
< 1 1
logR logR

Since log is a plurisubharmonic funection ([2]), 80 2(X) i

i Q(X) = {(z, w) e C*F™
Moreover, for every we F

Tz w)= ZEL,H,,,H(z w)— Lo (2, w)]+ Lz, w) = f(z,w), 2eB.

om=]

Since @(z, E) is continuous in C", so ¥ ¢ (L). Thus f(z, w) = f(z, w) on D ([3]).
In the same way we get for every ze¢ B =

flz,w)=f(z,w) on @.

So we obtain :

Jle,w)=fk,0) on X.

_ Q.E.D.
In the last theorem it suffices to assume that the function f(z, w) is locally
bounded. Indeed, then f(z, w) is bounded on
Xp=(DexXF)V(ExGy) Ek=1,2,..

where

kR

k41

D;,-—{ze(}’“ Dz, B)< k+1

kR
} Gy ={weC™: O(w, F)<
so the function f is continuable to the function f;, holomorphic in

V(X)) = {(z,w) e Ortm . gb(z, E)Q(w )< kkTR]}

The set 2(X)= | 2(Xi). Observe that the function f defined by
k=1
flz,w)=Fi(z,w) for (z,w)eQ(Xk)
is the required function.
Keeping the notation of Theorem 2.1 we have

Theorem 2.1'. If f is separately analytic and locally bounded in
X=DxF)v(EXG)
then f can be holomorphy continued to -

log(s, B) | log®(w, F) _ 1} \
logR logR '

Q(X) = {(z, w)e C*t™ ;.
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Theorem 2.2. If ¥ and @ fulfil the same conditions a8 in Theorem 2.1,
then

log®(w, F)
gk ho(w, F) .

Prooi: Let E and D be the same as in Theorem 2.1 and let f be separately
analytic and bounded on

X=DxF)v(EXEG).

There exists M > 0 such that |f(z, w)| < M for (2, w) ¢ X.
The series (2.1) is convergent uniformly on every compact subset of the set

log®(z, E)
logR

Let 8 be a compact subset of 2,(X). Since
log®(z, E)

- logR
is a plurisubharmonic function, it follows that there exist @ and a’ such that

og®(z, B)
m:,x[‘ logR

2,(X) = {(z, w) e O*F™ : +hg(w, F) < 1} .

+hglw, F)

+ha( F):I a<a<1

Let (2,5, wy) e 8

log®(z,, E) ,
__laé%’__-{-hg(wa,ﬁ’) <e'<a<l.
Put &(z,, E) = R,. There exists R, such that B, < B, < R and
logli:2 i
2.9
( ) . l gRl < a— hG(w07 )
From (2.3) it follows that
2M
max|P,,,—PI<—, M=MR).
ExF R}

We can assume that M > M. Moreover

1 4
max |P,y— P, < 2MR2(%) ’
DRy xF 1
where
[Dr, = {2 " : D(2, B) < Ry}
and
sup !Pv-i-l” Pr! < Sup IP1+1|+ sup IP ! 2M(”+1)‘R'+l

Dpyx @ Dryx@ DRryx@
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Applying Theorem 1.3 to the functions

v 1og [Bets— P
’ (»+1)*2 MR,
we get
‘ . * logR,
By 0)— P,(e, 0)] < 2ME(o-+1)"exp( vlog By ({252 + hlto, F)—1)
1

for (2, w) € Dr,x G.
8o for (2, w,) we have the estimation:

(2.10) [P, 420, wo)— P, to)] < 2ME,(v+1)*exp[vlog Bi(a—1)].

For every (z,, w,) € 8, B, < R%, thus we can take R, such that it fulfils (2.9)
and R* < R,. Hence we get the estimation:

(2.11) max|P,,,—~ P,| < 2MR*(v+1)*exp[va’(a—1)logR].
s

5o the series (2.1) is convergent uniformly on §.
The funetion

fizyw) = D[P, (2, w)— P (2, w)]+ Py(z, w)

equals f(z,w) on X.
By (2.3) |
fe;w)=f(z,w) on EXF.

" For any weF F(z,w)=f(z, w) for z ¢ B, since E<(L) so f(z, w) = f(z, w)
for ze D ([5]). .
By analogy for any z¢FE f(z, w) = f(z, w) for w € G, thus T(z, w) = f(2, w)
for (z, w) € X.

Since

log®(w, F)

logE < hglw, F) on G, so 2,(X)CQ(X).

It suffices to prove that 2,(X)D Q(X). £,(X) is a domain of holomorphy, thus
there exists the function g holomorphic in £,(X) and uncontinuable.
Since X C £,(X), then ¢ fulfils the assumptions of Theorem 2.1'. This implies
the required inclusion.
Suppose that there exist w, and &> 0 such that

log @ (w,, F')

hl10yy ) = 0+ TogR
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-
Then the point (2, w,) such that
’ | log®(2,, B)
TogR +hg(we, F) = 1

belongs to O'"*”‘\.Q,(X ) and on the other hand belongs to .Q(X), 80 we have.
the contradiction and hence

. log(D(w,F’)
hglw, F) = logR
‘ Q.E.D.
Theorem 2.3. If D, E, F fulfil the conditions of Theorem 2.1 and
, G={weC™:D(w,F)< g}, ¢¢>1

then every function which is separately analytic and locally bounded on .
= (DxF)v(ExXG)
is continuable to a holomorphic function in

log®(z, E) log®(w,F)
— <1:.
logk loge

Q(X) = {(z, w) € O™

Proof: Observe that f is bounded on

Xi=(DhxF)vuvlExGG) kk=1,2,..

where
k

k
Di={reC: Pz, B)< B*'}, Gp={we0™:P(w,F)< "'}
and

k41
th(wyF) = Tha(w:F) .

The function f is continuable to the function f, holomorphic in

logd(z, E)  log®(w,F) k
logR logo E+1

Q(Xz) = {(z, w) e OVF™

and hence (reasoning as in the proof of Theorem 2.1’) the thesis is obtained.

3. THE EXTREMAL FUNCTION FOR COMPACT CIRCULAR SETS

It has been proved in [2] that the extremal function for a compact circular
set B is equal to max {1, vy(z, H)} where
1

(2, B) = -max |p(z)|%?
peFo(E)
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and

F(E)= {p : p i3 a homogeneous polynomlal such that ]lpI!E <1}.

The set F is called circular if along with the point 2° = (22, ..., 22), 2 ¢ E all
the points of the circle
‘ 2= "L = ("2, ..., e"0), 0<0<L2n
belong to Z.

Proposition 3.1. Let p; i =1, 2, ..., r be homogeneous polynomials in ™,
degpg = gg and let

={el:|pi2)|<1,i=1,..,7}.

Then

1. int E = .Eo‘ i connected and X — {z € O™ : max |p«z)| < 1}.

fuel,..r
1

2. If F is compact then y(z, ) = max lp;(z)la".
f=1...r

Proof: Let us denote
1

max |py(z)|* = T'(z, E) .

=11

Since Ei= {z < C" : |pi(2)] <1}, 1= 1,2, ..,r is a starlike set, therefore the
r
set B = [] By is also starlike and hence must be connected.

=1
Because T'(z, F) is a continuous function, then

={zeC":T(2, B)<1}, oE={eC:T(z, E)=1}.
Since v(z, E) > T'(2, F) it is enough to sh;)w the inequality
v(2, )< T(2,E) for =ze(C".
Since F is a compact set then for every a e (" a half-line I, defined by
={zeC*:2=1la,1> 0}

has at least one point common with aD.
Suppose that there exists 20 ¢ C® such that T'(2°, F) < (2%, E) i.e. that there
exists a homogeneous polynomial g such that

lglz<1 and [gq (z")!d"“ > max{lpi(z")l‘"}

f=1...¢

Let us take the half line ,,

Iq(lz")l“"” - Mq(zﬂnﬂm > max (|pde%)[%) = max{!pi(ﬁz")l“‘}

f=1...r fe=1.,.0




,

\. | |

\ ;
Since theig exists 4, such that the point 1,2° ¢ oF we get a contradiction. So

v(z, B) < T(z, B)
as asserted. "
Theorem 3.1. If D is a bounded circular domain of holomorphy such that

0D, (7, = {#€ O" : z = Aa, 1 € C}) is a circle for every a ¢ 2K (0, 1) and ifE=D
or E = éD then the ex%rema.l function of E is continuous 1;1 c*,

Proof. D = int D ([4]). Because D is convex with respect to the family of
homogeneous polynomials, so there exists a sequence {D,} of Weil’s polyhedrons
defined by homogeneous polynomials such that

w ‘ 1
D=\D,DCDC..CD, D,=E, and UK(z",;)Dﬁ

(23] 20eEy
where
K@, r)={ze O": |pg—a| < 1},

for a sufficiently large ».
Let us take a sufficiently large ». Then the set

v= D\UK(“” Jlrl)

eesD
is compact and
UCCD s UCCD

where U is its convex envelope with respect to homogeneous polyﬁomials. For
any g edD there exists a homogeneous polynomial @, such that

102y <1 and  [Qe)ly,>1

. where V, is a neighbourhood of p.

Since 2D is compact, then there exist homogeneous polynomials ¢, ..., d,,
such that the sets

0

E,={zeC":|Q2)| <1, 1=1,..,p,}, D,=EF

v 4

satisfy the required conditions.
Tirst we shall show that

v(z, B) = limy(z, B,)

y—+00

Let us take E, and a homogeneous polynomial @ such that @ € Fy(E,). Then
1\ 4de8Q

max [@(2)] < 14— where m,= min fj¢]| .
zeE m. . €Ky




138

Sinee m, < m,,, and some neighbourhood of 0 belongs to D, we have

0 < m,, < m, for a sufficiently lé.i'ge v, and »> v, .

Therefore
1 \desQ
max |Q(e)] < (1+-——) .
zel My
Hence
__Qii)_m <1 for zeE.
()
ymy
From this we get
(2, B,)
T < ple, B)
()
- vmn
and
z, B '
lim P& B limy(z, B,) < y(2, B) .

r—00 1 =00
o)

" Because the opposite inequality is obvious we have

limy(z, B,) = p(2, K)
»—>00

Since y(2, E) is lower semicontinuous in C* and limy(z, £,) is upper semi-

r—>00

continuous in C", 5o (2, E) is continuous in C™.
Hence @(z, ) = max{l, y(z, E)} is also continuous in C™.
It is obvious that

(3.2) Iim®(z, B,) = §(z, B).

Theorem 3.2, If D is a bounded circular domain of holomorphy such that
there exists @ e 2K (0, 1) such that dD ~ z, is a ring, then y(2, D) = y(z,8D)
and @(z, D) = &(z,0D) are discontinuous in C™.

Proof. Let for a e¢K(0,1) the ring

_ Ay ={zeC®:2=12a, 1< |A <r}CaD
The point a €D so

y*(a, D) = limsupy(z', D) > 1 ([4))

2'—a
Hence there exists a sequence {z,}—a such that

v(2,, D)—>y*(a, D) > 1







