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On Reglilarity of Geodesics on Smooth Surfaces

1. INTRODUCTION

Let 8 be a surface in a 3-dimensional Euclidean space R,. If § is continuous
,and compact and any two of its points can be joined by a rectifiable arc lying
on 8, then there exists at least one rectifiable arc on 8 joining these points and
having minimal length ([1], 77—78). The length of this arc is called the geodesic
distance (Hilbert’s distance) of points P and ¢, and the arec itself — the shortest
(the shortest line between P and Q).

A continuous curve g: X = X (), 0 < ¢{< 1, lying on 8§ is a geodesic if to
each ¢ there is an interval [, 4,], t, < t < t,, such that the arc of ¢ joining the
points X (#,) and X (1,) is a shortest on 8. From Borel’s covering lemma it follows
that any geodesic may be covered by a finite number of shortests.

A surface is of class C"(n > 1), or briefly “is ™, if it admits local representa-
tions by vector-functions X (u,, u,) of the regularity class O™ in a domain 4,

X oX
which estabhsh 1—1 correspondence from A4 into 8, and moreover — x P #=0
2

at each point of 4. A surface is smooth if it is C.

By a metric tensor of a surface 8: X = X (u,, u,) we shall mean the system
of functions guluy,y uy), ¢, j = 1, 2, being the coefficients of the first differential
metric form :

(1) ds® = gig(uy, ws)dusduy  (ghe = o) »
X

Where ds = |dX (uy, u,)|. If 8 is C' then gy = X X; with Xy = e
i
For our local problems it will be sufficient to consider surfaces being a homeo-

morphic image of the circle u+ %< 1. We shall distinguish intrinsic (ex-
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pressible by the metric tensor) and exterior properties of surface. Below we define
an intrinsic regularity of the surface.

Definition 1. A surface in R; is said to be of class D™(n > 0) if it admits
a parametrization X = X (u,, u,) such that the functions gi;(«,, u,) are of class C".

Obviously, any C™-surface is D*!, but there are D*-surfaces which are
not (1.

The aim of this paper is to study the regularity properties of geodesics on
smooth surfaces in B;. As far as convex surfaces are considered this subject has
been worked out completely (see H. Busemann and W. Feller [2] and J. Liber-
man [7]). The results are summarized in [1] by A. D. Aleksandrov. On non-
convex surfaces the problem was dealt with by . A. Morozova [8] and P. Hart-
man and A. Wintner [5]. The former author considers only the surfaces of rota-
tion' and the latters are interested mainly in intrinsic questions.

2. THE ARCHIMEDEAN PROPERTY

Let g be a geodesic on a surface §: X = X (u,, u,) of class C'. The curve
g: 4= u(t) lying in 4 and the image of which by the transformation X is g,
can be treated as a curve in a 2-dimensional Riemannian space defined by the
metric form (1) in A. The properties of the curve § are considered as intrinsic
properties of geodesic ¢ (as well the properties of the mentioned Riemann space
are intrinsic those for the surface 8).

P. Hartman and A. Wintner |5] obtained the following result. If the func-
tions gis(u,, u,) are continuous and the form (1) defines a positive metric in 4,
then any sufficiently small arc § minimizing the integral

g

has so called uniform Archimedean property i.e. the quotient

Iﬁ{d&'/{rfds{

with f.é being the arc of 7 between P and @, and P@Q the straight line between
them, is close to 1 providing the length of P@ is sufficiently small in the Eucli-
dean metric of the plane (u,, u,).

Referring to fact, the authors have proved that there cannot exist on § a point
which is a corner in the sense that § has right and left-hand tangents without
having a tangent.






