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On the Approximation and Interpolation by Multiple Splines

" 1. INTRODUCTION

Let 4 = {0 = #, < , < ... < oy = 1} be a partition of the interval I = [0, 1].
The function 8, « (¥ is called a spline of degree n and deficiency % with respect
to the partition 4 if it is in each subinterval I; = [#;_,, ] i = (0,1, ..., N)
& polynomial of degree at most n. We say that a spline 8, is simple if it is of
deficiency 1 [1].

Let w(t) be a modulus of continuity on I [2] and let H, denote a class of
functions such that w(f,?) < w(f).

V. L. Velikin [3] has proved that

: | 3 (l4|
(%) fg}i flf— 84l < 5“’(_2') )

and if o is concave

4
oup I8, = o '),
leHy

where 8, is a spline of degree 2n— 1 and deficiency », which interpolates to f at

the points @, ¢ = 0,1, ..., ¥ and such that 8(a,) = 0 for k=1, 2, ...,n—1,

4l = mfaX(wr- Tiy)y @(f,t)= sup . If(@+h)—F(@)|, and ||f|| = sup |f (). Mo-
xre

z,xt+he
o<h<it

Teover, the estimate () is sharp.
In this paper theorems like this will be given for simple splines or multiple
splines.
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2, APPROXIMATION AND INTERPOLATION BY SIMPLE SPLINES

Let f be given on I and ¢ € Cf;;]. We divide each subinterval I; into » parts
by the points Zu, k= 1,2,..,n—1, x;,_, = F,, &1 = %in. Let A’ denote this
subpartition. For each subinterval I; a simple spline can be written in the
form

n—1 N-1
(1) 8 @) = D aj@—7,) + ) w(@—Zu)}, where
j=0 k=0

— (z—t)* for x>t
X~ =
0 . for z<it

The conditions

(2) 8P@sy) = ¢ @), BP(@) = ¢ z0), r=10,1,..,0—1

imply that a; =

¢ Nwiy) ce .
—— J=1(0,1,..,n—1). On substituting a; into the

remaining conditions, we obtain the n equations system with » unknowns 7z,
whose determinant is the Vandermonde determinant. Then the spline 8, is
unique if 8, satisfies the system (2), where ¢ ¢ " is given.

Lemma. Let 4, = {0 =2, < 2, < ...< 2, = h} be a partition of the in-
terval [0, 2] and let H be a simple spline of degree n with respect to the parti-
tion A4, satisfying the conditions: H(h)=1, H(0)= H"(0)= H"(h) =0,
r=1,2,...,,n—1, Then the function H is increasing.

Proof. The function H™V i a broken line and H® Y(0) = H® (k) = 0.
We conclude from the definition of H that H™ ? can change the sign at most
n—2 times within the interval (0, ). Therefore H®~® can have at most n—2
local extreme values in (0, 4). Then H™~? can have at most n— 3 zeros at which
it can change the sign. Repeating this reasoning n— 3 times, we obtain that H’
has exactly one extreme in (0, ) and H'(z) - 0 for 2 € (0, h); but H(h) = 1> 0,
then H'(x)> 0 in (0, h).

Remark 1. If @ is a simple spline of degree n with respect to the-
partition A, satisfying the conditions: G(0)= 1, G(h) = G"(0) = G (k) =0,
r=1,2,..,n—1, then G is decreasing.

The proof is identical with the previous one.

Remark 2. The function S(z) = G(z)+ H(z) is the spline satisfying the con-
ditions: S(0) = 8(k) =1, 8(0)= 8(h)=0, r=1,2,..,n—1. Then (1)
implies that

(3) G@)+H(z) =1 -




149
Remark 3. It 4* is the partition of the interval [0, k] into n equal parts,
h 1

then G(x) = H(h—2z) and G(E) = H(é) =3z

Let 8,(f, «) denote a spline of degree n with respect to the partition A’ gatis-
fying the conditions:

(4) S (fy @) = flae), S f,2)=0,i=0,1,...,N,r=1,2,..,n—1.
Theorem 1. Let w(t) be a modulus of continuity on I. Then

(5) : sup sup ||f(@)— 8,(f, z)ll < w(h)
lTeHo 4',]|dl|<h

Proof. Let fe H,, [|4|| < h, and 2 eI, ,. Then we can write the function
8p(fy®) in the form 8u(f, )= f(:)) @ (&— )+ f(@ey) H(@— 1) = f(e)+
+[f(#44)—f (@)1 H (—2¢). Because the function H is increasing therefore
F(@) < 8,4(f, @) <f(@011) Or fma) = 8,(f, @) >f(w¢+1) Then |f(x)— 8,(f, 2)| <
< max ({f(@)—f (20l |f(@)—f(@e1,)]) < 0(f, #44,— 1) < @ (f, k). Since the inter-
val I;,, was chosen arbitrarily, the theorem is proved.

Corollary. Let f be a given function on I. Then

(6) W) <o(f,nh), n=1,2,..,

where C

(7 E(f) = sup inf|f—8,||, degS < n
|l4ll<® 8,4

Proof. Let 4 be a partition with ||4|| < h. If N is divisible by n, N = Kn,
then we take the spline S, of Theorem 1 which interpolates to f at the points
@kn, k= 0,1, ..., K and for this spline |f— 8,|| < o (f, nk). Otherwise, we can
prolong the function f over the point @ = 1 by setting f*(#) = f(z) for z < 1
and f*(x) = f(1) for # > 1 and choosing points zy,,, .., Ty, such that N 41 is di-
visible by »n with ||4,|| < & for the partition 4, which we have just obtained.
Now we can again apply Theorem 1. Since the-partition 4 was chosen arbitrarily,
the inequality (6) is proved.

Let A4* be a subpartition of the partition 4, which we have obtained by
dividing each interval I into n equal parts.

For this partition we have

Theorem 2. Let w(t) be a modulus of continuity. Then

3 /4
(8) sup IIf (2)— 844(f, )| < 5w(“_”)

fGHm 2




150

and if o is concave

(9) | Sup (@) 8, o )u-uw("“'”)

GH@ 2

The estimate in (8) is sharp.
The proof is nearly identical with the proof of Theorem 1 in [3]. Let f ¢ H,
and zel;. Bet 6 = v—wa;_,, ¥i—2;_, = hi. From remarks 2 and 3 we obtain

(@)= 8.u(f » D) = |[f(@)—f (@)1 G () +[f () f ()]G (hs— 8)|

< 0(6) G(8) + o (hi— 8) G (hi— 6)-{—[0(6)—%][«:(?“— 8)—w(3)]

%{w(é)-!-w(hz— ] < Ew(ﬁ) < gm(ﬂﬂ) .

2 \2 2
If » is concave, then

0(0)+0 (hi— ) < 20 (’;‘)

Hence

W)= 8,5, 21 < o).

The equality in (9) is satisfied for the function

w(@—2,,) for =z, <e< -"""t—l'{'l&i
* —
(10) fil@) = w(ri— ) for m‘_l—l——z—‘ ST T
0 for wel\I;

and ¢ is chosen such that hs = |4
Now we ghall show that the estimate in (8) is sharp.

Given &> 0 take £ suech that 0 < £< 7 and

(11) H(0) < %4-3 for S<ilig.
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\ Define the function f; as follows

;
A

0 : for 2e€[0,2,,]

1

3 (x—2¢_y) for we[w, ;2 ,+¢]
1 for we|w,_,+& ., —l—%—‘]

1 h _ i h h

(12) f;(w) = §($*wi—1_§¥)+1 for e _mi-l"l‘g‘: $i~—1+§£+§]
2 for 2 wi_1+%f+§,mg—§]
L 2

1——2_ (x— x5+ &) for ze[xi—§&, 2]

1 for ae[w,1]

where h: = ||4]|

« 4l * b : * k¢
Then of f,, 5 )=l g )= 1 and at the point 2™ = mc-1+§+5 by (11) we
obtain

Ifz(@)— 84Sz @)l = f2@™)— 84u(f3 , 2%)] = |f2(2*)— H (&* — @)

- G-)1455)

Remark. This theorem remains true if instead of the spline 8 ,.(f, ) we take
the funection, which can be written in the form f(w,_,) P(#— #,_,) -+ f (€)@ (x— =, _,)
for © ¢ I;, where the functions P and @ belong to the class O® and satisfy the
conditions: P(8)+@Q(d)=1, P(0)=1, P(h)=0, P*0)=P¥pn) =0,

Ry 1 | h Bl
k=1,2,..,n, P(é)zé, 0<P@) <z for 0<6<y, Z<PE)<1 for

gg 6 < h, and for each ‘interval I, we set = h.

3. APPROXIMATION AND INTERPOLATION IN R"

‘For convenience we introduce the following denotations: m = (m,, ..., ma),

P dI .
k= (ks eskn)y = (2y,...,%), o<y <y for i =1,2,..,0, 4=
0 1 Ny '
={0=g<m<..<ax=1}, 4= (44, ..., 4n), |p| = P1+...+ Pn.
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We say that a function § , i8 a multiple spline of degree m and deficiency %
with respect to the partition 4, if 8§, as a function of x;, when the remaining
variables are fixed is a spline of degree m; and deficiency %; with respect to the
partition 4;. It follows from the definition that all the derivatives

(13) DP8s= oo ggon?  OSPiSmy—ky, i=12,.,n
1 .ve

are continuous in I™. We say that a spline 8, is simple with respect to the parti-
tion 4, if = (1,1, ...,1).

Let 4’ denote the subpartition of the partition A, which is obtained by divi-
ding into m; parts each subinterval of the partition 4;. Let ¢ be a given function
of n variables on I™ with continuous derlvatwes (13).

Further we need the following.

Lemma 2. The simple spline §, satisfying the conditions:

1 £ i 1 in )
(14) D°8,(@) = DPp(x), &= (&, Bp), G3=0,1,.., Ny,
i=1,2,.,n, 0L<p<m—1

is unique.
Proof. For n = 1 the uniqueness has already been proved. Suppose that
the theorem is true for splines of n—1 variables. Then the functions
Dn

oa®
for k=n—1 and the inductive assumption implies that they are unique, For

any fixed Z the funetion 8,(Z, z») is a simple spline of the single variable z,,
which has given values of the first m,—1 derivatives at the points of the
partition 4,, and this suffices for the uniqueness.

Let 8,(f,x) denote as before a simple spline satisfying the conditions:

- 8,4(%, w”), where #= (,, ..., #,_,) satisfy the assumption of the theorem

i i . i
(15)  84(f,®)=f(x) and B*8,(f,2)=0, |[p[=1
4y=0,1,...,N;, j=1,2,..,n

and let w(f, h) denote a continuity modulus of f

(16) - o(fy h) = sup |f(z+1)—f (@)l
'oz<ts€_hn

‘Let o(t) be a modulus of continuity on I™ and let H_, denote a class of func-
tions such that w(f,?) < w(i).
Theorem 3. Let w(tf) be a modulus of continuity on I* Then

@an sup sup |[|f(@)—8u(f, 2)| <w(h),
JeHy £ a)<h

where (4) = (|4l --., [14al) -
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\ Proof. Let IyX..xIj,=1I% feH,, (4)<h, xel*, m=inff(x), and
wel*
M = sup f(«). It follows from Theorem 1 that for k=1

: zel®

(18) - m < 8u(f,2) < U

Suppose that (18) is true for %k =mn—1. Then for each fixed %
m < 8,(f; @, ®x) < M and the function 8,(f; z, ) is a simple spline satisfying
the assumption of Theorem 1. Hence by the monotonicity of this function and
in view of the arbitrariness of Z
m< 8p(fyo)< M
Further

lf (@)= 8,(f, #)| < max(|f(x)—ml|, |f(#)—M|) < w(h)

Since the interval I* was chosen arbitrarily, the theorem is proved.
Corollary. Let f be a given function on I®, Then

(19) Ef) < o(f; mybyy ooy Mahn) ,

where

(20) E3(f) = supinf||f— 8|, degS, < m.
(H<h 8y

Proof. Let -4 be a partition with (4) < k. If Ni are divisible by my,
Ni= agmy for k=1, 2, ..., n, then we take the spline 8, of Theorem 3 inter-

polating f at the points @ = (Bi, My, ., BiaMa)y B = 0,1, ., ax, k=1,2, ..., n
and for this spline ||f— S,| < w(f; mby, ..., Mmahs). Otherwise, we can prolong
the function f over the interval I™ as follows. Define a sequence of functions and

partitions: fy(z) = (2); £i(@) = fia) for @  I% £,(@) = fi(1, &y -, 7a) for &> 1,
1 +
<1, i=2,3,..,n We choose points .alv,, very 1.atcllsuch that N, 1, is divisible

by m, with ||4;'|| < h, for the partition 4;", which we have just obtained.
) N+, .
Je(@) = fra(®) for @< @0, i=1,2, -~ I:“"l’ 7<l, j=1Fk, ..,n filz)=
. (5 T
= i@y ey Bg_ys Ly Tpgqy ey @n) for @0 << 20 , 1 =1,2, .., k=1, 2> 1,2, <1,

. . Ni-+1 Ni+l . i s s
j=k+1,..,n We choose points x ,.., xr such that Ni--I is divisible

by mg with |4kl < ki for the partition 4z which we have just obtained. Then

N+l Nap+ln

the function fu(x) is defined on [0, @, ]1X...X[0, s ], fa(2) = f(2) for z € I",
and o(fn,?) = o(f, ).

Now we can again apply Theorem 3. Since the partition 4 was chosen
arbitrarily, the theorem is proved.

Let A* be a subpartition of the partition 4, which we have obtained by
dividing each subinterval of the partition 4¢ into m; equal parts. For this parti-
tion we have
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Theorem 4. Let w(t) be a modulus of continuity. Then

1) sup i)~ St )l < (2 35 Jo ')

JeHo
3 (I )
22)  suplf(e)—Sanlf, O < 201500, ey 0)t (0, .y 0, 12e1)
Te8 2

and if o is concave with respect of each variable
(23) sup [ (@)— 8,0(f, @)l = a»(( ))
JeHo 2
The estimates in (21)-and (22) are sharp.
Proof. Let n =2 and x e I; X Ix. Define the functions
K\(x) = Gy{@,)* Gy(xy)
Kz(-’*v) H () Gy{wy)
Ky(x) = H,(r;) Hy(2,)
- Ky(x) = G1(y) - Hy(,)

(24)

where H; and Gy are the functions of Lemma 1 defined for the partition A; re-
spectively in I; and Ik.
It follows from Lemma 2, the definition of the partition 4*%, and Remark 3 of
Lemma 1 that
{25) K, (2)+ Ky(2) 1+ Ky(#) + Kqo(2) = 1
§= i i-1 -1 i &

Let feH,. Set x— w, == 6¢, Ly— T = aj, mz w2 = Br, fl@1, @) = f;,-

We can write the function in the form

Byolfy @) = Fi1,6-1G1(81) G2(85) + .- Grl@s — 1) Go(8) +
+f1.6G1(ag— 81} Go(Be — 85) + ;1,2 Gr(81) Gl B — &,)
Hence from (25) and the proof of Theorem 2
|f (@)= 840(f 5 ®) = ILf(®)—F1-1,£~1161(8) Ge( B2} +
+ [f(#)— £ 6—1] Gr(as— 6,) Go(8,) + [f (@) — [ 41 Gr(ag— 8,) Gl Bic— 02) -
+ [ (@) —f-1,] G1(0,) Go( fr— 8,)] < w(8;, 85) G1(6,)@4(0;) +
+w(a5— 8y, 0) Gi(a;— 8,) G, (52)-!—00(01— 81y Br— 6,) Go(as— 6;) Gy(Br— 65) +

+ @ (dy, Br— 0;) G+(d,) Fo(Br— 85) < 5 [a) (81, )+ w(ag— &, 6,)1Ga(8,) +
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+§ [o(as— 4y, Be—8)+0(8,, Br—8)16,(Be— )
[w(8;y do) 4w (as— 8y, 8y) + w(aj— by, fr— ;) + w0 (dy, Pr— 6,)]

' 1\ (e B\ 7 ((4)
i ‘i(z'z)“(a’?)ﬁ“’(‘z")-

If w(t) is concave with respect to each variable, then w(8,, 6;)+ w(aj— 6y, d;)+

IIMH

+ w(ag— 8, fr— &)+ (8, Pr— 0, 4w(§ %) < 4o (( )) therefore in this
case )
(26) suplf(o)— 5,u(f, 2l < (‘ ’)

To prove the inequality (22), write the function §,(f, ) in the form

A j—1 - i
84e(f5 wry 23) = 8a0(f5 @1y 7)) Gi(6))+ 8 4o(f;5 @1, T3) Gy(ag— 6y) .
Denote

B 4u(2y, @) = f(ié:, 2,)G4(8,) '}‘f(;"n @) Gy(ay— 6;)

Then the function R,.(@, @) — 8,(f; @1, #) = [f( m1 y @) — B 4o(f; 5”1 s %) 1G4 (8,) +

i i
+ [f(@y, @s)— 8 4o(f; 1y ¥:)] G:{as— 8,) is monotone with respect to x, for each °
fixed x,. Then from Theorem 2 we see that

i—1 i—1
| B ge(yy Zg)— 8 40(f3 @1, )| < max {|f( @ , 2;)— 8,0( 71y 3)|

ﬁk
lf(wu xy)— A'(wli w,)]} < ( D)
Further
3 fa Br
1f(®) — 8 40(f5 @) < |f(2) — A‘(m)l+1Rd'( ) — 840(f, )} <§ 27 + w0, >y
whence we obtain (22).
Applying these methods, we can easily prove by induction the formulas (21),
(22) and (26) for multisplines.
To complete the proof we shall give some suitable examples.
Let w(t) be concave with respect to each variable, fe H,, and I*=1I 4 X X Iy,

such that (mk-— wk) = ||4kll, ¥ = 1,2, ..., n. Denote

i—1 f1—1 {a—1 i Y ia
T = (gryeey Tn)y &= (L) ey Tn)
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Define the sequence of functions

i—1
0 for o< 2
gol@) = —1 i—1 141 4 -1 (4)
w(z—z ) for @ gwgé(w-f-w):w-k-z—.

Forming the symmetric reflection of ¢,_, with respect to the plane x; = ‘EE:+
a4

+ﬂ2—k“, we prolong g¢,_, over this plane. Let g; denote this function. Then

gn € H, and satisfies (26), so we have (23). .

14l

Given ¢> 0 take &= (&, ..., &) such that 0 < & < o k=1,2,..,n
and ‘ ‘
- lldxll
(27) Hl(de) < }+e  for o < téx,

where Hy is the function of Lemma 1 defined with respect to the partition Ag.
n .
Then the function f;(x) = )’ fi(@x), where fi(zx) = fa(ax) is defined by (12) with

k=1

14 y
w( :; Tl, 0,.., 0) = (J)(f:; 0,..,0, | 2,3“) =1

-1 (4
and at the point &* = >+ (2—)—1-5 by (27) we obtain

respect to Ai

lif3 (@)= B4e(fs, D) = |5 (@")— 840 fs , 2*)|
fi;"(fﬂ")--zl1 Hk(w:—'ﬁs?)! > 'n(g -—e)

k=1

3 « . i P
= (5_8) [w( s} y, 0, .., 0)+...+w(f3; 0,..,0, -”—2"'-')] .

Then the estimate in (22) is sharp.
Let the function f be defined by (12) for #,_, =0, #;= 1, hy= 1 and
f(@)=1 for # > 1 and let be given the family of sets A = {x: 0 < &5 < @},
n

Jrk=1,2,..,mn, j#k and the function fu(x)=f(z;) for e A,
k=1
k]

i=1,2,..,n
It follows from the definition of the function f, that f, = const on the planes

n
2;=a for xe(\ 4jx, j=1,2,...,n From here we can easily notice that
k=1 .
k1
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o(fa; 3y ey 8) =1, fal3+&, ..,2+8)=2 and on each plane z;,=0,
i=1,2,.,mn Jal@)=0.

fp—
Define also the family of sets By = {#: 0 < ¢ < '30;:}, k=1,2,..,n For
the partition 4 we can now define the function

0 for we((h\in)ni”
(28) filw) = , k=1
f-1 in—1 i-1
Tl (@ — 2, ), ..., ”An”("”n“f' 22)] ftor o> @ .

4
Then w(f:,%—)) =1 and for x < I*

i1—1
SA'(f:’ @) = Hy(®/— @1 )" ... *Ho(tn— @) ’ SA‘(f:! @ +? = o "

L

tn—1 -1 (4 )) 1

Let ¢ > 0. From the definition of the function §,.(f7, x) we see that there
. 411 in—1
exists a point n = [ @ + |4yl (§+£), ..., @n + || 4nl|(3+£)] such that

(29) | ST m) < e

Hence

' (1
208,473, 9 > 2= Sl 2, > 255+

1 (4)
s (GORIECE Y
and the theorem is proved.

Remark. These theorems will be true if we take splines of degree 2r—1 =
= (2r,—1, ..., 2r,—1) and deficieney r = (ry, ..., 7,) instead of simple splines.
The proofs are analogous.

.
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