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On a Certain Boundary Problem for the Biharmonic Equation

1. In this paper we shall construct Green’s function by the method of sym-
metric images and with its help solve the boundary problem with Riquier’s
conditions for the biharmonic equation in the domain

1) D={X(w,,...,m,,)eEn:0< 2y < 00, —00< Ty < 00,

j=2,.,n—1,0< m,.eos-;;-< a;,sin;:—},

where n >3 and %> 2 are positive integers and FE, denotes the Eucli-
dean » — space. :

The analogous problem for » = 2 and k> 2 was solved in paper [3].

2. Let us consider the biharmonic equation
(2) Ay (X)=0

and the domain (1).
We look for the function «(X) of class C* in D, satisfying in D the equation (2)

and the boundary conditions

lu(X): filXy=F(X) for Xel,

u(X) = fo(X) = Fo(X") for Xel,

lAu(X) =f(X)=FyX) for Xel,
Au(X) = f(X)=F(X) for Xel

(3)

(4)
where I, denotes the hyperplane #, = ¢ and I,-the hyperplane

T T
a:ncos'iE::v,siniz for +=1,2,..,2k.
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Let Xy(@11y ovey @yp) = X (@5 ...y @2) be an arbitrary interior point of D and
let X, (@411 s Tiprq) denote a symmetric image of the point X (#y, ..., %)
with respect to the hyperplane ;. We obtain the following connections between
the coordinates z,, ..., zi» of the points X; and the coordinates z, ..., @, of
the point X

T . W7
Ty =T coszz—l—w,.mzz
Big = &g
.............. for i =2,4,..,2k
Tin~1 = Tp—

o T .7
Tin = &, 804 —— Tp COBL -
k k

.(6)

%4y = @y008(i—1) ;:-—- Zp8in(i—1) %

.................... for 1=1,3,..,2k—1

Tim—1 = Tp—

By = 2, 8in(i— 1)-};—|—w,,cos(z—1)-k— .

Let Y (y1, ..., ¥n) be an arbitrary point of a set Z=D vl v,

ei= |X:¥Y| for i=1,2,..,2k

and

ri= QilYeln = [(h— > P +... + (yn—lﬂ' mim—l)s-l" wiﬁa]%

(6)
By = gilyer, = [yai— 2P+t (Ypo1— By 1)+ (MY — xin)g]*

where m = tg% .

Definition 1. The function G (X, Y) is said to be Green’s function for the
biharmonic equation, the domain D and the boundary conditions (3) and (4)
when it has the following properties:

1. (X,Y)=V(X, Y)—H(X, Y), where V (X, Y) is the fundamental solution
of the equation (2) and H(X, Y) is biharmonic as a function of ¥ for Y ¢ D
and a fixed X e D and H(X, Y) is of class C® for Y e Z, X e D,

2. X,Y)=A,6(X,Y)=0  for YedD

3. imAyG(X, Y) = 0, when |0Y|—oo, for an arbitrary fixed X e D.
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Theorem 1. Green’s function for the equation (2) and the domain D with
the boundary conditions

(n G(X,Y)=A4,3(X,Y)=0 for Ye.loul,

has the form

2k '
(8) G(X,Y)= D (—1)i*'Ing for n =4
i=1
2k
(9) : G(X,Y)= D (—1)*e™ for n>3,n 4
i=1

Proof. We shall prove that the conditions 1—3 of Definition 1 are satisfied.

The condition 1 is immediately evident.

2. If Yely, thenr; =1y, ., fori =1, ..., k. The terms of both the sums (8)
and (9) for the indices i and 2k—¢-+1 differ only in sign and in that case
G(X, Y)=0. Similarly if Yel,, R,= R, and Bi=R,,_,,, for i =3, ..., k+1
and the proof of the first of the conditions (7) is analogous. In the same way
we can prove the second condition (7).

3. Let g = |0Y|. By the triangle inequality we have
(10) o—|0X| < pi < o+10X| for i=1,2,..,2k,

since |0X;| = [0X!| for every Xj.
‘We have from (8) and (10) for n =4

|4, 6G(X, Y) < 2 Z 07 < 2-2k(o— |0X|)2,

i=1

go limA,G(X, Y)= 0 for every fixed X ¢ D.

>0

Slmﬂarly we have from (9) and-(10) for n > 3, m#£ 4

Tl L T

A, V)] < 2ln— 41 2k~ 0XIP"",

go the conditions 3 is also satisfied.

Theorem 2. The functions G(X, Y) defined by (8) and (9) are symmetnc
funetions of points X and Y for X, ¥ ¢ D.

The proof is the same in both cases.
Let Y, = Y be an arbitrary fixed point in the interior D and let Y, , be
a symmetric image of ¥; with respect to ;.
11+




164

‘Let g = |YeX], o1 = (I, 0X4), ¢ = (lo, 0Ts) for i =1,2, ..., 2k. We have

i%—w, for i=2,4,..,2k
g = < .
(fi-——l)z-f—cu1 for ¢ =3,5,...,2k—1
(11)
Cw
@E—wl for i =2,4,..,2k
w1= < 7 ‘
(’5—1)%’{'51 for ¢ =3,5,..,2k—1.
Then

oi=|0Y—O0X(* = |0Y[*+ |0X:*—2|0 |- |0X+| cosgs
= |0X—0X(* = [OX '+ [0T+*— 2 [0X|- [0 | cosps ,

where P1= w— 0, @Qi1= Bi—wli By (11) and equalities [(ng] = I(ﬁl,
|0Y,| = |0¥] for i = 1,2, ..,2k we obtain

01 = 01 for i =2,4,..,2k
01 =Qs_44p TOri=23,5,..,2k—1

and obviously g, = g,. Therefore theorem 2 is proved.

4. We can show analogically as in [1] p. 200—202 that if the domain D is
bounded, then the solution of the equation (2) with the boundary conditions

u(X)=p(X), Adu(X)=yp(X) for X<oD,

if it exists, has the form

d4,G(X, Y dG(X, ¥
12)  wX) = Ca »{[ ke IR e (:Y)—-%]dgﬁ»
D v
here Oy = ! for n >3, n #£4; O, = 16detesa,ea,
e = T —2)(n—4)0s FH gy T Aot A m

sure of surface of the unit sphere, » is the inward normal.

We shall prove that by certain assumptions about the functions 7, ..., F,
the solution of the problem (2), (3), (4) in the unbounded domain D defined
by (1) has also the form (12)..

LetE.T_l-{Y(yl, oY)t 0< Y < 00, —0< Y < 00, j=2,.,n—1},
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In view of the boundary conditions (3) and (4), the formulas (8) and (9) and
the symmetry of the points X: with respect to I, and I, we obtain for n > 3 -

k+1
(13)  u(X) =4, 2 (—LEPX)+ 4, D) (— 1) HPX)+
=1 T=2
k+1
+4, 2, (—V'HPX)+4, ) (—1)"HNX),
=1 =2
2 1
‘where A1=A2='é;, A3=A;=m,
B)X)= [ F(D)amr"dY
£y,
HP(X)= [ FyY)(@n—maz,)R;dY
E—l-
CHPX) = [ FyY)owri Y
E-l-

HP(X) = fF ) (@tn— mag) REAY

@y wey Tin are defined by (5) and r¢, Ry by (6).
5. Let r, wy, ..., w,_, denote the spherical coordinates of the point X ¢ E,. Then

(14) oy =rpiw) forj=1,..,n
and the Jacobian of the transformation (14) has the form
Ja(ry w) = 1" Ky(w) ,
where @;(w) and K.(w) are certain functions of a point « defined in the set

H = {m(wl, ey Wy ) 0< 0, < 27, —§< w;< 27 J=2,..,n— 1} ([2] p. 29—31).

Let us consider the closed rectangle PC D defined by inequalities
={X:0<a<e<A4nj=1,.,1—1,0<b< 2 < B< ma},

where a;, A;, b, B are arbitrary posmve numbers,
Let

_ FAY) for YecEF
Fz(Y)=| AT) ¢ Tne Cj=1,..,4.

0 for YeB, ,—EF,
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alelf
da™ ., daln
= oq+...+as, o5 are positive integers, we can prove

Introducing the notation D% — , where a = (ay, ..., as), |a| =

Lemma 1. If the function #\(Y) is defined and continuous in E;}:

; and the
integral [ K, (w)do [ |F(rey(w), ..., @n_y(@))|r~%dr is convergent for every
H A

A > 0, then the integral H{(X) is a function of class ¢4 in D and D*H®(X) =
= [ F(Y)D%w,r;™dY, where aj=0,1,2,3,4 (j=1,..,n), 1< |a| <4
z, ,

Proof. Let Kx= (Y ¢ B,_,: |0Y| < R}

and HpX)= [ F(Y)a, Y.
En—l—KR

Let X e P. By the triangle inequality we obtain
30Y| < |XY| < 2|0
for a sufficiently large |0Y|. Then

|Hx(X) <2"B [ [F(Y)-|0Y|™"dY .

Ena—Kg

Applying the tx:ansfor_mation (14) we have
IHr(X)| < 2"B f K —y(w)doo f P11y cony 10y |72y,
H R

so, for arbitrary positive ¢, we obtain

[HRr(X)| < e

for X ¢ P and R > Rye, P).

It follows by the continuity of the function ¥,(Y) and from the condition
@n > b that the integral H{’(X) exists also inside the ball Kz. Then HP(X) is
uniformly convergent in the set P.

Let I (X)= [ Fy Y)D"(w”r;‘“)dY.

=,

The kernels of the integrals I,(X) and I,(X) are linear combinations of the
functions 77", z, 77" 2P, and r 2P, @, 4(P,)? respectively, where P, is
a certain homogeneous polynomial of the variables y,—a,, vy Yn1— Tp_yy Tn.
‘We have inequalities

[Py < COry, [n] < 1y,

where C is a certain positive constant.
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We have the following estimations

| [ F(Daoi*tPa¥|<C [ |F(D)rmY

En—l‘-KR Ep1—Kgr
|fFﬂWHMﬂ | E@inax
Ep-1—Kr ) Eﬂ—l"KR

c? -
| [ R@eepar|<y [ ORI

Ep-1—ERr En1—KR

We can show in the same manner as in the first part of this proof that these
integrals are arbitrarily small for a sufficiently large E.

We can prove in the same way that the integrals I(X) and I,(X) are also
uniformly convergent in P.

Thus the integral H{(X) ¢ ¢4 in D and its derivatives up to the order four
may be found by differentiation under the sign of the integral.

Lemma 2. If the function Fy(Y) is defined and continuous in E}_, and the
integral f E,_,(o)do f |Fo(F @1y oovy TPpn_y)| dr i8 convergent for every A > 0, then

the mtegral H"”(X ) is a function of class C* in D and D"H‘“’(X )=
= [ Fy¥Y)D*x,ri ™ dY.
E+
The proof of this Lemma is similar to that of Lemma 1.
It follows from Lemmas 1 and 2.

Lemma 3. If the functions F,(Y) and Fy(Y) satisfy the assumptions of
Lemma 1 and the functions Fy Y) and F(Y) satisfy the assumptions of Lemma 2,
then the function %(X) defined by (13) is a biharmonic function in D.

Proof. We can show analogically as in the proof of Lemma 1 that the inte-
grals HP(X) and H®(X) (6 =2,3,...,k) are functions of class (* in sets
={XeHy: —co< << 0, j= 1 wyt—1, @ >0}, and the integrals
H“”(X ) and H¥(X) (i=2,3, k—{—l) are functions of class C* in sets
={Xekl,: —co< ;< 00, 3 =1, ..,n—1, &n—mazy > 0}, By equality

k+1

ﬂQi )~ (N )

i=1 =2

the funetion » (X ) is of class C¢ in D. Differentiating under the sign of the integral
and using the symmetry of Green’s function we obtain from (12)

456X, ¥)

(15) AuX) = Cn [ Au(¥) - oy,

lol:lh

g0 Au(X)=20.
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6. Now we shall prove the boundary conditions (3) and (4). We have first
Lemma 4. For every point Q(qy, ..., ¢a) € Ea(gs > 0) and for an arbitrary
number a > 0 the integral ‘
| J@Q= [ 1Q¥|I™aY,
IQF|>a
where Y = Y (¥, ..; Yu_q, 0), i8 convergent.
Proof. In view of the inequality

Y2 10Y1—1€Q 1> a—an (@' =Q(q1) ) dns, 0)

and a.pplying the transformation y;— g; = gurei(w) (=1,..,n—1), where
¥y @y, ..., w,_, are the spherical coordinates, we obtain for qn> 0

x ”
@IS [Tyl =0, [y ar

IQ'F|=a—an : a—gn
o ©

1‘_ n—2 & = -5
< 0 f r (r2+1> dr—q s [ (41) a1

0

In virtue of the formula for In J (@©+1) 2dt(n > 3)

(16) I, — _1_2t(t’—|-1)—2-+1 IH

we obtain the result.
The proof of the convergence of the integral J(Q) for g, = 0 is immediate.

Lemma 5. With the above notations we have

J ol =2 oot Yy — B+ 22T Py, ... iy, = 100
En—y
Proof. Using the transformation y;— = T rey(w) (J =1,..,n—1) we
obtain

where

n—g
2(2x) ®
(n—3)!!

n—1
(2m) ®
{(n—3)11

for even n (n > 4)

Gﬂ-l =

for odd n (n> 3)

L= [ rmyry1) 2
0

By (16) we have the result.
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Now lat (@, ..., 2w} ooy ..o Bpn-19 0)y 2n> Q.
Lemma 6. If the function F,(Y) is defined and continuous in E;_, and the
integral [ [Fy(¥)|-|QY|™"dY is convergent for every a> 0 and Q € H,, then
Q¥ |>a

an C lim AFPX) = (X)),
X—+Xo

where A4, = —.
(] . .
Proof, Let K, = {Y ¢ E,_,: | X,Y| < 6}. We can write the integral H{)(X)
in the form

HP(X) = L(X)+ Ii(X)+ I X)

where
LX) = [ Fy(X)a, 7Y
En-y
(18) I(X) = J BT @ Nerrax
1@ = [ [Fy (D)~ Fy(X})layr;*dY .
Ewﬂ__Kd
By Lemma 5
(19) L(X) = F\(X,) }0n

Let ¢ be an arbitrary positive number. If § is sufficiently small, then it follows
from the continuity of the fumction F,(Y) in the peint X, that

1
(20) LX) < 550 .

b:im

For the integral I,(X) we have

L <ol [ FEOTERE [ Y|

n—l—Ea En«x Ka

8 ‘ . .
Let Ky = {X eBp: | XX, < 5} and let X ¢ K, ~ D. By the triangle inequality
y ' Fy

! 2 1Y X~ | XX} >

Nnoo

thus

(X <aw [ |F(X)1XT|"aT +au|Fy(Xy) [ XYY .
IXYI>§ |x*1r}a§
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The first of the integrals above is convergent by the assamption, the second by
Lemma 4. We have in this case

(21) B “im I(X) = 0.

X-+Xo
Therefore the connections (18)—(21) imply (17).
Lemma 7. If

1° The functions Fy(Y), ..., F,(Y) are defined and continuous in E;}_,

~ 2° The integrals [ |F{(Y)|:|Q¥|™dY (j=1,2) are convergent for every
>0 and @ e%?»

3° So are the integrals. f F(D) QT (j=3,4)

4° limgn f Ff(Y)lQYI"'”dY = 0 for j = 3, 4, where @y = @ (du) --+) Go,n-1» O)
Q—+Q E*‘

then the funetion u(X) defined by (13) satisfies the condition

(22) ‘ lim %(X) = F(X}).

X—+Xo

Proof. Let K, = {X ¢ B, : | XX,| < 8}, where & is a positive number and
let X ¢ K, ~ D. It follows from (5) that

lim xy = lim @;,,, for i=2,4,..,2k~2
X-+Xo XXy -
lim @ = lim @;,,,, fori=2,4,..,2k—2
(23) X+Xg XX ’

lim @, = gy 0o, im &gy =, for i=1,2,..,2k.
X—+Xo X-+Xq

We shall rewrite the formula (13) as

2k
w(X) =} D [A(~ 1) HPX) +4,(— 1 HP(X) +
w1

+ Ao(— 1) HP(X) +A(— 1) HPX)]

The functions under the sign of the integral in H{(X) and H{(X) have
absolutely integrable majorants for ¢ = 2,3, ..., 2k—1 by the assumptions 2
and 3 respectively, because x4 are bounded and the distances r¢ are bounded
below by a certain positive number when § is sufficiently small. Therefore the
limit may be approached under the integral sign. In virtue of (23) we have

2k—1 2k—-1

(24) lim 2( 1)MEY(X) = lim 2 (— )‘H“’(X)—— 0

X—+Xo i3 X-+Xo jm2
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and by the assumption 4
(25) lim H®(X) = lim HX)=10.
X—+Xo

X-+Xo
Similarly the functions under the sign of the integral in HY and HY’ have
absolutely integrable majorants for ¢ =1, ..., 2%, because all E; are greater
than a certain positive number and we have in view of (23)

2k—1 2k~-1
(26) lim Y (—1)HPX) = lim Y (—)THEOX) =0
X—+Xo fm2 X—+Xp {mn

and from (5) immediately

(27) lim [— H®(X)+ HA(X)] = lim [HP(X)— HYX)]=0.
i X-»Xg X-+Xy

Besides

(28) H(X)— BEY(X) = 2H{Y(X) .

Thus the equalities (24)—(28) and Lemma 6 imply (22).
7. Lemma 8. The equality

I= f (ma,— @n)[(y1— N o S (Yp-1— Tp— )+ (my,— wn)’]TdY = $0n
Ena .

holds.
Proof. We apply the transformation

Yy— by = (Miy— T} r@s(@) j=1,.,n—1
Then
T= [E, (o)do f =2 4 [mrpy(o) 1)

H

n—1
where @y (w) = [] cosaw.
(L 2%

We shall first compute the integral

L(w) = f I O+ U ar.

- . 1 .
Applying the substitution » = 7 and {4 meg, = z we obtain

l(w> f (#"+1) =dz




8o, by (16)
7 1 Py n—8 L LI
Il(w) = —{mml(1+m”¢f 2 +;_—T§-mmq,l(1+m2¢§) DR
-3 n— 2 o ;
+ +:ﬂ_2': i—,'-‘~'§'1£m%(l+m?¢i) “*1}} for odd n
(29) ‘
Iy(w) = "‘{n__zmq’l(‘l"i’m??f) & +~m‘"n_4m?’x(1+-m’<p§) TR
n—3 n—>5 31 x
et e e t —_— for even n .

We have for every positive integer p
o2n 2
f (1 miel) 2dw, = 0
0 -

BO

i
fKn-l,(w)m‘Pl(l"l‘mz(Pf do = 0.
i

We shall now compute the integral

K = [ K, (w)arctg(m))do .
2

Let ¢ = mcosw,coswy ... cosw,_,. We have

: 8in%w, o
"+ ¢ 1+edcosbw,

- —

2 .
f coSmyarctg (ccosw,)dw, = sinw,arctg (ccosw,)
3

80 N
;j 2’-' 2n
K = fdwa fdw,,_,f K, _(w)msin?w,cosey, ... 08w, _oI'(w)dw, = 0 ,
s
. ¢Oo8
where ['(w) = @1

1+ c*costw,”







