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On the Existence of Maximal Solutions
of Some Functional Equations

The present paper deals with certain applications of some properties of the
increasing function defined and ranged in the same partially ordered space in
order to consider the existence of the maximal solutions of some functional
equations. ‘

1. Let (U, <) be an ordered space, such that for each non-empty subset U’
of U, there exists sup U’ in U. Let Z be a non-empty set and let W be a non-
empty family of subsets of Z, such that @ ¢ Wand if Z,, Z,« Wthen Z, ~ Z, ¢ W.
- In the set M of all mappings from Z into U we consider a relation <}, defined
a8 follows: if u;, u, ¢ M then u, <, u, if and only if there exists Z’ ¢ W such
that uy(2) < uy(2) for z € Z'. We shall still write <* instead of <}, for convenience,
but this relation depends obviously on the family W. We associate with the
relation <* an equivalence relation =%, that is if u,, u, € M then u, =" u, if
and only if w, <* u, and u, <* u,. Let us denote by M* the factor set M/="*;
that is, the set of all equivalence classes of  belonging to M; in other words:
u* ¢ M* if and only if by the definition #* = [«*] with some % ¢ M. In M* we
consider an ordering relation < defined as follows: if u*, »* ¢ M*, then «* < o*
if and only if % <* v, for some w, v e M and w e «*; v  v*. It is obvious that it
is really an ordering relation, that is :
1° w* < * for each u* e M*,
2° if ¥* <" and »* < o, then u* = v*,

3% if w* < v* and »* < w*, then u* < w*.

Let P be a certain subclass of M and P* be the factor class P/=" (of course
P*C M.

Assume that:

(i) For each subset ¢ of P the mapping

Ug: Z > zosup{u(e): ueC}

is an element of P.




F:ZxPs(z,u)pF(z,u)eU

is a given mapping, then for each u ¢ P we associate with F a ma,pping Fluy
defined by. the formula:

Fluy: ZszFu)(2) = F(z, u)e U
and for each z e Z a mapping F[z] defined by the formula:

Flz]: P> uHF[z](u) =F(z,u)eU.

Assume that:
(ii) For every z e Z the mapping F[z] is “increasing” in the sense that u, <* u;=
= Flz](u;) < F[2](u)
and : '
(iii) for each u ¢ P the mapping F <{u)> belongs to P.
Further we put:

¥ PrsuoFlu>elP
and N
F': P54 Pluw)* « P*.

2. Theorem 1. Under the above assumptions (and with the above nota-

tions) from section 1 if a set @* C P* defined by the following formula

Q*(u* e P*: u* < F*(u*)}

is not empty then the equation #* = F*(«*) has in P* a maximal solution.

Proof: The mapping 7 s inereasing with respect to the ordering rela-
tion < in P*, since the assumption (ii) implies that for each z ¢ Z and u,, u; ¢ P
we have
Fluy(2) = Fl2l(w) < Fle](uy) = F{up)(2) if uy < u,; hence if uy,u; e P*
and u; < u, then F<{u,)* < F<{uy>*. From the assumption (i) it follows that
there exists in P* a sup Q* defined by the formula

sup Q* = [&Q]“ (= the equivalence class of ig).
In order to finish the proof the followmg theorem of A. Pelczar [1] may be

applied:

Theorem 2. Let P be a non-empty partially ordered set, let v be an incre-
aging map of P into P, further let the subset @ of the set P defined by the
formula

={reP:2z<v(2)}

be non-empty and let there exists in P sup @ (where by sup @ we shortly denote
the least upper bound of @ in P).

Then z = sup @ is the maximal solution of the equation z = »(z) in P, i.e. such
a solution that for each solution 2« P of the equation z = v(2) we have z < 2.
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3. We shall give some application of theorem 1. Let § be the family of the
real functions u = u(t, ) defined for 0 < ¢ < t, and almost every « in (a, b),
which have the following properties: ’ :
1° u(t, «) is Lebesgue integrable with respect to a,
2° u(t, ) is absolutely continuous in ¢ for almost every x,

b .
3° [ [ u(t,y)dy]™* is integrable with respect to ¢ in every compact interval
J ,

contained in 0 < i< ty.
Let us also assume:
Assumption H,. A function » = v(2) is non-negative Lebesgue integrable in

(2, b) and fbv(w}dm> 0,

a

Assumption H,. We assume that a function i — At, x) is defined and non-
negative almost everywhere in {(¢,2):0<t,a< x<b}. In every finite rec-
tangle 0 <t < #, a < x < b is bounded and Lebesgue integrable as the function
of two variables.

Under these assumptions J. Szarski [2] proved the equivalence of the fol-
lowing two problems:
Problem P1. To find in § a sclution of the integro-differential equation

-

b
[f u(t, y)dy]u;(t’ z) = —2t, x)u(t, )

satisfying the initial condition (0, #) = v(x) for almost every .
Problem P2. To find in 8 a solution of the equation

i b
u(t, o) = v(@)exp{— [ [4(s, o)/ [ u(s, y)ay]as},

where A and v are as in the assumptions H, and H,.

J. Szarski also proved that for a sufficiently small #, there exists a solution of
problem P2 in 0.<t<t, a<#< b and, moreover, every two solutions are
equal for almost every . The method used in [2] was that of successive 4pPproxi-
mations. Under all the above assumptions with a sufficiently small 1,, we can-
apply Theorem 1 in order to show the existence of a solution of a certain generali-
zation of problem P2.

b
Choose #, > 0 so small that exp(— 2t,4,/4,) > 1/2, 1, < 1, where 4 — Joy)dy

and A(t, z) < A, for 0 < ¢ < #y, @ < # < b. Then the assumptions of Theorem 1 are
fulfilled for: _

Z={e=(,2): 0<t<ty,a<o<b},

U= R,

W= the family of the subsets Z’ of Z such that Z'e¢ Wesz= (t, %) e Z’ for
t€[0, %) and almost every z ¢ (a, b),
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P = the family of the functions % ¢ 8 such that if 4 ¢ P then »(x)/2 < %(f, ) <
< v(x) for 0 < t < t;and almost every ze(a,b),F: ZX P> (t,z,u)» F(t, s, u)

(m)exp{—oft [Z(s,m)/fbK(s, Yy, u(s,y))dy]ds} with the funetion K :Zx

X P> (t,z,u)o> K, z, u(t, x)) ¢ U such that

1° K(-, *,u) e P for each fixed u e P,

2° if  wy(t, ) < uy(t, ) for almost every ({,2)eZ then the inequality
E(t, @, uy(t, ) < K(t, ¢, uy(t, «)) is fulfilled for u,u,e P and almost every
(t, x) e Z. ’ ‘

We have v/2¢@ since v(w)exp{—-f [A(s, :c)/fK(s, Y, v(y)/2)dy]ds}>

> 'v(w)exp{—-of [4(s, w)/afb (v(y)/2)dy]ds} = v(x)/2 for 0 <t <ty a<z<Dh.

Hence @ is not empty. Then Q* is not empty and there exists a maximal solution
of the equation u* = #*(«*) in P*,

In consequence we have the following:

Theorem 3. There exists a solution u ¢ 8§ of the equation

1 b
(G) wu(t,z)= ’U(w)GXP{—df [A(sy a’)/af K(Sa Y, u(d, y))dy]ds}

with the given function v, 4, K as above.
We shall finish by some remarks on the uniqueness of the solution in § of
the equation

' t b
(G3) wu(t, @)= v(w)eXP{—éf [1(8,56)/! H(s,y, u(s, y))dy]ds}

with the functions », 4 as in the equation (j)and a function H : Zx 8 > (t, 2, u)+
wH(t,#, u(t, ) e U such that H(-, -,u)e 8 for each fixed ue¥.

Let a function L:Zx&8>(t,x w)HL(t @, w(t,x)) e U be such that
L(-, -, w) e § for each fixed w ¢ 8, where by § we denote the family of the func-
tions from Z to U, non-negative and Lebesgue integrable with respect to z.
Suppose moreover that the following mequah‘by\iﬂ(t,rm uy(t, 2)—H(t, z, uz))}
< Lty @, luy(t, @)—uslt, x)|) is fulfilled for almost every (¢,=) _such that
a< i< b 0 <t <<t <ty where {, is sufficiently small and for any two 8o
tions u,, u, of the equation (jj).

Remark 1. The above assumptions are fulfilled in particular if H : Z X
XxR>(t,x,uyp H(t,v,u)e B and L:ZxE>(t,»,u)»L(,2,u)c R are con-
tinuous with respect to the third variable u, measurable with respect to (¢, x)
and such that there are summable functions M, and M; from Z into R, such
that [H (¢, ¢, w)| < My(t, z)and |L(t, z, u)| < My(t, z) for almost every (I, z) € Z.

Remark 2. Under the above asmmptions on the functions H and L, if the

e
inequality (1) [ L(t, x, w(t, 2))de < fw t, @)dw or (2) L(t, «, w(t, ®)) < aw(t, z)
with a € B, a> 1 is fulfilled for almost every (t, z) ¢ Z, then for 0 <1< 1 we
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have the uniqueness of the solution in 8 of the equation (jj). This can easily be
proved by the method used in [2].

Remark 3. If the function L does not fulfil the conditions (1) and (2), but
is increasing with respect to w, then we can apply Theorem 1 in order to show
the existence of a maximal solution in § of the following equation:

(Jii) w(t, z) = f(=) f U Lis,y, w(s, y))dy|ds,

where a function f:(a,b)> o f(#) e U is non-negative and Lebesgue inte-
grable in (a, b).
For every two u,, u, the solutlons in 8 of the equation (jj) and for f = vA, /K2

where v is as in (jj), 4, > (4, z), fH(at,y,u1 ,y))d’y>K>0and fH(t,y,uz(t,y))dy

=HK>0in 0t<<ty a< m< b, we have the. evident 1nequahty (2, z)—
——ug(t x)| < w(t, ) for almost every (¢, ), where w is the maximal solution of
- the equation (jjj). Hence we have the following:

Theorem 4. If the equation ( JJ]) has in the class S the unique solution w = 0,
then the equation (jj) has at most one solution (in the same class 8).

I wish to express may hearty thanks to Professor A. Pelczar for his valuable
advice.
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