ZESZYTY NAUEKOWE UNIWERSYTETU JAGIELLONSKIEGO
CCCoIIn PRACE MATEMATYCZNE, ZESZYT 17 1975

Dobiestaw Brydak, Bogdan Choczewski

Classification of Continuous Solutions
of a Functional Inequality

1. Continuous solutions y: (9, a)—R+ of the linear homogeneous inequality

(1) p[f(@)] < g(@)y ()

have been dealt with by the first author of the present paper in [1] under the
following general hypotheses

(H) The function f:<0,a)— <0, a) is continuous and strictly increasing in
0, a), and 0 < f(x) < x in (0, a). The function g: {0, a)— (0, + co) i8 continuous
in <0, a),

Given a solution y € (<0, a} of inequality (1) we may be interested in finding
a function ¢ ¢ C<0, a) fulfilling the functional equation

(2) pLf(@)] = g(x)o(x)
for @ ¢ {0, a) and such that
(3) yp(@) =) for 2¢0,aq).

This problem has also been considered in [1], but — in the case where equa-
tion (2) has a C-solution depending on an arbitrary function — the results are
not very effective.

In the present paper we shall study inequality (1) in a class of functions that
behave near the origin like a power function with an exponent p > 0, viz. in
the class U? of functions that has been introduced by M. Kueczma [5].

It turns out that, with the aid of some results due to the second author of
the present paper [2], we can classify continuous solutions v of inequality (1)
and find some formulae for the corresponding UP-solutions ¢ of equatlon (2) that
fulfils (3). Some related questions will be also considered.

2. We first complete some results on solutions of inequality (1) that have
been proved in [1]. In this section we assume hypotheses (H) to hold.
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We put
(4) I=0,a),a> 0;
(5) @) =z, @) = f((@)), n=0,1,..,2¢l,
(6) G,,(ac)=ﬁg[f‘(w)], n=1,2,..,0el
and denote -
_ &= {pecC[I]:¢(x)>0 for xe(0,a)}.

Lemma 1. If y is a ®-solution of inequality (1) in I then there exists the limit
(7) | ofw) = lim p[f*()]/Gn(2)
000

for z ¢ I, and the function g, is a solution of (2), upper semicontinuous in I and
continuous at zero. Moreover, if ¢, € @, then it is the maximal solution of (2)
in @ satisfying (3) and the function y can be written in the form

»(@) = n(@)p@) for vel,

where ne® is an {f}-decreasing function fulfilling further the condition
n(0)=1. \

Remarks. The phrase “g, is the maximal solution” has the following mean-
ing: if, for a solution ¢ € ® of equation (2) in I, there exists an x, ¢ (0, a) such
that @(x,) > @o(Zo), then there exists a positive integer % such that
Pl 5 (@)1 > ()]

2. A function 7: I—R is said to be {f}-decreasing iff

nlf(x)] < n(x) for wel.

A necessary and sufficient condition for the ¢, given by (7) to belong to the
class @ is given in the next lemma.

Lemma 2. Let g be a ®@-solution of inequality (1) in 1. Then ¢, € @ iff there
exists the limit lim w(x)/py(2) (then necessarily equal to 1). Moreover, forpe®

z—0+
the limit limw(x)/p(x) exists and it is finite and different from zero iff
z—+Y+
@ = ¢y, ¢ > 0.

The last lemma in this section contains some relations between the existence
of the limit

(8) b= limy[f(z)]/p(x)

x>0+

and the property ¢, ¢ ®. Note that if y fulfils (1) then we always have b < 7(0)
if b exists.







