ZESZYTY NAUKOWE UNIWERSYTETU JAGIELLONSKIEGO
CocCILx PRACE MATEMATYCZNE, ZESZYT 17 1075

Jan Musialek

A Boundary Problem of Riquier Type Concerning the
p-harmonic Equation in the Half-Space

Let us consider the p-harmonie equation
(1) APu(zy,y %y, ) = 0

in the half space z; > 0 where p is an integer greater than 2. We shall deal with
a boundary condition of Riquier type

(2) Aiu(mu Zyy 0) = fo(®y, 2,)
for i=20,1,..,p—1.

In the sequence X = (@, %5, #3), ¥ = (Y1, ¥s, ¥3) Will denote two points such.
that ;> 0, y; > 0; we shall also write

72 = (Y1— &)*+ (Yo— T )* + (ys— @s)*
7? = (th—2)*+ (Yo— 22+ (Ya+ 25)* .

Theorem 1. The Green function for (1), (2) satisfying the boundary condi~
tions

(3) AGHX, Y)|pyoo=10, i=0,..,p—1

is of the form

(4) G(X, Y) = rp-d—yp=3
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Proof. The function defined (4) obviously satisfies equation (1). The func-
tion G(X, Y) satisfies boundary conditions (3) since

AYG(X’ Y)I

ys=0 —

~ (2p—-2)(2p—3) (PP —17P _5)I.y3=0 =0

MGX, T)|pyg = — (20— 2) (20— 8) (2p—4) v T-6(1"— 1) |pyg = 0
A5G (X, )| yymo = —(20—2) (29— 8) .. B4 (r—12)]yye = O
D HX, T)|ygmo = — (29— 2)(2p~3)(3p—4) ... 2: 107 =77 )l ypmo = 0

A L s aafema L L L Al ” .

and since y, = 0 implies r = r;.
We shall prove that the function u(X) of the form

p-1 {

®  w@D = 3 [ [ 1 90D 4, D s

i=0 Ea
G(X, Y) being defined by (4) is a solution of the boundary conditions (1), (2).
Let K(X, Y) = [(41—@,)*+ (9,— &)+ 23], then
D, G(X, Y)|yymo = 2(2—3)2[K(X, V)P0,

‘ D, 4y GH(X, T)|,m0 = 2(2p—2)(2p—3)(2p— B)z:[K(X, V)], ...,
Dy A5G (X, Y)|ypmo = 2(20—2)(2p—3)(2p—4) ... T-60, K (X, Y) ,
D, 457G (X, T)|,m0 = 2(20—2)(2p—3)(2p—4) ... 4x[K (X, Y)]7?,
Dy A5G (X, ) |ygmo = 2(2p—2)(2p-3)(2p 4)...2-1-2,[K(X, Y)]*.

Tt follows from these formulae that the function %(X) assumes the form

p—1
(5a) w(X)= D UyX),

=0

where

1 ;
T = = [ [ o, w)aal K (X, TP dy dos
Es

for i=0,1,2,..,p—2,p—1.
Let

Wi(X) = {(2,, %, @5): @ € (A4, Be), 1=1,2,3}
-where A, By(i = 1, 2, 3) are arbitrary positive reals and 4,> 0; let

Qr = {(y1, ¥,): ?/%—F?/g > R%.
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By the triangle inequality we obtain for R(W,) sufficiently large

(6) Hoi+92) < 91+ 92+ Wa— 2+ a5 < 4 (41 4-42)

for each X ¢ W,.
Lemma 1. Let the functions fi(y,, ¥.) be continuous and let the integrals

2i—38

[ 1 fity, vl 2492 ® dy,dy,
Ey

be convergent for i == 0,1, ..., p—1, then the integrals Uy(X)+= 0,1, ..,p—1
are almost uniformly convergent in the half-space x,> 0.

Proof. By Lemma 1 and (6) it follows that for every ¢ > 0 there exists a real
number E(e, W,) such that

2i—3

|[[ Fityn, o) (B (X, TP Ay, dys| < [ 1filys, )| (03+93) * dypdya <o
Qr - Qr :

for X ¢ W,. This implies the conclusion of our Lemma.

Lemma 2. Let the functions fi(y,, ¥,) satisfy the assumptions of Lemma 1,
then the function

AUT(X) i,j=0,1,..,p—1
exigts, and

1
(7) A;U:(X‘) = in rff‘i(?h "Y2) Aix[K(Xy )Pt dy, dy, .
Hy
Proof. It is enough to show that the integrals

1 .
= [ [ fitwnr 9 ALTR (X, TP dysdy,
B
are uniformly convergent in W;. Indeed
AfX[K(X, y}lzi—s — P{(y1—~ zvl)alei—a;—s, (yz_mz)a;Kzi—agus, xaaaK‘zi—aa—s] ,

where P (i, 1,, 1;) is a polynomial of a degree not exceeding 3”; moreover

Yoa— Xy
K

Ty

K

Y1— o

1.
e <

<1, <1,

Therefore for each positive ¢ there exists an R = R(¢, W;) such, that

2i—38

| [ 10, y2) A BF(X, V) ays | < € [ [ 1fulws, 92 (03493 © dpdye <,
Qr Qr

C being a constant, whence A% U;(X) exist and satisfy (7).
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Lemma 3. Let the functions f; satisfy the assumptions of Lemma 1, then the
function «(X) defined by (5a) satisfies the equation (1).

Proof. In virtue of (5a) and Lemma 2

’ p—1 p-1
Q 1 _
#u(@) = > BOX) = ) [ [ filon, 1) Dy 5 A56(X, X gy
i=0 i=0 Ey

The conclusion of our Lemma follows by symmetry in X and Y of the Green
function and by Theorem 1.

Now we shall prove that the function »(X) defined by (5) or (5a) satisfies
the boundary conditions (2).

Lemma 4. Let the functions fi(y,, ¥.), ¢ = 0,1, ..., p—2, p—1 satisfy the
agsumption of Lemma 1 and let

mAT U (X) =0 as X—(2°, 42, 0+)
for j,i=0,1,..,p—1, i+j < p—1, then the function u(X) defined by (5)
or (ba) satisfies the boundary conditions (2).
Proof. It was proved in paper [1] that
. .1
lim Uo(X) = tim — [ [ folvs, v)asl KX, )1 dyadys = flah, o)
Ey

as X— (22, 22, 04). By Lemma 2

1
A0 = 2 [ [ S, 0 Dy AKX, V) dyudya—iad, o)
7 Es

Lemma;s 3 and 4 imply

Theorem 2. Let the assumptions of Lemmas 3 and 4 be satisfied, then the
function u(X) defined by (5) or (5a) solves the problem (1) and (2).
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