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INTRODUCTION

Let a vector space V and natural numbers g and n satisfying the condi-

" tion n < inf{g, dimV} be given. Denoting K = (1, ..., ¢) let us take an arbi-

trary n-element subsequence I of the sequence K. By X, let us denote a family
q

of all .g-element sequences & = (wx) k ¢ K of vectors xx ¢« V such that the vec-
tors (w¢) 1 €I are linearly independent and in the case # < ¢ the remaining
vectors @; j eJ, J = K\I, may be written in the form

ot + - i
z;=aw, i€l jed ajeR.

By GL (V) we denote the group of all linear transformations of V. In [3] M. Ku-
charzewski gives the general solution of the functional equation

9(Te)=¢(2) weX; TecGLE)

where ¢ : X;— R is unknown, provided that dim V < oo.
7 .

In the case n < ¢ the result is the following: ¢ is a solution of the equation if
there exists a function ¢: R" X R®—R, m = g—n, such that

p(z) = ¢(af) .

- In the case n = ¢ we take it that ¢ is a solution of the equation if it is a constant.
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In the present paper we give a method of G-classification of space of all
finite sequences of vectors in ¥ for the following groups instead of G: linear,
isometrie, conformal, unimodular and, in the case dim ¥V < oo, also their sub-
groups consisting of transformations with positive determinants.

1. ON G-2-DECOMPOSITIONS

Suppose we are given an arbitrary group @ of transformations of a set X onto
itself. By G-orbit passing through a given point ¢ X we mean the set (see [1] [5])

-

Orby(x) ={o =Tz : T e@G}.
0

The space of all G-orbits in X we denote by Orbg,X. Such a space gives
a G-invariant decomposition of X. :

Suppose we are given two decompositions 1) of the set X, say {X,},., and
{X;s}gep; We say in brief that we are given a 2-decomposition of X.

Definition 1. (See [4]) A given 2-decomposition of X is said to be Cartesian
if it satisfies the following condition

VasAVﬁeBﬂweX : -Xa m Xﬁ = {.’L’?} .

This notion may be generalized to n-decompositions.

- Definition 2. A Cartfesian 2-decomposition of X is said to be G-Cartesian
if 1) it is G-invariant, 2) the components of one of the decompositions are
G-orbits; the components of the second decomposition are called sections of the
space of @-orbits or of X.

Let a G-Cartesian 2-decomposition be written in the form: {Orby X, Secy X}.

It may be asked whether G-Cartesian 2-decompositions of X exist for X
and @ given arbitrarily. The answer, in general, is not affirmative. But it makes
sense to ask for a G-invariant decomposition {X,},., of X such that for each X,
there exists a G-Cartesian 2-decomposition. So we may give.

Definition 3. By G-2-decomposition of X we mean a family {Orb,X,,
SecgX;};c4 of G-Cartesian 2-decompositions of X, such that {X,},., is
a decomposition of X and each X, is maximal with respect to the property
of @-Cartesian 2-decoinposability; A C X, A being G-Cartesionally 2-decom-

1) By a decomposition of a set X we mean a family of disjoint subsets of X the union of which
over the family is equal to X.
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. posable, is said to be maximal if there does not exist a G-Cartesian 2-decompo-
sition for any BC X such that BD A and B # 4.

We shall prove the

Lemma 1. G-2-decompositions always exist.

Proof. Let us denote by Sub & the family of all subgroups of G and by
§: X—Sub G denote the mapping which maps x ¢ X to the stationary (isotropy)
subgroup G, in @ of z (see [5], [6]). The group G acts on Sub@ by intrinsic auto-
morphisms i.e H' = THT-! where H, H' ¢ Sub@ and T ¢ G. Let us take an arbi-
trary section X of the space Orbg Sub@ of G-orbits in Sub @, ¥ C Sub @, and
find the coimage { = §-Y2X) of X by the mapping s. It may be verified that for

each # ¢ X the condition Orbg(x) ~ X # @ is valid. So we may find a global
section S of the space Orb,X of G—orblts in X such that S C X If we write
X=U X,,, where X = $~}{o) and denote S = S ~ Xa, then it may be verified

0 gez ©

that for each o« Range 8 the families {Orbg(w) t2e8}, {(8,=7(8,): Te@}
1] 0
form a @-Cartesian 2-decomposition of X, = |} Orbg(x,) and that each X,

zoeSg
for o ¢ Range s is maximal with respect to the property of G-Cartesian 2-decom-
posability. The whole family forms a G-2-decomposition of X.
From the proof of Lemma 1 we directly obtain the two following lemmas,

Lemma 2. A set X is G-Cartesionally 2-decomposable if for each 2,2 ¢ X
- 1 2

their stationary subgroups Gf and G,’; are conjugated.
Lemma 3. Points Zy e X belong to the same maximal subset of X if their

stationary subgroups G- and Ga; are conjugated.

In the paper we construet certain G-2-decompositions of X for X being the
space SeqV of all finite sequences of vectors in a given vector space ¥V and for
the following groups of transformations in V: GL(V) — linear group, GI (V) — iso-
metric group, GC(V) —- conformal group and GU(V) — unimodular group pro-
vided, of course, that for the last three groups V is given the structure of the
inner product. Furthermore, in the case when dimV << oo certain G-2-decompo-
sitions of SeqV are given also for the groups GL*(V), GI*(V), GCH (V) and GUH(V).

Let us notice that any section 8 of Orb;X defines a G-invariant mapping
h: X—8 such that h(Orbg(z)} = Orbg(2) ~ 8 for z « X. If § is given a (local)
chart £: S—R" then Hy= &;0h, 1 =1,...,%, form a complete and minimal
system of G-invariants for the set h—* (Domain &), which may be called a local
complete system of G-invariants for X, The mapping » may be called a com-
pletely G-classifying mapping for X.

M. Kucharzewski in [2], [3] gives a method for the determination of local
complete systems of GL (V)-invariants for SeqV. In the present paper we propose
a method for the determination of global complete systems of G-invariants for
SeqV for every G listed.
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1. GL (V)-2-decomposition of SeqV

In 'r’na,y eagily be seen that SeqV is not GL(V)-Cartesionally 2-decomposable.
For the determination of a GL(V)-2-decomposition of SeqV let us write
GL(V)-invariant decomposition

(1) SeqV = U Beq(9)V
qeN

where Seq(q)V, for fixed natural ¢, denotes the family of all sequences from
" SeqV consisting of exactly ¢ elements. In general, the sets Seq(q)V are also
not GL(V)-Cartesionally 2-decomposable. But if for each ¢ a GL(V)-2-decom-
position of Seq(q)V be known, then a certain GL(V)-2-decomposition of SeqV
may easily be obtained from them; this will be shown later. For this reason we
may fix g and consider the set JQE = Seq(q)V only. We shall determine a certain

GL(V)-2-decomposition of this.

For this purpose we denote K = (1, ..., ), » = min(q, dim¥) and introduce
the family K (p) of all subsequences of the sequence K consisting of at most p ele-
ments from K; we include in K(p) also the empty set. Furthermore we intro-
duce the mapping

(2) ¢ ;2?—+K(p)

defined in the following way:

Let 2 = (xx) ¢ X. By n(x) we denote the dimension of the subspace V{(z) CV
generated by the system of vectors @, ...,x, and ¢(r) we define as follows

1. ¥ =0 we put ¢(z) = 0.

2. If # #0 then we put ¢(2)= (i, ...,%) where n=n(x) and 4,,...,%s
are obtained by using the following recurrent formula:

I. 4; is the smallest element in K such that z; = 0.

II. Suppose that i, ..., ¢, are determined and » < ». Then by ¢,,, we mean
the smallest element in the sequence ¢,+1, ..., ¢ such that the vector @y, is
linearly independent of the system of vectors i , ..., 2s,. '

The’ mapping ¢ is a surjection.

Let us take an arbitrary I ¢ K(p)and by { 7 let us denote the coimage of I by

the mapping ¢« Then we get the GL(V)-invariant decomposition

(3) SBeq()V= U X,.
) IeE(p)?

We shall see that each X, is GL(V)-Cartesionally 2-decomposable but, in
4q

general, without the property of maximality in SeqV. ‘
The cases I = O and I = K are trivial; the second case may be realized only
for ¢ < dimV. In both cases the set X, is a GL(V)-orbit and Secgr )X, is equal,
q q

by necessity, to the discrete decomposition of X,.
. a

[ O C i Dy . o e T T T T T o P
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If I # 0, K we denote J = K\I (subsequence of K). For an arbitrary « ¢ X 1

we may wrlte @= (xg,o5) iel jeJ and

(4) 7 @y =ajw; jed

where a} are uniquely determined and satisfy the conditions
(5) ' _ j<i=al=0.

By Mat (I, J) let us denote the family of all the matrices A = leflteljed
whose elements satisfy the condition (5). ‘

Let EL denote the family of all linearly independent systems of n vectors
in V and let » = |I|. The group GL(V) acts on EEX transitively.

By these denotations and I = (iy, ..., %), J = (j;s...,jm) we formulate

Theorem 1. The mapping Mat(I,J)x EZ—X given by the formulas
a

Xy, — €

(6) "7 el e Mat(I, J)(e,) € By
w’#ai;lev =

is a bijection and determines a GQL(V)-2-decomposition of X, in such a way
q

that the subspaces |laj|| = const are orbits and the subspaces (e,) = const are
sections.
We omit the proof because of its simplicity.
From the bijectivity of the mapping (6) it immediately follows that |laf|]
form a eomplete and minimal system of GQL(V)-invariants for X,.
q

If 7 =0 we get, instead of (6), the formulas
(6") op=0 keK
and in the ease I = K — the formulas -
(6") wr=ex kekK.

For fixed » and ¢ changed from = to infinity let us form the set

(7) Xn = U U XI . '
a>n IeEm) 2
== '
It may be said that the set X, is a maximal subset of SeqV. For a given
(e,) € EX the set

Sn(e,) = U U Sl(ev)
a=n IIE K(p) 9

where S e, ) denotes the section of X ; determined by (e,) by means of formu-

las (6) or (6°), (6""), is a section of X,, 1f (e,) varies in E%, then sections 8, form
a family Secgyy ;) Xn, GL(V)-invariant and having the property that together
with Orbg ;X ib gives a GL(V)-Cartesian 2-decomposition of Xj.
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If we denote

X, = U Xﬂ
geN ¢
then we" get the decomposition
: dim¥
SeqV = | X»
n=0
of the space SeqV to its maximal subspaces.
Let us put
SD = U Xa
=19

and for each n > 1 let us choose arbitrarily one element (e,) in EX and form

the set
Aim¥

() 8= 8w U Bule,),

where S, are given by (8). .
It may be said that the set 8 given by (10) is a (global) section of
OrbgrgnSeqV. It defines a global complete and minimal system of GL(V)-in-

variants for SeqV. .

1+. GL*(V)-2-decomposition of SeqV

We assume that dimV < co. To get a GL¥(V)-2-decomposition of SeqV we
make use of the obtained GL (V)-2-decomposition of SeqV. We consider .X ;-sub-
a

sets and distinguish the two cases:
a) |I| < dimV, D) |I|= dimV.

In the case a) ‘the GL(V)-Cartesian 2-decomposition of X, given by the for-
" mulas (6) or (6"), (6”") is a GL*(V)-Cartesian 2—decomposi€ion of X,.

In the case b) such a statement is not true, as follows from thqe fact that
GL(V) does not act on EL(n = dimV) transitively. The space Orb(iL+(V,E£ con-

gists of two elements. Let us choose one of these denoted by EL.
If we denote by M: a family of two matrices |}l »,v=1,...,n equal to
Diag(1, ..., 1, 1] or Diag[1, ... 1, —1], then we have Lemma 4. The mapping

+
EE X M,—E% given by the formulas
(11) e,=¢7e; lelle M (&;)eEL

14

is a bijection and gives a GL(V)-Cartesian 2-decomposition of EX.
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Now, using Lemma 4 and Theorem 1, we get
Theéorem 1+ If I % K and |I]= dimV, then the mapping Mat(I,J)x

+ S
X M!—EL > X, given by the formulas
q
Ty, = 6..'.@_

ot
flu

+
(12) llajll € Mat (I, J)|ie3 || My, (25) € By

';_
Ly = 057 & &5

is a bijection and determines a GL(V)-Cartesian 2-decomposition of X 7 in such

a way that if we put Ha‘ll = const, [|e’|| = const, then we get orbits and putting
(e;) = const we get sections.

From the bijectivity of the mapping (12) it immediately follows that ||a,|| ezl
form a complete and minimal system of GL+(V)-invariants for {

2. GI (V)-2-decomposition of SeqV

-

As before, we first consider X ;-sets. Each of these sets is GI (V)-Cartesionally

2-decomposable, as will be shgwn.

From the fact that GI(V) is a subgroup of GL(V) we infer by virtue of Theo-
rem 1, that the problem of the determination of GI(V)-Cartesian 2-decompo-
sition X, is reduced to the same problem for EZ instead of X,.

Let us denote by MI the family of all matrices |la’|l, 7, 2 1,..,n such
that 1) <» < y=a}=0, 2) ol > 0 for all »,» and by EI the family of all ortho-
normal systems of n vectors in V.

Lemma 5. The mapping M, X EI-EL given by the formulas

(13) e,=aje; ajlle My (&) e By
is a bijection and gives a GI(V)-Cartesian 2-decomposition of EZ.

Proof. We shall prove only the bijectivity. The injectivity may be proved
directly. For surjectivity we define a projection f : E;— EL by using the follow-
ing recurrent formula: Let (e,) = f(e,))

I . e, = &fle .

II. Supposing that e, ..., ¢, are determined and » < n, we mean by e,,, the
vector uniquely determined by the following conditions

1) le,,l=1

2) e, 161, .ye,

3) €41 = ﬂ:+131+~-+.3:+13-+ﬁ:i}ev+1

4) g5 >0

where |e| denotes the norm of the vector e.
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In consequence we get
(14) | e, = fre;

where (¢.y ¢ EX and % ¢ ML,

The mapping f is well-known as Schwartz’s method of orthonormalization
of bases in a vector space.

If we write the inverse of (14), then we get (13).

From Lemma 5 and Theorem 1 follows '

Theorem 2. If I #@, K, then the mapping Mat(I J)xM’xE’—»X_,
where n = |I|, given by the formulas

-

i, = a 8, _
(15) llaf | e Mat(Z,d)la} || e My (e,) € By
l$1l‘ar1;a,e'; L

is a bijection and gives a GI(V)-Cartesian 2-decomposition of X 7 in such a sense

that the subspaces [af| = const lla?ll = const are orbits and the subspaces
{e,) = eonst are sections.

From the bijectivity of the mapping (15) it follows that llag| lle?|| form a com-
plete and minithal system of GI(V)-invariants for X X7 1

If I = O we take (6') instead of (15) and in the case I = K (15) is taken for (13).
The maximal GL(V)-subspaces X, in SeqV are also maximal GI(V)-sub-
spaces. In a manner similar to § in (10), a global section of Orbg.,SeqV (so
also a global complete and minimal system of GI(V)-invariants for SeqV) may 1
‘be obtained.

GI* (V)-2-decomposition of SeqV

We assume that dimV < o,
If |I| < dimV any GI(V)-Cartesian 2-decomposition of X, is a GI*(V)-Car-
qg

tesian 2-decomposition, so we may use, for example, the formulas (15).
If |I| = dimV we get for GI +(V) only two orbits in EI. Denoting one of these

+
by El we may formulate

+
Theorem 2%, If I # K, then the mapping Mat(I,J)x MIx M X EI-X,
q
given by the formulas

_ - +
(16) llajll-e Mat (I, J)lla}ll e Mylledll € Mn (&) € By
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is a bijection and determines a GI*(V)-Cartesian 2-decomposition of X 7 in which

we get the orbits by putting ﬂa,n = const ||a’]| = const ne!u = const and the sec-
tions by putting (e) = const.

In the case when I =@ we take (6’) instead of (16) and in the case when
I = K we take only the first part of the equations (16).

Without any difficulty, if necessary, results may be formulated for the
GL*(V)-2-decomposition of SeqV, global section of Orbg+,SeqV and global
complete system of GI*(V)-invariants for SeqV.

3. GC(V)-2-decomposition of SeqV

We follow the same method as in the case of the group GI(V). Denoting
by MY the family of all matrices from M} such that e} = 1 and by ES the family
of all orthogonal systems of n vectors ey, ..., e» in V satisfying the conditions
|ey] = ... = |en| and putting » = |I| we may formulate

Theorem 3. If I - K, then the formulas

@, = ateS . _ o
(7) . oo laflie Mat(I, J)lla}ll e M7 (e9) € B
Tp, = Q7 0365

define in the same way as the corresponding formulas in Theorems 1 or 2)
a GC(V)-Cartesian 2-decomposition of X,.
[

3+, GC*(V)-2-decomposition of SeqV

+
Assuming dimV < oo and |I| = dimV and denoting by ES one of the two o
@C*(V)-orbits in ES we formulate the following |

Theorem 3+. If I # K, then the formulas : i

@ Yy _ _ +
(18) b o lafl e Mab(L, ) ol Il e MTNE € Mo () € BY
. A

a
Tj, = a5

"

define a GC*(V)-Cartesian 2-decomposition of X,.
q

The cases I =@ and I=K we understand in a similar manner as
previously.

e = w e pepamp | s ,,,M






