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On a Method of Determination of Morphisms for C-objects

INTRODUCTION

In the paper we introduce the notion of C-object (see def. 3), C — a given
concrete category in the sense of [9]1). If there is given an Ens-object
(Xx A,f,X), Ens being the category of sets, then X is nothing but an
A — object (with respect to f) in the sense of [11]. In the case of Top — object,
Top denoting the category of topological spaces, X is an A-space and in the case
of Man-object, Man — the category of manifolds, X is an A4 — manifold
(see [11]). .

The family of all C-objects of types 4+1 and —1, for an arbitrarily fixed C,
forms a category denoted by C-ob. The main purpose of the present paper is to
give a method for construction of morphisms of this category. It is shown that
the problem of determination of morphisms of the category C-ob reduces to
the same problem for its subcategory of all C — objects of type 41 (see Prop. 2).

In the case of (' = Ens, the problem mentioned was treated in [12] and now
we are chiefly interested in cases ¢ = Top and C = Man. We yse here a method
which is a certain modification and extension of that given in [12].

There are four chapters in the paper. In the first we introduce the cate-
gory C-ob of C — objects. In the second, we give the notions of orbital and
homogeneous orbital sections for the mapping f: X x A—X (see [2], [5]),
f appearing in the notion of C-object, and adduce some theorems concerning
the determination of such sections. The third describes a method of contracting
morphisms of the category Ens-ob and the fourth characterizes morphisms of

1) We write O in the form (2, <, >.), £2,— the space of objects of the category C
and <, >, i8 a sign for its classes.
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the category Man-ob. More precisely, we give a method for the determina-
tion of morphisms for homogeneous Man — objects. Homogeneity is here under-
stood in the sense that the stationary subgroups of two arbitrary points in X are
conjugated.

The potion of ¢ — objects includes the notion of geometric objects ([1], [7]).
It seems that we might speak of geometric C — objects, specially of geometric
Man — objects. They also form a category which may be denoted, for example,
by gC-ob. The notion of morphism of the category gC-ob is strictly connected
with the notion of the concomitant of a geometric object (see [3], [4], [6], [8],
[10], [17], [18]). By the method presented in [12], we have determined in [13],
[14], [15] the concomitants of certain types for some geometric objects. Con-
comitants are of great importance in problems of classification of geometric
objects (see [3], [16], [17]).

In the paper we use the language of categories and, in particular, we apply
the following equalities (concerning the category of Ens) (see [2])

l- Let fE <A, A'1>EDB’ gce <B, BI>EDB’ he <A1') A2>ED§’ ke <B1’ Bz>Em. Then

(AXE)e(fxg)=(Rof)X(kog).

2. Let fedAd,Bdgu, ge<d,Clgy, he{B,B)g, ke{B,B)g, and
q € <0, 01>Ens‘ Thell )

(hyk)yof=(hof,kof)
(X)X (fy9)=1(hof,q°9).

Furthermore, we shall also use the equality (since it is easy to verify)
3. If fedX, Udgpgy 9€ <X, Vg and h e (Y, W)g,,, then

(fy @)X b= (p,o(fx1y),gx )

where p; e CUX Y, Udgns is the canonical ‘projection and <Y, ¥Y)g, > 15 is the
identity mapping on Y.

and

~ L. CATEGORY OF C-OBJECTS

Let an arbitrary concrete category ¢ = (2, <, >o) be given (see [9], p. 38);
Jits morphisms are mappings and its composition is the composition of mappings.

Definition 1. Any mapping X : 2, X 2,—2, is called a product-operation
in C if the following condition is satisfied

§eld, By, ne<C, D)o=EXne(AXC, BXD)y.

Any category Man of differentiable manifolds of arbitrary class
re{—1,0,1,2,..,} is a category with a product operation; (by Man of class

e s e amaaamge oo o
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7 = —1 we mean the category Ens, by Man of clags r = 0 — the category Top
of topological spaces). The product- operat:on is the product of manifolds
(see [2]).

Let a group (4, a) be given with group-operation a: A X A— A, neutral
element ¢, and inverse-operation —1,: A—A.

For sets A;, .., As and k-element variation (i,,...,4;) given arbitrarily,
with elements in (1, ..., n), we denote by p%, ..., ¢, the mapping »7,, ..., 9, :
A2 .. A, > A4 X o X Ay,
defined by

(1) P il By ooy @) 1= (@1, ...y ag) for all age A(i =1, ...,7n).

Denoting by e, : A— A the constant mapping defined by e,(a): = ¢, for all
ae A we may state the following:
If (A, a) forms a group, then the identities hold

1) a°(pf,a°_’p§3)=a°(a°p22,p§) ’
(2) 2) ao(ly,eq)=ao(ey,1)=1,
3) ao(ly,—1)=aoc(—1,1,)=¢,

where p?, p}, pd,, p3, are defined in (1) for 4, = A, = A, = A. The inverse is
also true: If, for arbitrary set 4, we have mappings a: AXx A—Ad,e,: A—A
(constant mapping with value denoted by e,) and —1,: A— A4 such that all
conditions 1)—3) in (2) are satistied, then (4, a) forms a group with group-opera-
tion a, neutral element e, and inverse operation —1,.

Remark 1. If we denote a':= aop3, where p;, is defined in (1) for
A, = A, = A, then it may be stated that (4, a-?) is a group with neutral ele-
ment e, and. inverse operation —1,. This group is called the opposite group to
the group (4, a) (see [11]).

The proof of this very well-known fact, in the Ens-category language, is the
following:

We have to show that the following identities hold:

1) alo(p}, a™t e phy) = a~to (a? ° Pley P3)
(3) 2) ato(ly,e )=0alo(e 1) =1,
3) ato(ly, —1) = a7 o(—1,1,)=e,.
To get the first identity in (3) we write
a lo(ph, at o ply) = (a0 ph) o (2}, a o p}; o 1)

= (a °1’§1) ° (Pgr a °.'p§2) =ac°(a °P:2,P¥)
and

ate(a? °pi32’ Pg) = (a °P§1) °(a °P§1 °P§29 'p§)
= (aop3) o(aopy,p;) = ao(ps, aopy).
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From 1) in (2) we get the identityA ‘
a o (P}, @ o Py) © Payy = a o (a o Py, P3) © Dy
or
a o (Pgy @ o p3y) = a o (a o pgy, P3) )
which ends the proof of 1) in (3).
For the second identity in (3) we write

alo(ly,e,)=(a °.’p§1) o (Lyyeq) = ao(eg 1,) ‘(_;) La
and
ato(egy 1) = (aopy)o(eyyly)=ao(ly,e,) ) e

the third identity is obtained by way of

ato(lyy —1)=aepyo(ly, —L)=ac(—1,1,) (f) €4
and

ato(—11)=acppy o(—1,1)=ae(ly,—1)= ® €4
Denoting 1,: = 1, we may state the following.

Remark 2. For arbitrary ¢,¢ € {—1,1} we get the following identities
L a*=z¢g,0a0(e,X¢),(ee), 06, =¢€,
(4) 2. (e8') = &, 0 £, (£,X &) o () X (e8))g) = € X &,
3. guog,=1, (e&'),08,=c¢..
The first identity, for ¢ = —1, is a direct consequence of the identity
f ~lea=ao(—1,x—1) 7},
the rest are trivial,

Let C be a category with a product- oper&tlon “X” such that for all 4 € .Qo
we have ps e (AX A, Ax Adg.

Definition 2. By a C-group we mean any group (4, o) such that
1. A€y,
{5) . 2. ae{AXA,A)q,
3. —1,¢e{4, Adg.
Any C-group for ¢ = Man of an arbitrary class r is a Lie group of class r
‘(see [10]).
Remark 3. The family of all C-groups forms a category denoted by C-gr;

for given O-groups (4, a) and (B, §) the class (4, a), (B, f))¢.g consists (by
definition) of all the mappings A1 : A— B which have the following properties

1. Ae<d, By,
2. doa=fo(AXA).

(6)
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The composition of mappings has the property of being a-composition of mor-
phisms of the type (6). Really, let

Ael(4,a), (B, Boge and  ped(B,B), (C)¥)oge -

We shall show that pole{(4,a),(C,y))c.e. For this purpose let us write
the conditions (6) for u

1. ﬂE(B,G)G,
2. pef=yo(uxp).

The fact that p e 1e<4, C), immediately follows from 1) in (6) and in (7).
It remains only to show the equality

(8) (meod)oa=yo((peor)x(uxd).
For the equality

(M)

(o Q)X (pod)=(uxXp)o(AxA)
we may write A '

yelwe )X (uoh))=ypo((uxp)e(ix )

('—;‘;(ﬂ“ﬂ)°(1><1);—),u°(1°a)=(,uO/'l)oa

which was to be proved.

Remark 4. The opposite group (4, a~?) of an arbitrary C-group (4, a) is
also a C-group. Furthermore, for each & e {—1,1} we get

(8% ato(ly, —l)=a"(—1,,1,)=¢4.

Proof. Wehave a e (AX A, A)¢, pj e (AX A, A X A)y. Assuming that C is
a concrete category we get a'e (4 X 4, A>; and this ends the proof (see (5)),

Definition 3, A triple (X x 4, f, X) is called a C(a, f)-object (or shortly
C-object) of type ¢, e e {—1,1}, if

1) X, A40,,

2) fe<XXA4,X)g,

3) (4d;a) €205

4) fo(fX1)=fe(1gX ),

5) fo(lyxxe,)=p}o(lxXey) -
where p%: X x A—X is defined in (1).

Remark 4. From Definition 3 we get the following fact. If (X x 4, f, X)
is a C-object of type ¢, then

(8) Fo(fX1y) e (LyX (Ly, —10) = p2 o (1x X 1)

b — Prace Matematyczne, z. 17
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Proof. We write '
Folfolyg)o(legx (1, —1,) f)f" (Lxxa®) o (lgx (1, —1,))
= fo((1g o 1x) X (a® o (14, —1,))
=fo (1XX a®o (1, _lu))
(Bz,)f ° (1xX e4) (T)Pf o (lx X e4)
= pio(lxXl,),

whieh this was to be proved.
From (8') we also get

(8" Folfx1)e(lex (=1, 1)) =97 (1xx1y).

Definition 4. By a homomorphism of a given C-object (X x 4, f, X)
of type ¢ into another C-object (Y X B, ¢, Y) of type ¢ we mean any mapping
pXxA: XXA—-YXB

such that

1. Q € <X, Y)c ]

2. Ae <(-A-; a'), (B, ﬁd»c-gu

3. pof=go(pxA).

Proposition 1. The family of all C-objects forms a eategory in which mor- .
phisms are homomorphisms in the sense of definition 4 and the composition of
morphisms is the composition of mappings.

Proof. Let be given three arbitrary C-objects

(Xx4,f,X),(YxB,g,Y),(ZxC, b, Z)
of types ¢, g, g, respectively, and arbitrary homomorphisms
eXA: XXA-YXB,yXu: ¥YXB->ZXC.
We have to show that
(pxp)e(pxd): XXA-ZXC

is a homomorphism.
Denoting y:=yog@ and »: = u o A we may write

(pXp)olpxd)=ygeov.
By definition 4 we have to show that :
1 yelX, Z),,
2. ve{(4,0q%, (2, '}’e)>B~gr
3. xof=ho(yxx).
The first condition does not require any proof.
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£

For the second let us write (6) and (7) for our morphisms -

hecA, o), (B, Fog 80 pe (B, B, (C) 1) og -

We have )

(9) ~ Ae{d,B>y, me<B, 0

and

(10) | Aoa'=f"0(AXA), pof’=9y"c(uxp).

We have to show that (remember that »: = po 1)

(11) veld, O)¢
and
(12) yoa' =y o (¥X7).

The condition (11) is a direct consequence of (9); (12) we get in the following
manner:

Yo (rxv) =y o((poA) X (s oh) =9 ((uxp)e(Ax1)
=(.u°ﬁ")°(1'><1)(§)M°(3°a‘)=1’°a".

(10)

For the third condition we have

(13) pof=ge(pXA), pogd="ho(pXpu)

and we have to show that (remember: x t= Yo, v:i=pol)

xof="ho(xX»).
We may write

ho(gxv)="ho(pog)X(uold)="Tho(pXpu)e(pX4)

;)(wog) °(¢X/})u=s)tp°(¢°f)= xeof-.

The proposition 1 is therefore proved. -

The category of C-objects we denote by C-ob.

The main purpose of our paper is to give a method for the determination of
clagges of morphisms of this category C-ob. First we shall show that the problem
of the determination of the class of morphisms for a given pair of C-objects of
types ¢ and o, respectively, may be reduced to such a problem for C-objects of
type 1. This fact follows directly from the following (putting ¢’ = 1 and o’ = 1).

Proposition 2. Suppose we are given two C-objects (X X A, f, X) and
(Yx B, g, Y) of types ¢ and o, respectively, and two numbers &', o’ ¢ {—1, 1}
Denoting 1,:= 1, and

(14) _ f: =fo (1xx (Ea')a)’ gi=ge (117 X (“Ul)p)a i:= (0"");; o Ao (eg),
5.
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.

we may state the following

I) (Xx A4, f, X) and (Y x B, §, Y) are O-objects of types ¢’ and o, respecti-
vely, and

II) gvx_)._e <(-XXA7f_._p X),(YXB,g, Y))g.ape
pxAe{(Xx4,f,X),(YXB,g, Y)')C’-ob .

Proof of I). It is enough to show that (X x 4, f, X) is a C-object.

According to definition 3 we have to show that all conditions 1)—05) for our
triple are satisfied. Conditions 1), 2) and 3) are satisfied trivially. The fourth
condition takes the form

(15) Fo(fx1)=7Ffo(lgxd).

We may write

Fo(fx 1= (o (L (7)) ((f o (Lx X (e2),)) XlA)
= fo[(Lxx () o (£ o (X (e£'))) xL)]
= fo[(tx o (£ (e (eel))) x (e o L]
= fo[[F o (Lx X (ee)a)) X (e2)]

and
(16) Fo(lxx a")u=s) fo(lxx(ee)) o (Lxx a¥) = fo((1x o 1x)) X((e6')s a*)
= fo [LxX((z")s ° 0)) -
In virtue of (4) we may write
(17) (88")g 0 & = (g5 0 &) o (€5 0 @ o (£}, X &)
=g 0a0 (el X £l)
= o ao (e 060 €)X (£ 0 £y 0 £)
— egoao (fe, o (s20) X e, « (e£')
= g, 0a 0 (g,X &) ((ee')a X (¢8)q)

, = 0’ o ((e&"), X (e€)q)
and

Lg X ((28')q © @) = 1 X {a* o ((ee"), X (28'),))
= (1 o 1x) x[a® o (e8"), X (e&").))
= (LxX @) o Ly X{(e6")e X (s2),))
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80 we get (see (16)) that

fo (1x’><((68")a ° a‘)) =fo(lxXd')o (lxlx((se’)a X (es'),,))
= o (FxL0) o [Lrx((ee)y ¢ (s2),))
= Fo(FX L) e ((LxX (2)e) X (ee’),)
= foff o (LxX (es))) X (1 o (26),)
= o(fe(Lxx (ee))x (ee)) -

The identity (15) is therefore proved.
The fifth condition in def. 3 for (X x 4, f, X) follows from the identity (which
is easy to verify)

follxXe)=Ffc(lgxey,).
Proof of II). We assume that (see def. 4)
1. w € <.X, Y>C )
(18) 2. hel(4, ), (B, Foge
3. pof=ge(px2)
and we have to show that (see (14))
1. Qe <X, Y)a,
(19) 2. 2e{(4, ), (B, Voo »
3. ¢9of=golpx).

The first conditions in (18) and (19) are the same, to get the second condition
in (19) we have to show that (see (6))

1) 2¢<4, B)y,

(20) - A
2) Toa® = f o AxA)..

The first condition in (20) does not require any proof.
For the second we write
Aoa (E(ao)ﬂoko(aa ),,oa'a-?:)(aa)ﬁoloa,o((ss),,x(se )a)
and
B o (AxT) = 7 ((00)g = Ao (e2')) X (00"}, = 4o (e¢'))
= 7 o [((00")5 0 A) X ((00")5 = 2)] o [(e€") X (£2"),]
= B o ((60")yX (00")y) o (A X A) o ((£8") X (2€)g)
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= 0y 0 B o (05X 0p) o ((00")5 X (90")g) 0 AX A) o ((e€), X (8"),)

5 0gofo(0gX ag)o(AXA)o ((ee')ax (es’)q)

= (00')g = 052 B> (03 0p) o (A ) o (&), (e€'))

= (007)go 7o (AX A} e ((e&")q X (2&")q)

y = (00")go Ao a’ o((se) X(ss))

Now we turn to the third condition in (19). We write

' °f(m‘l’ fo (1x X (&g’ )u) = @ fe ((1x oly)X (g0 su))

=gofollgXe,)e (1X>< @)= golpx) e (lxXe) o (Lx X #)
=go{lpelx)x(dog)) o (lxxe) =go(p(leos) (1xx &)
= g((poLx)X (Lo o)) = g o (px(do (ee))
and _
7o (wxD) =g (Lyx (90')y) o px((00") o 4 = ("))
=g ((1p @) X((00"); o (00')5 0 A0 (ee'),))
= 9o ((xop)x(lpodo(eel)) =g [px(ie ().

Therefore “ =" in IT is proved. The proof of =" is the same as for “ =" because
we have (see (14))

H=75f @=9, B=12.

Proposition 2 is proved.

II. ORBITAL SECTIONS OF MAN-OBJECTS

From now on we shall only consnier C-objects of type 1. We shall now give
some definitions.

Let a C-object (X x 4 f , A) of type 1 be given and let us fix arbitrarily
wye X,

Definition 5. By an orbit of x, we mean the set

Orbay:={xeX|Haecd:x=f(x,a)}.

Each two orbits are either identical or disjoint.
The space of all orbits in X we denote by OrbX.
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Definition 6. By stationary subgroup of «, (or isotropy group of #, or stabi-
lizer of x,) we mean the subgroup A, of the group A defined by

(21) Az, = {a e A|f(2, a) = 25} ?) .

Definition. 6. By point — stationary subgroup of a given set M in X
(point-isotropy group of M) we mean the intersection of all stationary subgroups
of points in M. We denote this by Aum.

- Definition 6". By set-stationary subgroup of M we mean the subgroup Ay
of A defined by
— (@ e AIf(H, a)= 3}
In this paper we shall apply A ,, only in the sense of definition 6’. Definition 6’ is
given only for comparison with the former.

Definition 7. A mapping s: X—+X><A is ‘called a section for C-object

(XxA,f,X)if
1) fes=1x,

22
( ) 2)8€<X,XXA>0-

Denote p, : = p2, p, : = p: (see (1)).

Remark 5. If s is a section for C-object (X x 4, f, X), then the mapping
P; o 8§ : X— X may be projected to an identity mapping Orb X —Orb X; In other
words, the decomposition of X given by orbits is invariant under the map-
ping p; o 8.

Proof. Let us take an arbitrary ¢ X. We have (f o 8)(x) = 2. Denote
(@', a') : = 8(z). From f(x', ') = « it follows that 2’ ¢ Orbx. But 2’ = (p, - 8)(z),
80 (p, o s)(z) e Orbz, which was to be shown.

Definition 8. A section s of C-object (XxA fy X)is called orbital if the
following identity holds true -

(23) Prosof=1po((po8)x1y).

This condition is equivalent to the fact that p, o ¢ is constant on each orbit.
Denote

(24) X :=Im(p; )

and for a given ;€ { denote

(25) A:= Im(p, o 8|0rbuz,) .
Xo

Definition 9. For a given disjoint decomposition Dec X of a set X we call
'SX C X by a section of DecX if X meets any component of DecX at exactly
0

one point.

%) From the property 5) of f assumed in def. 3 it follows that for each z, « X we have 4, % 9.







