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Remarks on J. Gancarzewicz’s Paper “On Commutative Algebraic
Objects over a Groupoid“

J. Gancarzewicz has introduced in [1] the notion of a commutative algebraic
object and has studied its properties. Unfortunately in some proofs in this note
incorrect statements have been used although these proofs can be established
without them. Furthermore Theorem 3 and Lemma 3 should be slightly changed
because in the form given in [1] they are not true. The purpose of this note is
to point out the inaccuracies noticed in [1] and to signal how they can be cor-
rected. All non-defined notions in this paper are used in the sense of the defi-
nitions given in [1] and [4].

In the proofs of Corollary 1, Lemma 4 and Theorem [5] in [1] the author has
used the following statement (ef. [1] p. 19): “Let (A, X) and (B, X) be two
algebraic objects over X, and let » : A— B be a strong homomorphism of (4, X}
into (B, X). If (C, X) is a subobject of (4, X), then (C, X) is a subobjeet of
(B X)”

We shall prove that this is true if X is a Brandt groupmd but it is not true
in a more general case if X is only a groupoid.

Theorem. Let (4, X) be a complete algebraic object, (B, X) an arbitrary
algebraic object and let & : A—B be a homomorphism of (4, X) into (B, X).
If (C, X) is a subobject of (4, X), then (k(C), X} is a subobject of (B, X).

Proof. Let x € X, ¢ € C. Then «h(c) is defined (as zc is defined and 4 is a homo-
morphism) and

xh(c) = h(zc) .
But O is a stable subset (cf. [4] Proposition 3 p. 72) and hence x¢ ¢ C and con-

sequently ak(c) e 2(C). Thus k(C) is a stable subset i.e. (k(C), X} is a sub-
object of (B, X).
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In [2] it has been proved that every algebraic object over a Brandt groupoid
is complete 1) (cf. [2]. Corollary 1 p. 226). This fact and the previous theorem
immediately imply the following.

Corollary. Let (4, X), (B, X) be two algebraic objects over a Brandt
groupoid X and let  : A— B be a homomorphism of (4, X) into (B, X). If (C, X)
is a subobject of (4, X), then (h(C), X) is a subobject of (B, X).

We shall now show that the analogue of Corollary 1 for a groupoid is not
valid.

- Example 1. Let X = X, v X,, where

)
X, =11, 2} x{1, 2} = {(17 1),(1,2),(2,1),(2, 2)},
X, = {3,4}x{3, 4} = {(3, 3), (3, 4), (4, 3), (4, 4)} .
“‘We define an interior operation “-” in X in the following way:
(¢,§)-(ky )= (i,1) for j=%k,

{%,§)(k,1) is non-defined for j # k.
Tt may be seen that X; and X, with such interior operation are Brandt groupoids
and consequently X is a groupoid (cf. [3] p. 10).

Let A = (—o0,0)w (1, co). We put:

(L,1)ea=(2,2)a=a for ae(l, o0),
(1,2)a = ** for aedl, x),
1 n
.-(e denotes the number lim (1—}—5) ),
n—0
(2,1)a =Ina+1 for aedl, o),
(iyj)a=a for ae(—o0,0%,4,5j=3,4.

Tt is easy to verify that the pair (4, X) with the exterior product defined in
such a way is an algebraic object.
Let B = <0, o). We define the exterior product (¢, j)a for (i, j) € X,, a € (1, )

in the same way as in (4, X), and we put (¢, j)a =;—_afor a0, 0),i,j =3,4.

It is seen that (B, X) is an algebraic object.
Let us consider the function % : A > a—|a|. It can be easily verified that & is
a strong homomorphism of (4, X) into (B, X). Set (1, oo) is stable in (4, X)
but it is not stable in (B, X) (e.g. (3,4)2 = 12 ¢ {1, o0)). Thus (<1, o0), X)
is a subobject of (4, X), but (h(1, o), X) is not a subobject of (B, X).

Now we shall give an example showing that Theorem 3 and Lemma 3 of [1]
are incorrect.

-

1y In [2] the term “a non-singular object” has been used instead of the term “a complete
©object”.







