™~

~,
\ZESZ‘YTY NAUKOWE UNIWERSYTETU JAGIELLONSKIEGO
COCOIII N PRACE MATEMATYCZNE, ZESZYT 17 1975
\
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Remarks on J. Gancarzewicz’s Paper “On Commutative Algebraic
Objects over a Groupoid“

J. Gancarzewicz has introduced in [1] the notion of a commutative algebraic
object and has studied its properties. Unfortunately in some proofs in this note
incorrect statements have been used although these proofs can be established
without them. Furthermore Theorem 3 and Lemma 3 should be slightly changed
because in the form given in [1] they are not true. The purpose of this note is
to point out the inaccuracies noticed in [1] and to signal how they can be cor-
rected. All non-defined notions in this paper are used in the sense of the defi-
nitions given in [1] and [4].

In the proofs of Corollary 1, Lemma 4 and Theorem [5] in [1] the author has
used the following statement (ef. [1] p. 19): “Let (A, X) and (B, X) be two
algebraic objects over X, and let » : A— B be a strong homomorphism of (4, X}
into (B, X). If (C, X) is a subobject of (4, X), then (C, X) is a subobjeet of
(B X)”

We shall prove that this is true if X is a Brandt groupmd but it is not true
in a more general case if X is only a groupoid.

Theorem. Let (4, X) be a complete algebraic object, (B, X) an arbitrary
algebraic object and let & : A—B be a homomorphism of (4, X) into (B, X).
If (C, X) is a subobject of (4, X), then (k(C), X} is a subobject of (B, X).

Proof. Let x € X, ¢ € C. Then «h(c) is defined (as zc is defined and 4 is a homo-
morphism) and

xh(c) = h(zc) .
But O is a stable subset (cf. [4] Proposition 3 p. 72) and hence x¢ ¢ C and con-

sequently ak(c) e 2(C). Thus k(C) is a stable subset i.e. (k(C), X} is a sub-
object of (B, X).
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In [2] it has been proved that every algebraic object over a Brandt groupoid
is complete 1) (cf. [2]. Corollary 1 p. 226). This fact and the previous theorem
immediately imply the following.

Corollary. Let (4, X), (B, X) be two algebraic objects over a Brandt
groupoid X and let  : A— B be a homomorphism of (4, X) into (B, X). If (C, X)
is a subobject of (4, X), then (h(C), X) is a subobject of (B, X).

We shall now show that the analogue of Corollary 1 for a groupoid is not
valid.

- Example 1. Let X = X, v X,, where

)
X, =11, 2} x{1, 2} = {(17 1),(1,2),(2,1),(2, 2)},
X, = {3,4}x{3, 4} = {(3, 3), (3, 4), (4, 3), (4, 4)} .
“‘We define an interior operation “-” in X in the following way:
(¢,§)-(ky )= (i,1) for j=%k,

{%,§)(k,1) is non-defined for j # k.
Tt may be seen that X; and X, with such interior operation are Brandt groupoids
and consequently X is a groupoid (cf. [3] p. 10).

Let A = (—o0,0)w (1, co). We put:

(L,1)ea=(2,2)a=a for ae(l, o0),
(1,2)a = ** for aedl, x),
1 n
.-(e denotes the number lim (1—}—5) ),
n—0
(2,1)a =Ina+1 for aedl, o),
(iyj)a=a for ae(—o0,0%,4,5j=3,4.

Tt is easy to verify that the pair (4, X) with the exterior product defined in
such a way is an algebraic object.
Let B = <0, o). We define the exterior product (¢, j)a for (i, j) € X,, a € (1, )

in the same way as in (4, X), and we put (¢, j)a =;—_afor a0, 0),i,j =3,4.

It is seen that (B, X) is an algebraic object.
Let us consider the function % : A > a—|a|. It can be easily verified that & is
a strong homomorphism of (4, X) into (B, X). Set (1, oo) is stable in (4, X)
but it is not stable in (B, X) (e.g. (3,4)2 = 12 ¢ {1, o0)). Thus (<1, o0), X)
is a subobject of (4, X), but (h(1, o), X) is not a subobject of (B, X).

Now we shall give an example showing that Theorem 3 and Lemma 3 of [1]
are incorrect.

-

1y In [2] the term “a non-singular object” has been used instead of the term “a complete
©object”.
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Example 2. Let X, be the same groupoid as in Example 1. As a fibre we
take set Z of integers. We put:

hy(n) = n+1 for neZ,
ho(n) = m for neZ,

(6, ))n=hihs(n) for neZ,i,j=1,2.

The pair (Z, X,) with an exterior product defined in such way is an algebraic
object (cf. e.g. [2] Theorem 3 and Corollary 2 p. 222, 226). Only set Z actually is
stable in this object. Suppose that a set Z, ¢ = Z C Z is stable. Let n, € Z.
Then we have:

(2, L)ny=no+1eZ,
and consequently (by induction) we obtain:

neZ for =n = Ny .
In a similar way we have:
(1,2)n0=n—1cZ

which consequently implies that n e Z for n < n,. Thus Z = Z.

The object (Z, X) does not contain a proper subobject and hence it is simple.
Obviously (Z, X) is non-transitive. This proves that Theorem 3 of [1] is incorrect.
Every one-element set {n}, n € Z is a generator of (Z, X) (as(Z, X) is simple).
But we have for (i,j) e X;:

i,j)l=1 or (i,j)l=2 or (i,§)1=0.

This shows that Lemma 3 of [1] is not true. It also proves that the object 0(a) may
be non-transitive (which has been used in the proofs of Theorems 3, 5, 6 of [1]).

All the cases of incorrectness of [1] shown have been caused by the fact that
the “multiplication” in a groupoid is defined for only some pairs. Let us observe
that all results of [1] (and all proofs) will be correct if we replace a semigroupoid
by a semigroup with the unit a groupoid by a group. But the results of [1] can
also be corrected without the loss of their generality, i.e. without additional
assumptions. For this purpose we need a certain notion more general than a tran-
sitivity. We shall now define this notion.

Let (A, X) be an algebraic object. By X we shall denote the set of all finite
non-empty sequences of elements of X. The exterior product X x 4 > (z, a)—za
can be extended to the exterior product Xx4-s (%, a)—za. We put for a e 4,
(@ny ooy ;) € Xt

(Try Bpy—gy weey Tpy 1) = Ty (m,,_,(... Doy a)...)) ,

where the left side of this equality is defined iff the right side is defined.
We propose to accept the following




ST T e R PR T T

92

Definition. An algebraic object (4, X) over X will be called quasi-transitive
if for every a,b ¢ A there exists & ¢ X such that Za = b.

It is immediately seen that the notion of quasi-transitive algebraic object
is a generalization of the notion of a transitive algebraic object. On the other
hand, if a semigroupoid X is a semigroup (obviously with a unit), then we have
for every object (4, X):

(Tny Byyy veey Tny £1) @ = m,,(mn_l(... wz(mla)...)) = (@n By ere* Ty, T) @ .

But (2@, ... %,'%;) € X. Thus, if in the case considered an object (4, X) is
quasi-transitive, then (A4, X) is also transitive. This means that in the case
when X is a semigroup with a unit, the notion of a quasi-transitive object is
equivalent to the notion a transitive object. ’

If we replace in {1] the term “transitive” by the term “quasi-transitive”
and “z ¢ X” by “& ¢ X” respectively, then all results of this note are true (though
some proofs have to be changed).

This will be proved in detail in an other note, now being prepared. We must
first investigate some properties of the quasi-transitive objects; this will be
reported in the forthcoming paper.

REFEREN_CES

[1]1 J. Gancarzewicz, On commutative algebraic objects over a groupoid, Zeszyty Naukowe
Uniw. Jagiell. Prace Mat., z. 12 (1968), p. 19—25.

[21 J. Tabor, The translation equation and algebraic objects, Ann. Pol. Math. 27 (1973),
p. 219—229.

{3] W. Waliszewski, Categories, groupoids, pseudogroups and analytical structures, Roz-
prawy Mat. 45, Warszawa 1965.

[4] A. Zajtz, Algebraic objects, Zeszyty Nauk. Uniw. Jagiell. Prace Mat., z. 12 (1968), p. 67—79.



