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On a Certain Polyharmonic Problem for the Half-Plane

%

In the present pépcr we slulall give a solution -of the m-harmonic eqﬁation
C (D) B » A"u(xy, %) =0
in the half-plane x2 >0 satlsfymg the boundary conditions
@ A(D,,+hyu(x,, 0) = fixn), 4 = A(A‘ Y,

where i =0,1,..,m—1 and A is a negative constant.

We shall solve the problem (1), (2) by means of the convenient Green -function. .

1. Let X = (x;, Xx;) and Y = (y,, y,) denote arbitrary points for which x,>0, y,>0
and let rf = |XY|* = (y; —x,)* + (72~ x2)% 13 = | X, YI* = (01— %))" + (92 +x,), where
X, = (x1, =x3), 15 = | X, Y|? = (9, —x)* +(y,+0)%, where X, = (x,, —v) and v>x,,
rh= X3 Y12 = 1= x)*+ (x5 +5)% where X3 = (x;, —x,—5) and s>x,+¥,, rs
=X, Y1)? = (3. —x,)*+5% where X, =(x;,5) and Y, =(,0), re=|XY,?
= (y1—x,)2+x% and 15 = |XT,|? = (v, —x,)> +(x, +5)?, where ¥, = (y;, —5). Let

P = {(X’ Y): IX1|<A,O<C1<X2SC2, |y1|<A30<C1<y2<CZ}3

_where 4, C,, C, are positive constants and let

Ll(X Y)=E j exp (h(v=x,))r3" *Inridv,

ILX,Y) = Ej e"sri""'2 Inrids,

IL(X,Y)=E j exp(h(s xz—yz))r§“ *Inrids,

) xz+yz
where E = h(n)~ 1.
Now we shall prove

Lemma 1. If X, Y € P, then there exist the integrals I, (1 = 1,2, 3), which are umformly
convergent in the set P and ‘

3) L(X,Y) = L(X,Y) = X, Y).
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- Pro of. We shall prch that the integral I,(X, Y) is uniformly convergent in IP‘. Indeed, ‘
we have the inequalities , '

(X, V<E | é®e ™ 3" 2 Inr}|dv< E Jy(X, Y)
Cy -

where ‘ ‘ o
J(X, Y) = [ 3™ ?(inrildv and Ey = Ade*®.
Ci ;
.Jz(XsVY) = Jz(X: Y)+13(X= Y)

where ;
. ’ R . 0 . LY

JX, )= { & ri"2nrjldv  and J5(X,Y) = [ e rim=2|lnrj|dv .
. Ci ) R R :

For the arbitrary number R>C, and X, Y € P there exists the integral Jo(X, ¥). Let ¢ be
an arbitrary positive number. There exists the number R(P) such that r;<4v® and
IInr?|<Ino®<4v* for v>R>C; and X, Ye P. From the last inequality we get

X, V< [ @oym=2avtdo = 227 [ (&) o™ do
R R

<o j‘ (2m+2)! v2m(H2m+202m+2)—1du - EZR-I ,
2 e _ :

‘where ‘
' H = —h and E, = 2"2m+2)! (H*"*%)~1. -
If R>’(a)*1E2,thenthe integral J3(X, Y)<eforevery X, Y € P. Hence the integralJ, (X, Y)
is uniformly convergent in the set P. ‘ Co
: For the integrals Ji(i = 2, 3) the common majorant is similar to the majorant of the
‘integral I (X, Y). ; ' ,
~ Now we shall prove condition (3). Applying in the integral I,(X, Y) a change of variable
@ : yatv =35 ' '
" we gét I(X, Y) = I,(X,Y). Introducing in the integral I,(X, Y) the new variable
S

(5) ' . V—X; = §
we obtain I,(X, Y) = Li(X, Y).

Let ‘ :

, L(X, Y) = Ef €*|D,s(r5" *lnrd\ds
L 0
~ and '

INX, Y) = E [ " |Dyg(ri™*Inrd)|ds,
R B

where p,g=0,1,..,2m—2, and p+q<2m‘—.2. o







