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On a Certain Polyharmonic Problem for the Half-Plane

%

In the present pépcr we slulall give a solution -of the m-harmonic eqﬁation
C (D) B » A"u(xy, %) =0
in the half-plane x2 >0 satlsfymg the boundary conditions
@ A(D,,+hyu(x,, 0) = fixn), 4 = A(A‘ Y,

where i =0,1,..,m—1 and A is a negative constant.

We shall solve the problem (1), (2) by means of the convenient Green -function. .

1. Let X = (x;, Xx;) and Y = (y,, y,) denote arbitrary points for which x,>0, y,>0
and let rf = |XY|* = (y; —x,)* + (72~ x2)% 13 = | X, YI* = (01— %))" + (92 +x,), where
X, = (x1, =x3), 15 = | X, Y|? = (9, —x)* +(y,+0)%, where X, = (x,, —v) and v>x,,
rh= X3 Y12 = 1= x)*+ (x5 +5)% where X3 = (x;, —x,—5) and s>x,+¥,, rs
=X, Y1)? = (3. —x,)*+5% where X, =(x;,5) and Y, =(,0), re=|XY,?
= (y1—x,)2+x% and 15 = |XT,|? = (v, —x,)> +(x, +5)?, where ¥, = (y;, —5). Let

P = {(X’ Y): IX1|<A,O<C1<X2SC2, |y1|<A30<C1<y2<CZ}3

_where 4, C,, C, are positive constants and let

Ll(X Y)=E j exp (h(v=x,))r3" *Inridv,

ILX,Y) = Ej e"sri""'2 Inrids,

IL(X,Y)=E j exp(h(s xz—yz))r§“ *Inrids,

) xz+yz
where E = h(n)~ 1.
Now we shall prove

Lemma 1. If X, Y € P, then there exist the integrals I, (1 = 1,2, 3), which are umformly
convergent in the set P and ‘

3) L(X,Y) = L(X,Y) = X, Y).
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- Pro of. We shall prch that the integral I,(X, Y) is uniformly convergent in IP‘. Indeed, ‘
we have the inequalities , '

(X, V<E | é®e ™ 3" 2 Inr}|dv< E Jy(X, Y)
Cy -

where ‘ ‘ o
J(X, Y) = [ 3™ ?(inrildv and Ey = Ade*®.
Ci ;
.Jz(XsVY) = Jz(X: Y)+13(X= Y)

where ;
. ’ R . 0 . LY

JX, )= { & ri"2nrjldv  and J5(X,Y) = [ e rim=2|lnrj|dv .
. Ci ) R R :

For the arbitrary number R>C, and X, Y € P there exists the integral Jo(X, ¥). Let ¢ be
an arbitrary positive number. There exists the number R(P) such that r;<4v® and
IInr?|<Ino®<4v* for v>R>C; and X, Ye P. From the last inequality we get

X, V< [ @oym=2avtdo = 227 [ (&) o™ do
R R

<o j‘ (2m+2)! v2m(H2m+202m+2)—1du - EZR-I ,
2 e _ :

‘where ‘
' H = —h and E, = 2"2m+2)! (H*"*%)~1. -
If R>’(a)*1E2,thenthe integral J3(X, Y)<eforevery X, Y € P. Hence the integralJ, (X, Y)
is uniformly convergent in the set P. ‘ Co
: For the integrals Ji(i = 2, 3) the common majorant is similar to the majorant of the
‘integral I (X, Y). ; ' ,
~ Now we shall prove condition (3). Applying in the integral I,(X, Y) a change of variable
@ : yatv =35 ' '
" we gét I(X, Y) = I,(X,Y). Introducing in the integral I,(X, Y) the new variable
S

(5) ' . V—X; = §
we obtain I,(X, Y) = Li(X, Y).

Let ‘ :

, L(X, Y) = Ef €*|D,s(r5" *lnrd\ds
L 0
~ and '

INX, Y) = E [ " |Dyg(ri™*Inrd)|ds,
R B

where p,g=0,1,..,2m—2, and p+q<2m‘—.2. o




“.". From the triangle inequality it follows that there exists a igumbe'r R such that
(6) - 15l <rigas®
for every s>R and all X, YEP o
‘We shall prove
Lemma 2. The mtegra]s L X, Y) are uniformly convergent in every set P.
Proof The integrals ’

j e Dh,g(r%"‘*zlnrg)ds '

_ are convergent for X, YeP. By (6) the intégrals ITX, f) have the common majoraﬁt
'(ﬂ : | o Cj?e"’sz"'ds ;
for a suﬁ‘lclently great R, C being a constant. Let £ be an arbitrary positive nu&xber Smcc

_the integral (7) is convergent, we obtain the Inequallty I:,‘,,(X Y)<e for R> Ry(e)>0 and
all X, Y e P, therefore the thesis of Lemma 2,

2. Now we shall prove.
_Theorem 1. The function

G Y = Qo A el + (20) el + (X, T)
is the Green function for problems (1), (2). '
Proof By Lemmas 1, 2 we get

A’;‘G(X; Y) = 47(2m ' 2m= 21nr1)+A (@m)~tr3m 21nrd) +
| FE[ AN Inrd)ds = 0.,
Q .

Sihce the functions r™~2inr’(i = 1, 2, 4) are m-harmonic functions with réspect to ¥,
- we shall prove t that the function G(X, Y) satlsﬁes the homogeneous. boundary conditions (2).

Applymg formula (3) and the formula .. o
T (8) A (rz’" "'lnr) = A,Jrf’" 22 nr 4+ C im0 = pyr),

where i=0,1,..,m=1, j=1,2,4; C,;=C; being constants and Ao, =1,
A;; = 44m—1)..(m~i)* = A4,,i>1, we obtain

£,G(X, Y) = (270"l(u;(rl)+vi(r2))+Ef°e"‘vi(r4)ds
L ) . 0
~and uSmg (4) (5) we get
A G(X Y) = (275) 1(v,(r,)~!~v,(r2)) E Ojc cxp(h(s‘—xz —y2))vrs)ds .

x2ty2

ki

Hence
(Dy2+h) A‘ G(X Y.)'yz-—o = (vi(ri) Dygrl +Ui(r2) Dyer +h(vl(rl)+ v (r2))}iyz 0+

7 +Dm(E 5’ exp(h(s — Xy —Y2))0irs)ds)l,, o +HE( 5 FETTID o (s o) .

x2+y2
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Since _ _ .
(vi(r)) D, 1 +0i(r2) Dyt =0+ (0i(r) +0:r2))l o0 = Evillr)
h(xjhexp(h(s_—xz —y2))virs)ds)ly,—0 = th exp (h(s—-xz))vi(rs)ds
and
ED,( | exp(hls—x;—y2)vrs))lmods = —hE j exp (A(s —x,))vi(rs)ds — Ev o).

X2tz

Hence we have: (D,,z—i-h)A‘ GX, Nly,=0 = 0

3. Now we shall solve the problem (1), (2) by means of the Green function G(X, Y).
We shall prove that under certain assumptions concerning the functions o the function

©) | | | u(X) ‘—“ig,oui(X)

where

9a) w0 = By | fOATTIGX py, Oy
-

“and B;-A,; = 1, is the solution of the problem (1), (2).
In virtue of (8), (9) and (9a) we get '

ui(X) Vi{X)+wiX),

where

ViX) = 2Bi _5 S KX, ¥y, Q)d.Vh W{(X) = EB; ..j fi(Jﬁ)( g 'e"’L,-(X,y, ,S)ds)d%

and where o
) 1(X Y1 0) (Zn)_l(A rgm—Zi—21nré+C rém—2i—2),
l(X Y18 ) = (75) 1(.4 T%m 24- 21nr-,+C r2"' —2i- )
Let
+ X
Vil X) = B | fly) Dagsg KX, 71, Oy »
+o00 +o0 ‘ Q,
Wip(X) = B _‘j i‘, fiy)e” D s L{X, y1, s)dsdy, »
and | :
Vi) = Bi § 100 Dy KX, 31, Oy
yi|> .
W:;‘I(X) B; v I§> ," |f(y )ehsngng (X, Y1s s)ldgdyl R

where‘p, g=0,1,..,2m,p+q<2m and let

Py = {(x5, x3): |x5]<4, 0<Cy<x, <Gy} -
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4. In order to prove this proposition we shall need some. lemmas.
Lemma 3. If the functions f; are bounded, continuous and the integral

[ 1yt 2n|p,l dy,

|¥1}>R

is con\}ergent for every R>0, then the integrals V,,,(X) and W,,(X) are uniformly con-
vergent with redpect to X in every set P;.
Proof. The integrals

. R !
s f;(yl) Dx’l'xg Ki(X3 Yis o)dyl and j . jfi(yl)ehsDx'{ngi(X5 Y1 S)deyl
) rii<R [»:1<R 0
are convergent for X e P,. Let ¢ denote an arbitrary positive number. Applying the ine- ‘
quality (6) for R> Ry(e), we get

VESC | [fr)yiminlylldy;<e

jps|>R

and
Wipq(X?<Czl § LA yd* ]y, lldy, <e

yi|ZR

C1, C? being positive constants. Hence we obtain the thesis of the Lemma 3.
A By Lemma 3 we get '
Lemma 4. If the functions f, satisfy the assumptions of Lemma 3, then there exist
the derivatives Dyz.g Vi(X), D gWi(X) and ' ‘

Dx'{x’ V;(X) = Vipq(X): Dx‘{xg W:(X) = Wipq(X)‘ ) I

2
Lemma 5. If the functions f; satisfy the assumptions of Lemma 3 then the fun-
ctions w; (X) are m-harmonic in the half-plane x,>0.
Proof. Applying Lemmas 1,4 and formula (8a) we obtain

+ w0
A"u(X) = B, _I fily )4y A5G (X, p,,0)dy, = 0.

Since A}'G(X ,¥1,0) = 0, thus #(X) as a sum of m-harmonic functioné is m-harmonic.

5. Let us now pass to the procf of the boundary conditions (2). Assuming that the
functions satisfy the conditions of Lemma 3 and certain other conditions we shall prove
that

(10) lim(D,,—~B) A (X) = fx) as X—(x3,04) (= 0,1, ey m=1)

Lemma 6. Tf the functions f; satisfy the assumptions of Lemma 3, then the functions ui‘
satisfy the conditions (10). '
Proof. By ([1] p. 263) and Lemma 4 we have

(D, +h) Ai ufX) = (m)~* +fﬂ()’1) x,((yy —x1)? +x3)7! dy1_’fi(x(1)) .
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Lemma 7. Let the functions f; satisfy the assumptions of Lemma 3 and j<i) then -~ -

; +w ’: H . ) )
Dt DAY = Mixy § SOD0E 2V inrb o Nrde 272+ dyy

M;, N; being constants. o
Proof. By formula 8 and Lemma 4 we easxly obtain the thesis of Lemma 7.
Lemma 8. If the functions f; satisfy the assumptions of Lemma 3, ‘then

CAufX) =0 for j>i and XeP,.

Proof. By Lemma 4 and Theorem 1 we et

+ o

Au(X) = B, ff(yl)A"‘ i-1+] G(X, J’po)d)ﬁ =0.

Using Lemmas 5, 6, 8 we shall prove the fundamental .
Theorem 2. If 1° the functions fi(i=0,1,...,m—1) are bounded and continuous, °
2° the integrals

I 1A y)yi™ " 2nly,lldy,

[yi|>R

are convergént for every R>0, 3° for i>j 1im(D,2+h)Aj (X) = 0as X—(x7,0), fhen
the function (X)) defined by formulae (8), (8a) is the solution of the problem (1), (2).
Proof. By Lemma 5 the function #(X) is m-harmonic in the half-plane x2>0 From

- Lemmas 6, 8 and assumption 3° of Theorem 2 the limit conditions (2) follow. Well by ‘

Lemma 6 for i = j we obtain
(sz-i-h)A’ (X)—f(x],0%) as X—>(x1, 0+)
and from Lemma 8 for j>7 we get - -
' (D, +h) A u(X)—0 when X-(x?,0%).

‘Remark, If the functions f; are continuous for y; € (— oo, +o0) and equal zero for

¥1 € RU\K; K being a compact, K< K, = {y;: |y;|>Ro>0}, then the conditions 2° and 3° -~

of Theorem 2 are satisfied.
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