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On Some Partial Differential-Functional Equations:

The prcsent paper deals with the questlon of the global existence of squtxons of some =~ -

: partlal differential-functional equations of the nth order, of the hyperbohc type W1th certam o
mtial-boundary conditions of Darboux type. L

.~ The method ‘used in this paper is a modification of the: method ﬁrst mtroduced by

L. Tonelli (2], [3]) for ordinary differential equations. This method has been also used

in [1]. The results presented here are some generalizations of results obtained by A Pel-

“czar ({1]) for systems of integral functional equations of the type .

y(x) =y for xeA*(A* is deﬁned below), .
y(x) = 10+ j £, EGt, y))dt for xela, 9.

,In the present paper we cons1der more general equations; the right-hand sxdes of these
;dépcnd also on derivatives of unknown functions. ' - :
. Inthe casé when the set J of multiindices (see definitions below) is empty, the rcsults PR
- .given here reduce to the result of A. Pelczar (.17 =0 and n= 1 we obtam the results' L
;.presented by K. Zima ([4]). ‘ - -
© Iam greatly 1ndebted to A. Pelczar for readmg the paper: ‘

Notatxon Let m,neN be fixed in the sequel. For a multnndex o0 = (azl, wens oz,,)

.Vwe put la| = Zoc and for a non-negative integer k

Ik—-{cx le| = k, ije{O 1} for j-—l‘ }

n—1

th:I = U I, be fixed. Let ¢ € R" and ¢ < o0, which's means that c= (cl, - ,'yc,i) where e
' k=

‘_ , ,n) are real numbers or positive infinity; if ae(-—-oo c) is. ﬁxed then -
A% = = (—o0, c\[a, ). Weputforu=1,2, ..;xela,c), x* —(I/y(xl.—al), X3, ...,_x,,). .
and for he[x c) x(,u,h) = h—(,h,, ..., ,,) = (l,’,u(hl—-al) 0,. 0) For e/ and
xeR" we put o Z (x,,,..,xi,, where r = |o|, « ,-j=' Ij=1,. r) and ’ _

o u(x,y)‘ @f H [ for x, yERn < ‘ :. .; -

Je{l,..on}
1]—0
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We shall write shortly x*r!~® instead of (x2r1™, ..., x% 1 =% and d““t = dty, ..., dty,,
where o;; =0 (j=1,...,5), s = n—|a|. For all sets 4, B, AAB (A\B) U (B\A)

If A=(—,¢) then we write y € Cy(4, R™), if y: A—R™ is a continuous function;
for aelye G4, R™), if u is in A4 a continuous function with respect to “x and finally
yeCj(4, R™, if ye Cy(4, R™ and for every o eJ, D,ye C (4, R™.

Let p, p,,e N, for aeJ; we put q = Z P.- We shall consider mappings

«clt

Ey: (=, )X Co—R?, E,: (—m,)x C,,—»R"",

Assumptions

_ 1. Functions §: A*—R™ and 1: [a, )>R™ are of class C}(4*, R™ and Cf ([a c), 'R™)
- respectively and Dy | snpaey = Da¥larnrae for aeJ o I,
2. A function f: [a, ¢)x RP*%—R™ fulfils: :
(C,) for every fixed x € [a, ¢), the function f(x, *): Rp+"—+R"' is continuous,
(C,) for every fixed y € R”*%, the function (-, ¥): [a, )—>R™ is measurable and
‘ continuous with respect *x in [a, c),
(C,) for every he [a, c), there exists a function N,: [¢, k]—R™, summable in {a, k]

and such that [ N,(f)dt<oo and |f(x, )| <Nu(x) for xela,h], ye R

A for every h € [a, c)and a € J, there exists a function Nj: 4,(a, £)—R™, summable
in A,(a, ) and such that [ Ni(*"*Hd' *t<co and N,,(x)<]\f,,(1 'x) for

Au(“ x)
x€la, h]. ’ _ .
(W,) for every he[a, ¢) and a4 € J, if {zﬂ}cR” *®and {x,} =[a, h] such that z,—z
as p—o0; 1T%x, = 17%x, oy <% (u=1,2,..) and x,—~™x as u—oo,

then lim f(x,, z,) = f(x, 2)..

#>0

3. For every be|a, ¢), there exists he[b, ¢) such that for every aeJul,:
{xela, b, x; = b,i=2,.., n, U, V€ Cpp (= o 5] = UI(—m,x]} =
A =E(x,u) = E(x,v).
" 4. For every aeJu I, and u e C, the mapping ES-, u): [a, c)>R™ is measurable,
continuous with respect “x and finite almost everywhere in every closed subinterval of [a, c).

5. For every aeJ U I, if {¥*}=C, converges, in a subinterval (— oo, b) of (—o0, ¢),
to a function «°, uniformly with respect to 1~%, then almost everywhere in (— oo, b],
lim E(x, ") = E/(x, u°).

B -

7

5'. For every o, apeJ and hela,c),if {W'}uC, converges in a subinterval (— oo, k)
of (—w0,c) to a functlon 4, uniformly with respect to 17% and {x,}<[a, k] such that .
17%0x, = 1%y, % x (u=1,2,..), *x,~%x as p—»oo, then almost everywhere in

[a R], lim E,(x,, u ) = Ex, u°.

g
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~ Problem. We shall consider the following system
()] Sy =yY(x) for xed*

) y(x) = A(x)+ ff(t, {ELt, Do}acsoro)dt  for  x e\[a', o).

Let be(a,c). A solution of (1) (2) in (—oo, b] is any function ye C7((— o, b}, R™),
such that for every aeJ U Iy, D,¥lasi— Delras is absolutely continuous with respect
to 17%, fulfilling (1) (2) in the interval [a, b).

We shall prove now the global existence of solutions of problems of the type (1) (2).

Theorem Under the assumptions 1—5', for every b e (a, c) there ex1sts at least one
solution of (1) (2) in [a, b].

Proof. Let be(a, ¢) be fixed and let h € [b ¢) be chosen for b according to 3. We
shall use the notation x(u) = x(u, h) )

e , 1
G(p; p) = [a,(al +(p+l);(h1—al), hyy oy h,,)] \ =

\ [a, (a1 +£(k1—al), hyy ey h,,)]

Gp;p) = G(p wp=0,. a(ﬂ 1):.”"1 2

Now we deﬁne the following sequence of functions. Let pu=1,2,.
3) Y(x)=y(x) for xed*
(4). - . () = A(x) for xeGO,uw

x—x(x)

&) y"(x)""/l(xH ,f 1t {EL, ay)}aejuin)dt for XGG(p w,p=1,..,E-1)

We shall prove that this definition is correct. Let u be arbxtrauly fixed.

I. In 4* and G(O; 1), for every a€J u I, D,y" is defined by(3) and (4) respectively,
in virtue of 1.
~IL For x e G(l; p) the variable ¢, in the integral in (5), varies in G(0; p), where for
every aeJ U I, D,y" is defined. In virtue of assumption 3 we take for every aeJ U [
E(t, D,y") = Et,y") for te G(0, n), where y* e C, is an arbitrary extension of D,y"
from the closed set 4* U G(0; p) onto (— o0, ¢). As y* is defined for x € G(1; p), hence
- for every apyeJ U l,, D, y" is defined in 4* U G(0; w) U G(1; p), since

(6) Danynx = aol(x)'l'
L i " flx- x(u))““t““ {E{(e—=xu)ort =, Da.v)}aemo)d‘ "ot
o, % — x(H
for xeG(p w,p=1,.@-1).

L In A* L [a, h), for every aeJ u I, we define D,y" in a similar manner.
Thus (3)—(5) define the sequence {y*}<=Cj(4* U [a, k], R™).

’




M w,f,y*‘(x) Dmux)s

We shall prove that for every aeJul, the family {D, 3" lrop;— D, e Aliasy) 15 2 famtly
. of uniformly bounded functmns and equ1contmuous as functions of variables "“x Indeed U
Cwe have g

"x = x(u)

lDwa I jitn {E (t, zy)}uelufo)dtl<d B )N,,((x —X(ﬂ))mfl B [ il
g (@) < j' Na’,o(l —-'ﬂut)dl uo[

N - . - . o . Awo(“ b)
“ Let x, X e [a, h] be such that x* = X*; we then denote
S . B= -A¢,,(a, x=x() A Agp(a, T—x(w)) .
" Now we have - ‘ :
®) lD,ny"(x) -Dao'l(x) Doy (%) + D,y A(%)| g
‘ = ” f ((x— x(ﬂ))m‘l “ s {E(x—x(py)ort = Dayﬂ)}ae.lulo)di 1)

<1 =R R

: Hence for every o e U Io, the sequence {D‘I ¥ I{,, »— Da A![a sy} satisfies all the conditions
- of the Arzela theorem as-a function of the varlables 1=%x. Thus by the Arzela theorem,
~ choosing step by step subsequences of this sequence, we can obtaln a subsequence of in-
~dices {k*}, such' that for every aeJ U I, the sequence {D,¥*|.m— DyAlpayy} is con- _
vergent in [a, A}, umformly with respect to 1~%x, to a funcuon “jf € Cy([a, A}, R™). Hence " "~
{D,»*} is convergent in (— oo, k], uniformly with respect to *~*x to a function

: J’#(“f'i‘Da)»)UDav'/ECa(A*U[a,h},R'")-
We put D,y = *y* for aeJu I,. By 5 we have lim E(x, *y*) = E,(x,"y) aimostv

- p—ra

BVCI'YWhCI'C ln [aa h]s hence by (Cl) hmf(x {Ezz(x myu)}ae.lt..l.ln) f(x {Em(x y)}ae.luln) L -

o0
almost everywhere in [a, A]. In virtue of the Lebesgue theorem on the mtegratlon of the
- summable and bounded functions, we obtain

p o a.

| © lim j.f(t, {Eu(t’ “yu)}“EJU !O)dt = If(t’ {Em(tsfy)}ws.lu Io)dt .
Besides, for a, eJ L I, we have the equality '
(10) : j f((x xw))ﬁotl ap {E ((x x([.l))aoti"'a“, ayﬂ}ae.lu Io)dl_aot

A.,‘.(n.x o
= Aau(a x—x() ... +§ Aao(e(u), x)
where e(u) = (x; '—(x(;z))i, Gy, oy dy). Since x(u)—0 as u—oo, by virtue of the obv1o.us

estlmatlon and of the theorem on absolutely continuity of integrals, we¢ have, N
(11) I I f((x x(,u))“tl_ao E (x—x(p))""’ti a:o a. #)}ze.rufo)dl aotl
Auylelr),x) o ‘
‘ & Nf(e=x()ert—e)dt o
dun(e(l‘):x)

< [ NO(Gondtors0  as  poed.
Auyleln).x) : N




“ - We shaIl show that y y(°’ 0 | is solution (2) By (5) (9) (10) (11) it follows that
(12) ‘ J’{x) = 2(x)+ jf(i {ELt, “P}eesoro)dt fOI“ xela, ],

"-"A-,‘ll_;’hcnce diﬁ‘erentlatmg we obtain for every oy e€J ST
) D@ = D@ [ S G W) T

On the other hamd by 5’ and (Wz), we have for every ageJ
: (14) hmf((x x(ﬂ))aotl_ao {E ((x x(p’))aotl-‘u ay"’}aeluln)

. . "‘A : _f(xuutl-ao {Ea(xaoti *, ay)}aeiulo :
. almost everywhere in [a, k], hence

s lm f f((sxf-—x(u))"’ot1 o, {E(x— X, P hiagy s

o dag(a,x) .
— ) (j‘ )f( amtlwao {E (xaotl—ao’ ay)}aslul )dl—ﬂat .
o a,x

" In virtue of (10) (11) (15), passmg in (6) with p to infinity, we obtain for every ozo eJ
“(16) “y(x) = Dph(®)+ | f (X“°f“°'° {E(x1 7%, e o 10)d ™t

Aay(a,%) .

- Summarizing (13) and (16) we have D, y(x) = “y(x) for x € [a, h]. Hence, by (12), we .~

may easily conclude that y is a solution of (1) (2) in [a, /], since the verification (1) is trivial.

' Thus we have proved that function ¥ is a solution of (1) (2) in {a, 5], because bela, h],
which completes the proof -
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