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.‘ On Mixed Boundary-Value Problems for a ASphe'rical Octant

1. In the paper [1] we solved a mixed boundary value problem of the Neumann and
Dirichlet type for the quarter circle. In the present paper we shall construct the solutions
of four boundary value problems for the equation

o L Au(X)=0,X—(x,y{Z)

- in the domain X = {(x, y, 2): lei-y2+z.2<R2,x>0,y>O,z>0} with boundary Neu-
mann and Dirichlet conditions on the different parts of the boundary.

2. Let us denote: S = {(x,¥,2): x*+y*+22 = R?},
Sy = {(x,9,2): X*+y*+22 = R%, x>0,y>0, z>0},
S’z = {(x,y,2): 0<x<R,y = 0,0<z<(R2fx2)%},

Ss = ‘{(.'x,y’ z); ‘x m"o, 03<y<(R2—22)%.,

0<z<R},
Sy = {(xayvz). 0<’-’€<(R2—y2)% 0<y<R,z = 0}.

We shall consider four cases. We WlSh to find functions u(X),i = 1,2, 3 4 harmonic
in K satlsfymg the boundary conditions

-, and

2) o | u, (XD =f1(X.')‘ for XesS,
NG - Du(X) = fy(x,2) for XeS,
@ N ‘ D.uX) =fy(y,2) for XeS,
&) D.uy(X) = fo(x,y) for XeS,
©® S C u(X) = g, (X) for Xe S;
) - ' | ' #,(X) = g,(x, 2) for XeS,

uX) = q3(v,2) for Xe§,
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® #(X) = qox,y) for XeS, §

and

(10) . us(X) = hy(X) for XesS,
(11) us(X) = hy(x,2) for XeS,
(12) ' DuyX) = hy(y,2) for XeS,
(13) ‘ Duy(X) = hy(x,y) for XeS,
and » '

(14) . uy(X) = p(X) for XeS;
(15) uy(X) = py(x,2) for XeS§,
(16) uy(X) = ps\y,2z) for XeS;
(17) \ D,u X)) = pi(x,¥) for XeS,.

The problemof finding a solution of (1) satisfying (2), (3), (4), (5) or 6), (7, (8), (9)
or (10), (11), (12), (13) or (14), (15), (16), (17) will be called briefly (D, N, N, N),
(D,D,D,D), (D,D,N,N), and (D,D,D,N) respectively. .

These problems will be solved by means of Green functions.

3. Given any points X(x,y,2) = X, €K, Y(s,t,w ek, ‘where K denote the closure
of the set K, let X (x, 7, Z) denotes the conjugate point to X with respect to the sphere S.
Let XZ(_x? ¥, Z)a XS(_x$ =%, 2)9 X4(xs —Ys Z), Xs(x’y’ '—Z), XG(_xsya "'Z)»
Xo(—x, —y, —z) and Xg(x, —y, —Z) denote the symmretric images of the points X;, X,
X, X, Xs, Xs, X, with respect to the corresponding coordinate planes. Let
X,= (e! %, €7, e 7) denote conjugate points to X; = (e} x, ¢ y, ¢ z) with respect to S. .
Let .

= (s+¢} )? +(t+€ Y)Y’ +(wte z)?,

_ P = (s+ef XY +(t+¢f ) +(wtef 2)
where - -
~f1 for i=2,3,6,7 1 for i=3,4,7,8
- { N { -1  for

el =
-1 for i=1,4,5,8 ! i=1,2,5,6

o 1 for i=5,6,7,8
T l-1 for i=1,2,3,4
Let @2 = x*+y*+2°
4, First we shall solve the (D, N, N, N) problem
Let us consider the plane (p): A5+ Bt+Cw = 0 and the pomts P,, P, symmetric with
respect to (p) and P, # P,. Let n denote the normal to (p) at the point Qe(p),

Q = Q(s, 1, w). Let db = (s—x)*+(t—y ) +(w—z)" d} = (s—x)+(f-vV"+
+(W—2,)% (%;, ¥, 2:), i = 1,2, being coordinates of the points P;.
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Lemma 1. Let the function v(d), d>0 be of class C!, then
D, (e(d)+0(dy)) = 0.

We omit the simple proof.
Let

a® | G, 1) =3 G, 1),
where
Gi(X Y)=r'=Ro '(F)~".

Theorem 1. The functlon GX, Y deﬁned by formula (18) is the Green function with
the pole X for the (D, N, N, N) problem.

Proof. G(X, Y) is a harmonic function with respect to the point Y # X, since

G (X, Y) are harmonic functions of the argument ¥. For Ye S, Gi(X, ¥Y) =0,i=1, ..., 8,

@21, p. 250). From Lemma 1 it follows that D,G(X, ¥) = 0 for Ye S, uS; U S;. In

virtue of (18) we get ‘
G(X, Nly=0 = 2(rf_é+r_;i+r;é+r{§)—2Rg'1(Ff,é+r3 itFss+FsT),

where

Fi =Fiye =Ty 5415 1y =fi+1 = Fi’ i1 for § = 0, i= 1,3,5,7-

GX, Y=o = 2(r14+r53 3+rss+rgs)—2Re” 1(?;1"‘7'2 3trs, B‘H-'s_'ll N
where

Ty = T3 = i i43s Tp = Figg = Py jugy Ty =Tpyg =Fyyeq, Py =Frg =TFp 43 for
t=0,i=1,5 and j=2,6.
= 1 1 11 ~-1
G(X: Y)ly-o = 2(’15"‘"2,3 "H's': +rys)—2Rg” (r15+r20+r3,7 +r48)
where
Py =Tipg =Ty i4a, Ty =T34 =Ty 344 for - w=0,i=1,2,3,4

5. We shall prove that under certain assumptions concerning f;, i = 1, ..., 42 that the
function defined by formula .

(19) uy(X) = Aﬁfl(Y)D G(X, Y)lyes, dS,+4, jj £o(s, WGX, Y=o dsdw+
4, {1736, WG, Vlsmodtdi+ 4, J7e DG, Dlmodsd,

where 4 = (4nR)™ %, 4, = (2r)~}, n being inward normal to S,, or the function

. 4
(a9 w0 = Y a0,
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Whe;e ‘ ‘ ‘
a0 = égf;(m’—'gé ) s,
HQ(X) = 4, ﬂfz(-"'v‘ M;')("1,4“?"2 3'*"'5 s+rs, t—Re~(Fi4 4+"2 3+Fs, s+"s 7))‘19‘1”’
g3(X) = 4, Hfa(‘ W)(’1 273, 4+"‘5,_5+"7 Y—Ro™'(Fy, 3HFrat+is 6+"7 3))dtdw
g0 = 4, gj Juls, t)‘(rl,s+r;,6+r§,¥+r2,§ng'11(FL§+F;},+f§;—,+F;.s))dsdt
is a solution of the (i),. NV, N, N) problem. _
Lemma 2. Let the functions f;, i = 1, ..., 4 be continuous and bounded in the sets'S >

then the function u,(X) defined by formula (19a) is harmonic in K.
Proof. Since X # Y and Ye S, uS,uS; uS, the integrals

qu'(X) = A-gjfl(y)pxﬂyﬂz?DnG(Xs Y)|Y\ES1dS1 ’
TE0 = Ay [ £, W) Dy G(X, Vly=odsdw,

(20 3o = :
') X)) = 4, EEI falts W) Dypyarr X, Yls=odtadw,

Ji’q'(X) = Al j.‘[ft;(S‘, t) Dxryﬂz"G(X’ Y}!w=o d&'dt,
where p,q,r =0,1,2; p+g+r<2, are locally ‘uniformly convergent 1n every point
XeK, and consequently there exist the derivatives Dypyerg;(X), J =1, ... 4

From (20) and the symmetry of the Green function we get .

Ayuy(X) = 4 .gﬂ(y) D, 4y G(X, Y)|1jes1d51+
+ Ay [[ f(s, WAy GX, Vly=odsdw+ -
. Sa ,
’ +A1 j5f3(t’ W)AYG(X’ Y)Is=0dtdw+
S3

+4, ];If:_;(& t)AYG(Xs Y)|w=0dsdt . .
6. Assuming that the functions f;, i = 1, ..., 4 satisfy the conditions of Lemma 2 we
shall verify the boundary conditions (2), (3), (4) and (5). '
.Lemma 3. Let the function f; be continuous and bounded on 5. then limu,(X)
= f1(Xo), as X—Xo(xo, Yo, Zo) € S1 and Xe K

Proof. Let. v o
- .
Yy for YeS;
Lo - = { 0 for YeS-5,;
and let

0,00 = W0+ W0,




whefe . |
W) = A [T (DR —gri%ds
“and .

WiX) = Agffi(Y)(Rz—ez) Y 3ds,

From (12}, p. 253) it follows that ‘lirth()ﬂ = fi(X,), as X—X,. If r;>56>0, then
| ISR -IM [[572dS,—0  as goR,-
51 ‘

(where M = sup]fl(Y)i

The 1ntegrals gdX),i=2,3, 4 are uniformly convergent at the point X0 and conse
‘quently continuous and we get
limgX) = g(X)) =0 as’ X=X, g—R

and Fy—ry 5, i,7=1,2,.

‘Now we shall prove only the boundary COHdl[lOI‘l (4); the proof of the conditions (3)
and (5) being analogous. . ‘
Let (p,) be a plane and n the normal versor to (p,); let P(x,y,2), Y(s,1,w),
Y81, 21, w)), Yo(s,, 15, w;) be arbitrary points such that Pe(pl), Ye(p)), Y#P,

Y #P, Y, #P and Yl, Y2 lying in the opposlte half spaces respectively to the plane (p,).
Let

= (si-vx)2+(ti—y)2+(wi—z)2, i=1,2)
- .Iie.m'ma 4. Let v(r)e C! for r>0, and let 4Y1¥—+Y, Y,—Y, then
lim D, (v(r;)+v(r;)) = 0.

We omit the sﬁﬁple proof.
From Lemma 4 follows the followmg

Lemma 5. Let the functions f;, i = 1, 2, 4, be continuous and bounded in §4, then
hmD,g,-(X) =0 as X—Xy0,¥0,2) i=1,2,4.

Let us now prove that

lim D, g,(X) = fs(yQ; zg) as  X—Xy(0, yo, 2p) -

In order to prove this proposition we shall need some Jemmas.
Let V(X,1,w) = [x*+(y—1)*+(z—w)?] >~
Lemma 6. If x>0, then

Ay x [ VX, t, wydtdw = 1
E; _

L]

where E, = {(z,w): —oo<r<o0, —co<w<oo} -
8‘
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We omit the 'simple proof.

Lemma 7. Let the function f4(f, w) be continuous and bounded for (¢, w) € §5. Then
the function ‘

LX) = 4, x [[ f5t, VX, t, wydidw
Sa

is convergént to f3(yo, zo) When X—Xo(0", ¥o, z0)s (Yo, Zo) € S
Proof. Let

W) for (t,weS;
Falt, W) = {fs(:) W) or (t,w)ed;

for (1,we E,—S;
Hence :
LX) = A, x [ [y, V(X t, wdtdw .
Ez

By Lemma 6 we can represent L(X) in the form

L(X) = f3(y0, 20+ T(X),

where ,
T(X) = 4,x .Ls (Fatt, w—f3(po, z)) V2, t, w)dtdw .
It is sufficient to verily that

A Im7T(X) =0 as X—X, (0%, ¥,2)-
Let

TX) = T,(X)+T,(X),
where v
T(X) = A1x£j (f:-}([a w)—f3(Yo> Zo)) V(X,t, wydtdw

and
T,0) = A x || (Fs(t2 W —Fo(por 2N VX, 1, wydtdw ,

Ex—Kgs

where K; denotes the circle of the radius ¢ and the center at the point (¥o, Zo)-
Let ¢ be an arbitrary positive number and let M = sup|f3|. From the continuity of the
function f; at the point (y,, Zo) it follows that there exists a number §>0 such that

|fs(t, W) =F3(¥o, Zo)| <&

~ for the points (¢, w) € Kj.
Hence !

IT (X)) <ed;x [§ VX, 1, wdtdw = &
E;

T, (0 <2MA x [f V(X, 1, wdtdw = 1,(X) V.
E

2—Ks
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Introducing in the integral #,(X) the transformation ¢ = y+Rcosg, w=z+ Rsin o,
iwhere 6<R< 0, 0<@p<2n we get

|T(X)| <4nMx | (R*+x7) Z RAR<AnMxd~1—0 as X—(0", y,, Zo)
i

From Lemmas 4 and 7 we get.
Lemma 8. Under the assumptions of lemmas 4 and 7 we have

llmeg3(X) =f3(y09 zO) as X'_)‘{O-*’ Yo ZD) .

By Lemmas 2, 3, 5 and 8 we obtain. ‘

Theorem 2. Let the functions f; be continuous and bounded in §;, i = 1, ..., 4, respec-
tively, then the function u,(X) defined by formula (19a) is the solution of the (D,N,N,N)
problem. -

~ 6. By an argument similar to that used in the proof of Theorem 2 we show the following
results. '

Theorem 3. Let the functions g; be bounded and continuous on the sets S;,
i=1,2,3,4, respectively, then the function defined by formula '

C X)) = é:i v(X),

where

v;(X) =4 gj: g (YR —oH)ri? dSy |
v(X) = 4 Q q1(Y)(R2—92)(—r53+.r53fr23~r§3+f53—r?3+r§3)d51 ,
0sX) = Ay [[ aals, Wiri i dsdw, |
v X) = Alyg qa(s, WH(rs i =T33 —r58)dsdw
0500 = 41 R ™7 ] aa(s, WFLA—Fi 34755 ~F5dsdw ,
v6(X) = A, x '.‘;j, gs(t, wyrisdtdw,
m(X) = Alxjs{qs(z, wW(r7s—rsa—rse)dtdw.,
vg(X) = 4; RX@™* g gs(t, WI(F12 T3 4—F5 6 +F73)dtdw ,
vo(X) = Az j;j: qils, Hyri3dsde,

D1o(X) = 4,7 I a:6s D33 —rza—rag)dsdr,

v;,(X) = 4, Rze™" y qu(s, )(Fi3—F13+F57—Fag)dsdt .
4
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~ is the solutmn of the problem (D D,D, D)

Theorem 4. Let the functions 4; be continuous and bounded on’ the sets S,, ‘
i=1,...,4, respectively, then the function :

11
u(X) = 3 HAX),
where
Hy(X) = 4 [f (D) (R*=e")ri°dS, ,

Hy(X) = 4 y h1(Y)(R2—92)(rz'3—r3_3-—f13+r§3+r§3—rv'3—.’§;)d31 ,
1 , ;
(Hy(X) = A,y g{ hy(s, w)(r33)dsdw ,
H(X) = 41y [f hals, W)(r3 3 +r53+rsdsdw
- Hs(X) = —AIR)“rQ'lg_.\' ho(s, W(ri3+rs3+rsa+rs, 53)dsdw ,
 Hy(X) = Ai-jj hay(t, Wyridtdw , |
Hy(X) = 4, jj hy(t, W)(rs s —73, 4;r;§)dtdw ,
Ha(X) = —A;Ro™! H ha(t, W) (F13—F3 4 +F5 6-—r7 s)dtdw s
Hy(X) = A, g hy(s, O)rysdsdr
HyoX) = Ay [[ s, 00513 ~riddsdr,
Hy(X) = —A(Ro™? g ha(s, DF73=F1i+F3 G—f;;)dsgz .
is the solutidn of the problém D,D, N,_N).
Theorem 5. Let the functions p; be continuous and bounded in sets S;,,i=1,..,4

respectively, then the function

11

uy(X) = .21 P(X),
where , . A
P(X)=4 £5P1(Y)(R2_Qz)r1-3d31 ’

Pz(X)=A”P1(Y)(R2—Qz)(r1_3""'2_3"*";3—"4 tryd=rgd+ri—rg %)ds, ,
Py(X) = 4, :gl’z(s, W)’f,ideW,
1

PyXx) = Ay ypz(sa W)(?'s a""za‘“"e 7)d3dw




. . ., | ”“"5‘;1-11755;“ .
P00 = A RTE [[pals, WA TR~ e, |
P = =y [ pat, Wi,
Py(X) = Awﬁ;{ pslt, W3 +rsg+riddidw,
PyX) = — Ay Rxo~* i (¢, w)(i{i—f[i—?iﬁ{f{%)zdtdﬁr
PA(X) = 4y [ s, DTHsdr, -
Pio(X) = A [ pals, 0CSj—rrg—raddsde,
P, (X) = —A,Rg™* jS{p4(s, t)(fgg-f;;+f;;-f;,g)dsd:

. is the solution of the problem (D, D, D, N).
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