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A Difference Method for a Non-Linear Functional-Diﬂ'erenﬁal
Equation of the First Order - T
1. In this paper we shall consider the following functional-differential equation:

(1.1) M ‘ z_': =f(t, X, U, uxs u(t’ .))

( ) . 6.u ou\ -
= (Xq, s Xp) » ==, i, —
x ! F “ ox, ox,

We construct the corresponding difference equation and we prove the convergence of
the difference method in the p-dimensional case.
2. We define the following sets:

where

2.1) E = {t,%: 0<1<d, 0<x;<0, (j=1, ..., p)}
» .
2.2) ’ P=XIJ0, 0]
A _ =1 ‘ ,

(23) p - [0<1<d, 0<x;<0, —w<u<+oo |

- oo<q!<+oo,seB(P) (G=1,..p)

. where B(P) is the set of the bounded functions for x € P with the norm
(2.4) |Is]] = max [s(x)|
' xeP

Let us denote by m the sequence of p natural numbers

2.5 m= (mg, .., m)
and let : i
(2.6) ‘ M=@,m,

.

where p is a natural number.
We shall c0n51der the points x™ " of the real P dlmenslonal space Rf w1th coordmates

-




T/ RN

en ‘ = e X
and also the nodal pqmts - T
28 - (XM e R

where #* and x™ being defined by
Q9  #F=pkxy=vh

0<h = const, 0<k = const. ) B
_ for (¢, x7*, ...; X )eE o S
We define the following sequences of indices o

(2.10) o(M) = (u+1, m), —j(M) = (u, —jm)
where

—jm) = (my, e, my_ g, my—=1, My, ., M) (=1, ,p)
Index N, being chosen so, that ‘
' Nyh<o and (Ny+1)-h>c

Suppose that to each M there corresponds a number v*. We introduce the following

~ differences and the sum.
1
oM~ = o) _ M)
k(” )

(2.11) M = —};(vuuu'“"’), oM = ((v“‘ s v“")‘

W(x) = Z v xw,M(x)
MeZh-
where . - ’ ,
(2.12) : ZF = {M: 0Sm<N,, (= 1,..., )}
and . .
@.13) L= mhsx <Otk G =100}
and . ‘ '
KT =-{}); ey

3. In the sequel we shall use the following assi.lmptions H.

Assumptions H

1°. Assume that the function f(z, x, 4, ¢, 5), where x = (xl, - x,) qg = (ql, ' Sk
is defined in the region D (2.3) and is of the class C! as the function of (t X, U, q) and of
the class C° as the functions of s. ‘
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2° The function u(z, x) of the class C! satisfies the funétioﬂal—diﬂ'erential'equatiod

5 V) for@, ek

. on - (Ou du
ox \ox, '"’ax,

and the boundary conditions

. 8 0
G ==t x4,
: ox 7

where |

(3.2 u(O x) = goo(x) for xeP ‘
u(t,x) = qoj(t, x) for (¢t,x)eE, ij =0,(=1,..,p)
3°. The derivatives fé and -thé function f fulfil conditions |
63 ) ' fq,so

3 45‘- f(t X, U, g, 8)= f(t x,4,q,)<Llu—i
. [, x,u,q,8)~ft, x,u, ¢, H<K|ls—3|

the mesh size 4 and k being defined so as to obtain
: » L 0 o .
~(3.5) Z J +7C =0 for (¢, x,u,q,9eD
. 1 B - -

4., We accept the following ly__oundary conditions for the numbers v™

. . =™ f M=
) gﬂo OI' b m)
4.1) : oM = {(pj(z“, X7 ey X7 5 e, X7)

foru = 0, 1, ..M =(u,m, , 0, .., m,) (] =1,..,p)the valués o™ for the remaining M.
being defined successively with the aid of the difference equation :

(4.2) : - oMY = f(, X oM, oM A, ()

We denote by #™ the value of solution of equation (3.1) at the nodal point (2.8) and we
define the corresponding differences as in case of the numbers t™. The boundary condi-
tions (3.2) imply the boundary conditions for u

‘ @o(x™ for M =(0,m)
4.3) M = {@JU xv{u’ 0 mp) [ _fO.l"_ k= 0, 1,..,

‘ (J=1 ,P)M w:mla‘ ,m_1,0 mj-}'l!""mp)
The numbers 4 satisfy the difference equation

@y B T (St s O
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for nodal points (#*, x™) € E where O<p; 1<m;,'(J =1, ..., p) and thax|q¥|—0 as h—0,

' du ou
since u™, uM®, @,(+) tend to PP u(t, +) respectively.
. . ‘

5. Lemma 1. Suppose that the numbers R, satisfy the difference inequalities
6.1 ’ R~<L R*+e, p=0,1,.. "

and the initial condition R® = 0, where
1 . B .
R = I—{(R“”—R") : 0<H = const, 0<L, = const, 0<¢ = const.

Under these assumptions

G2 R*< i(ehﬂnq).
L,
This lemma is after Z. Kowalski [1].
6. Lemma 2. Suppose that assumptions H are fulfilled and the values wM and o™
satisfy (4.3), (4.4) and (4.1), (4.2) respectively at the nodal points in the region E. Let us
write :

6.1) SR Moo MM

(6.2) 4 s = maxr*™, = minr*™, u =0, 1,

Under these assumptions the numbers s* and z* satisfy respectively the inequalities

™ <L + Kmax|rM| +e(h)

6.3 Mozt |
©3) 2~ > — L|r**| — Kmax |r™| —e&(h)

L. ’ MeZ+ )
where 0<e(h)—0 as A—0 and (p, c), (i, a) ‘denote‘certain nodal points.
Proof: There exist a = (@;, ..., a,) and b = (by, ..., b,) such that

(64) S+ = maxrttle
m

(6.5) s = maxr*™ =

whence

_ 1/ IRURY; 1 |
~ T pptle_ 2 +1.8 _ 4a) o o b
0 i) < hpre) o)

Because of (6.1), we have

(6.7) }lc(r’”'l"_r#:“) = ]%(uu+1"'"vp+lfa)luilz(u”"—v“")
. = ;c(““l"’“u,");]l;(bu+1";vﬁ’a)
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If for some j, 1 <j<p, we have d_, = 0, inequalities (6.3) hold true, since by the boundary
conditions r**¥1* = ¢** = O and r"">0 by (6.5). For a;>1, (j=1,...,p) however
we have ' ’

- 4
(6.8) %(r"“"'-r""') = f(", x”, %, uE GH)) st — (X7, o o8, ()

= n#.ﬂ__f(tu u#ﬂ u(ﬂ a)A u“( )) —f(t" x° vua (p2)A ~ﬂ( )) +f(tu v""’, u(#.d)b’ ﬁu(,))
—f(t“ x vua u(“ a)A ~u( )) -i—f(t" v" a, (u, a)A’ ~n( )) --f(t", x° : vu,ﬂ, v(.u.a)A, ﬁﬂ(.)) .

Applying the mean value theorem to the right — hand member of (6.8) and by the con-
ditions (3.4) and putting 4 = (u, a) we get .

1 1 '
(69) 57 = £ (FH1E=rM N (PO = gt L@ = 0"+ E(C) =)

14 - P
1 1
+ E 'j;j(~)(uA"—v“*')+];(r"""—r‘“'b) = :1"'“+Lr""’+§ E Jail~)
j=1 o ‘ 1

. o : 1 .
(Ut — ™ J@ _ o J(a)) +kmaXI“MXIM (x) — vaIM )| + E (r"'“—r"'b) .
. i MeZ~x )

Now_ we majorize the right —hand member of (6.9)
From (6.5) follows

(6.10) ' i g mb
6.11) CpmE_ @) s ma mb
and :

. P »
(6.12) j;l f;;j(f")(r“‘"—-r”'_j(a))é j;l.qu(N)(ru,a_ru,b) )
since ' '

qu ~)<0 by (3.3)
It follows by (6.9)‘and (6.12) that

(6.13) "7 <n" Hf(~)rt 04 % qu,( )(r" f—rt ”)+K(max Z 1rM!x:M(x))
j .

MeZr

. | h
1 (P = PO L K (max Zr"x;,,(x))+ ,;(r“ﬂ—r”"’)[Z@hH 4
. *xeP ) ) .

MeZ+r .

. The last term in the right — hand member of (6.13) is non posmve by (3.5) and by the

nequality r**—r**<0.
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. We have .

- (6.17) ' g max ( [P |xz. (%)) = max|r¥|

: xeP . MeZ+

» . MeZ¥ :
" Hence by (6.13) and (6.14) we get the first inequality (6.3)
' s~ <e(h)+L|r**) + Kmax|rM]
. : : ) MeZ#
where ¢(h) = max [n™]
~The second inequality (6.3) for z* can be proved in a similar way. This completes the proof
of Lemma 2. _ ’
7. The following Lemma 3 is obvious.

‘Lemma 3. The quzintitics s*, z* being defined by (6.2) we have

(7.1) [maxr*™]™ < max(s“”}, —z'7)
. m . . ’ .
8. Suppose that the assumptions H are fulfilled and let assume
‘(8.1) } R* = max|r*™|
. . m

’

Under these assumptions R* satisfies the difference inequality

(82) ' R*~ <(L+K)R*+¢(h)
and the initial condition '
(8.3) , . R°=0

Proof: R® = 0 since r = 4™ —o™ = 0 at the boundary nodal points.
From (8.1) and Lemma 3 it follows that ’

&4 C R = (max)M)” <max(s*, —2*)
m . n
“But s*~ and z*~ satisfy the inequalities (6.3), hence
(8.5) R* <max(LIP|+K Y [P +eh), Lr*<|+ Kmax|r| +2(A)
. . MeZ+ MeZH

From the definition (8.1) we obtain

(8.6) ; I <R*,  |*|<R* max|M|<R";

MeZ+r '
_therefore (8.4), (8.5) and (8.6) imply
R (L+K)R*+e(h)

9. Theorem 1. ‘Suppose that assumptions H hold true, u™ is the value of u(s, x) at
the nodal point (2.8) and v™ is defined by (4.1), (4.2). Let &(h) = max || for all nodal

points in the region . E.
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» ~ Under these assumptidns_- we have: |
(1) the-error estimate

m () (et Kok
r” L K( l)

: hoIds at the nodal points in the set E

(@) the dlﬁ'erence mcthod (4.2) is convergent ie. imr™ =0

h—=0

Proof

o -(2) follows 1mmed1ately from (1), from the mequallty k-p<d and lim s(k)

h-0
SR From Lemma 4 it follows that R* satisfies the difference inequalities (8.2) and condi-
e v.tnlon (8 1). R;eplacmg H by K and L; by L+K in Lemma 1, we get by (5.2) and (8.2)
- B :
RES —— (&%), u=0,1,.

o RS % o

. -_\‘But ,

']("’?'"I <R, because of (8.1), hence
_ Ii'-""?.""ls _"’_(f‘)_ (e(_L+x)tn“_1).

O L+K '

Thls completeé f[he proof of Theorem 1.
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