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On Some Comparison Theorems for a Functional Inequality
Connected with Cosine

§ 1. In the present paper we shall deal with the functional inequality

() YE+)<Y @Y )~V @ VI=¥0)
where { is an unknown real function fulfilling the condition ‘
(2) - y©0)=1.

As has been proved in [3] continuous solutions ¥ of (1) satisfying (2) are either constant
functions or there is a positive @ such that ¥ is positive in (0, a). '
Thus in the sequel we shall study the following class of functions:

Definition. Let >0 be a fixed number. A function ¥ : [0, a]—[0, 1] is said to belong
to the class 4 if it is a solution of (1), continuous in [0, ¢] and such that

) Y(@=0 and yY(x)>0 for x€(0,a.

§ 2. We shall need some results from [3], which we quote here as lemmas.
Lemma 1. If € 4, then

4 Y(x) = cosf(x), xel0,q]

where f is a superadditive function, i.e.

&) : fx+p)2f)+f()

fulfilling the conditions |

(6) f:10,4]— [0, =/2] .

v] fO =0 and f@=n2 |
Lemma 2. Let y € 4 and let ¢ be the continuous solution of the equation

® P(x+3) = (M) —V1-9’() V1-9°0)

such that

¢
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9 . 90 =1 and ¢ =0.
If there exists xq € (0, a} such that

Y (xo) = @(x0)
then

(2l

Lemma 3. If € 4, ¢ is a continuous solution of equation (8) fulfilling conditions (9)
and .

‘ a a
) 'lf(,,)—(o(zn) for n=1,2, ..

then
Y(x) = o(x) for xel0,q].
Moreover the general continuous solution of equation (8) satisfying conditions (9) is
given by the formula ' .
(12) Y(x) = coscx, where c¢=m/2a

(see [2D.

§ 3. In the present section we prove two comparison theorems for solutions of ine-

quality (1).
Theorem 1. If ¥ € 4 and if there exists the limit

(13) ¢ = lim 2OV
. r=0 r
and |
(19 0<c<nja
then ‘ ‘
(15) y(x)<coscx for xe€[0,d]
and .

(1~6) | .‘;ce( %]

Proof. It follows from Lemma 1 that the function f(x) = arccosy (x) is superadditive.
We see from (13) that

There also exists the limit




s

Since ;—-»o and f fulfils (5) and (6), then

: f(x)}lf—(l-’%? -+ ex

Since ce (0,2] and x € [0, a), then cx € [0, n] and

q)sf(x)<coscx for 'xe[0,a].
: 'I‘herefore we obtain @15), by virtue of (4). .
: If ce (21:; a] then from the mequallty (15) it follows for x.= g that

: T
/ ' - P{d)<cosca< cos 3= 0

~which contradicts (2). This ends the proof. _
Theorem 2. Let the assumptions. of theorem 1 be fulfilled. If moreover

(17) ‘ ¢ =7/2a
then ’ o
(118} - , Y(x) =cosex = @(x) for xef0,d].

Proof. Inequality (15) is fulﬁlled by virtue of theorem 1. Condition (17) implies (9),
whence we obtain

“(19) | \b(ﬁ)zfp(ﬁ) n=1,2, ..,

by virtue of Lémma 2, because Xy = a. Inequalities (19) and (15) imply condition.(11),
and by virtue of Lemma 3 we have (18).

8 4 Here we shall prove another comparlson theorem for which we need the followmg ‘
result from [1]. :

Lemma 4. If g is a superadditive function fulfilling the conditions (5)—(7), then there
exists an extensmn g* of the’ functmn g on the interval (0, c0) which is a superadditive
function and we have

" @0) 4 g*'(x) =g(x) for xef0,a].

If § € 4, then it follows from Lemma 1 that f(x) = arccosy(x) is a superadditive fun-"
ction and that the conditions (5)—(7) are fulfilled. Hence by virtue of Lemma 4 there -
) exists a superadditive function f* which is an extension of the function f into (0, c0).

Theorem 3. Let y € 4. If there exists a positive limit

@y 0<tim’

o I

|i1a




Y(x)>cosdx  for

“é’l‘e[na, E '
2a a

Proof Let IIIEA "From (21) wc have :
f (rX)

;Smce n—-—->oo and f * fulﬁ]s mequahty (5) then ‘
. (
e )<f 2 i

We obtain by virtue of (20) and (21)

tll(x) cosf(x)>cosdx
for xe 0, a]

If de(O ﬂ) then puttmg in (22) we haVe

, 11/'(a)> ‘cosdd.>fc'os ;= 0

;vhich contradiéts ). This ends the proof.
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