- 1 Introductmn« Reoently Shm-Nee Chow and A I.asota {1’] have 'ptoved an unpiic:t_- :
ifu‘nctlon theorem using the concept of multivaluated denvatxve Not changmg m fact the

d""note ihe set of all convex closed non~cmpty subset A‘.-of E
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In- our paper we replace the Conditlons that P is compact upper sennuontmuous and '

map P‘ E»cocl(ﬁ) is upper semicontinuous- 1f the grap {(Jg Yoy
E—scocl(E') is compact if-for every bounded VCE the set {)i ¥




CIf a;;—()'then o

" uniformly in x as jv|-—0. Suppose there exXists x, € U such that xo = P (%) and that there

Theorem. Given a {tunctional equation
*)  x=p@+e,v) A A
whére p: U—E and g; UxB(r)—E are completely continuous, r>0 and g(x, v)—0 - ' -

gxists an upper derivative P of p at x, such that
o = inf{d(x, P(x)), x € E, |x| = 1}>0.

Then there exist 7€ (0, r] and R>0 such that .

(1) for every v € B(F) there is a solution x, of equation (*) which satisfies jx,—Xo| <R, = .
and , . ' o
) Ix,—xol—0 as {v|—=0.
We can prove a result similar to that of [1, Lemma il: _
" Proposition. Let P: E—cocl(E) be a homogeneous map and

a = inf{d(x, P(x)), x € E, |x| = 1} .

‘ 1 ) .
xeP(x)+b?]x|$;|b| for all x,bekE.

Proof. For x = 0 the Proposition is evidently true. Let x € P(x)+b,x # 0. Since Pis

homogeneous, we have S
‘ X ' - X . b . . ) »
—e P (—) +—. :
Ix1 Ixl/  Ix] » : o

It means x/[x| = X+b/lx|, X € P(x/|x]). Hence

b
|xl

*_
x|

X X o -
g 2d| =, P(=]).
(7 ) \

. 1
Since [x/[x]| = 1, we have |b/ix]|=za which is equivalent to |x|< albl.~

4. A more precise analysis of the proof of Theorem 1 [1] shows that the continuity of
the solution may be proved by our Proposition, whereas for the existence of the solution
the conditions that. P is compact upper semicontinuous and x€P(x)=x =0 are not
necessary, so this part of Theorem 1 [1} may be shown in the same way as in [1]. Never-
theless we include both proofs in detail for the convenience of the reader. '

Let a>0. Since P is an upper derivative of p at x, then for /2 there exists R>0 such
that - ’ ' o

>]s(lx—x0|)lllx—x07|<§ for all  [x—xo|<R.

“The condition‘q(x, )—0 uniformly in x as [v[—0 impliés the existence of a decreasing
‘real function & = 6(s) such that (s)>0 for each s, 5(s)—0 as s—0 and ‘

lgtx, Dl <d(lo]) for all  |x—xo/<R.
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Suﬁpose now x, is a solution of (¥) and %, — %ol <R, ve B(r), then o ’ i
X,—%o = P(x,)+q(x,, ) —p(¥o) € P(x,—Xo) +(I, —xoi)+q(xu, v).
' Hence, by the Ptoposmon, we have

Ix —-on< ia(lx.,-xol)+9(xw ol < Ix.,-'xol +- 5(lvl)
" Therefore . . |
| | lx;—xo|sza(|u1)—;o as |00
Let

o) = u—p(xo+u) +p(xo) alro+u, 1)
- Since 8(jv])—0 as ivl-—vO there exists P such that 5(1v|) <Rasve B(r). We shal! show that
@) # Ao (1)
- for every ielo,1], veB(r) and |4} = —5(]0[)

‘ lf this is not the case, then there exist 1el0, 1l,ve B(r) and u such that

) = Ap(—u), lul = aé(lvl)-

u= (P(xo +u)— P(xo)) + (P(xo) —p(xo -—u))+

1
+1*+— q(xo+u, 0+ ( q(xo—u v).
‘Since P is homogeneous and convex, we have
' 1
ueP(u)+e(]ui)+—— q(xo+u, v)+ ( q(xo—t,0)) .-

Therefore, from the Proposition

] < - (IE(IuI)I-i- TELAGALE v)l+—-—— 14(xo-u v)I)

(IB(Iul)l+5(Ivl))<%lul+ 5(loD -

. Thus |u| <— (v, which contradicts our assumption. Now by applying Borsuk’s theorem

-to @, (u) we obtain u, such that |u,|<R and (o,,(u,, = 0. By setting x, = u, +x0 we get
the required solution of (#).

In thls proof we have utilized Borsuk’s antxpodal ﬁxed pomt theorem in the followmg ‘_ 1
form: : iy

u_.— Prace matematyczne z. 18






