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Existence of Solutions of Some Cauchy-Darboux Pi‘oblems for
Partial Differential-Functional Equations

The subject of this paper is the existence of solutions of some partial differential-
functional equations with initial-boundary conditions of the Cauchy-Darboux type and
some integro-differential-functional equations.

In order to prove existence theorems we have used the classical Schauder fixed-point
theorem.

The bibliography of part1a1 differential equations of hyperbolic type and partlal dif-
ferential-functional equations is very rich. We give here only a short list of references.
General Cauchy-Darboux problems were considered for differential equations without
deviations the arguments, for instance in [2]; we refer also to the bibliography cited in [2].
The Daiboux problem for two-dimentional partial differential-functional equations was
discussed for example in [1], [4], [S]. Some n-dimentional problems of the Darboux
type for partial differential-functional equations and partial differential equations were
considered for instance in [6] and [3]. Very general initial-boundary problems were consi-
dered in [7] and {8]; in [8] the fixed-point theorem of Schauder was used for the existence
of solutions of such problems.

Chapter I

NOTATION. PRELIMINARY DEFINITIONS AND FUNDAMENTAL ASSUMPTIONS

1. Préliminary notation

By R, R,, N, N, we denote — respectively — the sets of numbers: real, real non-
negative, positive integers, non-negative integers. For set A and # € N we denote by 4" —
as usual — the Cartesian product A x4 x...x 4 (n-times); thus

R" = {(x4, ., x): x;€eR,i=1,..,n}
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. is'identified with the n-dimensional Euclidean space. We put R} and No mstead of (R,)"
~and (No)" For set A <R we denote by 6A mt A and A, the boundary,ihe mierlor and the

."clqs,ure'o' A, respectwelry - . : ; ,

'If a'={a;, .5 a), b (bl, N ,,) eR" then we put

e N ¢R Y a<h = _aisbi for every z'e-{l, ,n} ,
12 a<bsa<b; forevery ie{l,..,n},
‘(l‘.S‘) : a‘<b£a<b and g;<b; for some ie{l,...,n}.

Fora ‘be R* such that a<bh, we put

a4 0,51 = fag, X[, bal . x 14,5 6]
and if a<b '
(1-5) . : [a’b) = [alabl)x[alsbz)x"'xlanobn)-
- For ue R} we put o
N af
S e || <> fy 4oty
We shall consider the following sets: -
A D={p=(u, . p)e R {01} for ie{l, .., n}}
and ' ' ' )
(1.8) = = {nel: lui<n—1}.

L “For any x € R* we denote by |Ix|l the Euclidean norm of x; we shall write !l | for every o
dimensions .

2. Conventions concerning multi-indices

© . Let m and n be posnwe 1ntegers hence forward we shall consider m and n as ﬁxsd . R
throughout this. paper. : o
We ‘shall consider p, called multi-index, belonging to the set
- | =1,
'+ .or —possibly —to the set
o =1,

" ‘where I, and I, are given by (1.8) and (1 7) for our fixed n. We adopt the fo]lowmg con-_‘ S :' <
. vention: the letter u without any assumption everywhere. denotes a multi-index belonglng _
' to I; if not, it 'Will be noted explicitly. Thus the assumption o

uel
wiil be dropped very often in the sequel, whenever the condition
perr

. will be explicitly assumed.



or pEI* we put o A ,
ey o p- (,1,,. ,,u,,) with p, = _l—m G=1,..n).

- -Settmg : : . .

' ; }}5?(2 2 . B= ﬂJ(u) = 5gﬁ,, where 6,, =0if i ;éj, S y=1ifi=j
"and denotmg successxveiy those of multl-mdwes .

o = Blooes B s B = B B s B = (B s B
s 'whlch are different from (0 - 0), by |

. A AT I _
we.may write , : — . -

o ’ . no a=|p|
| . "" (2'3) - : . ﬁ = .Zl‘ﬂl - -Zj_ '}'i(.u)
3..Set 4

TSlippose_- that b€ Ry is fixed and such thai
| R 0=(0,..,0<% = (b, ., .
Let 4 be a subset éf R%, fixed thro.ugh'ou‘t‘ the paper, such that:

(31) o 4 is closed and int A as well as 4 are connected,
: {(£8,} x (=00, By x ... x (— 0, b,]) N.RicA, .
G2) - o ((-—oo bl]x{bz}«( 0, b3]x X (— o0, b,,])nR*c:A

| ((—00 b1}>< X (=00, by 1% {8, })nR,,.cA
~and

T (33) o AC[O b].

‘ TIn order-to formulate further condltlons assumed for the set A, -we need certam notatmns '
and definitions.

B By § we denote the set
 "(3 9 4D, b]\lntA)\{xeR” 3% =6

It is clear that 34 <S and § is compact, since 4 is compact as a closed subset of the com-

- pact set [0, b]. We suppose that S, belng obvxously a hypersurface in R”", has the followmg
fonn .

B . s=xu Uz
- ‘where o S
B8 E=Sn{reRix =00 (=1,
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and X° is a hypersurface, the propertiés of which, we shall describe precisely below.
Let us denote by proj, the following mapping: ‘
&N)) proj;: R"3 (x;, s X)) P (X g5 cey Xl gs Xpygs s X) € R™TLL
In particular : ‘ .
(3.8) projk(zé) = {(x1 3 seny xk_l, xk+1 3 seey x") € Rn_l:

' (Xps s X150, X 15 mn X EZ)

It is assumed that there are n functions ¢, (i = 1, ..., n) having the following proper_tiés:

(3.9) @;: S0, 5]

where

(3.10) : S, % Proj(S)\proj(Z) (i =1,..,n),

(3.11) @{x) =0 for =xeS;nproj(X) (=1,..,n)),
- (3.12y @; is continuous (i=1,..,n), ’

(3.13) every ¢; is strictly decreasing with respect to each variable, that is:
if je{l,...,n}\{i} and x;<y; then -
OX1s ees Xigs Xiggs ey Xjm1s Xjs Xjg1s vees Xy)
> QX5 s Xim1s Xits ovos Xjm 15 Vo Xjats oo Xn) 5
(3.14) ' the following conditions are equjvalent:
x} = @(x}, ..., x‘j'_yl, X341, s X0 for some je {1, ..., n}
X% = XY, ey X§ 1, Xt i s x0) for each ke {1, ...,n},
(3.15) 20 = {(X1, s X) €St X = QK15 eres Xpm g Xpg 15 oo s Xn)
for every ke {1, ..,n}}.
Remark 3.1. In virtue of the condition (3.14) we have.
(3.16) 2% = {(x;,..,x,)€S. there is ie {l,..,n}
such that x; = @(X1, s Xjm 1y Xig1s eer X)) -
For x € proj(R)<R*! we put:
px) for - xeS;
3.17) B Lo {‘P‘é : for  x¢S;.
Moreover we put .
(3.18) h = max{(b,— @,(proj®)): ie{l, ..,n}}.

4, Sets G, G° B and B°

For a-point x belonging to the set 4 we pui »
4.1 4,=4n]0,x].
Observe that

Abxd.
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Suppose that there are two bounded and closed subsets G and G° of the space R" (ﬁxed
in the sequel) such that

4.2) GcG®

4.3) GnAd=GnX*
and . - '
(4.4) " G°nA=G"nS.
Now we put ‘ ‘ B _

@.5) . B=Gud4
(4.6) B=G"u4.

Hypothesis H° The sets B and B° are closures of their interiors:

Y B=intB B°=intB°. '

.5. Modulus of continuity

A function
6; R,—R,

will be called a modulus of continuity of a function g defined in a subset A of a metric
space X (provided with the metric o), havmg its values in a Banach space Y (with
“a norm ||*|[), if and only if

5.1 : d is non-decreasing and 6(f)—0 as 0,

(5.2) sup{ilgX)—g Ml elx, y)<t}<5(t)
for te Ry, x,yeA.

In the sequel we shall consider the Euclidean norm |[-||; see Sec. 1.

6. Some spaces of functions

If Eis a bounded region in R”, then we denote by C*(E) the vector space of all functions

z: E-R™
possessing in E (= intE) the partial derivatives
alul z Ghrtetim
©.1) | o V= m T ®ED

such that these derivatives have their finite limits in each point x° belonging to 6E as
x eintE tends to x°. Furthermore we require that putting for x° € 0E

D“z(xo) = lim D*2(x)
x—+x0
xeE’




-1 F'ls a subset of R" and ECF then by C (E F)we denote the space CXE) n C°(F) o
'_(where C°(F) denot‘es fhe set of all contmuous mapp}ngs fmm F into R™) prowded w1th' o
the norm’ L

6D nznpsup{uz(x)u xeF}+ z sup{nu"z(xm er}

. .uEI : . A i
ﬂ The symbol C""(Ei ) A C°(F) is clearly understood as the' symbol of the set of those functmns"‘ o
.from F into R™ which are continuous and have restnctlons to the set E belonging to C"(E ) ‘
. The space C"(E) is 1dent1ﬁed with- C"(E E)

7. Operators A;,
A Sdppose' that there isvgiven a family of operators {4,},cr:
Gy A0 C"UB; BY—C" (A
(1) C A4, T ""(B)—-»C" 1- I"I(A) for p>0,

i for. which we admit the following

Hypothesis H,. : : ,

(D) A, are bounded i.e. for every positive number d and every U, there emsts a number -,
Cefd) e R,,, such that for ze C"~'~ ""(B) (ze c"-l(B BYifp=0= (o ., 0)) satisfying
‘the Inequallty :

. ”Z”n—l-].ulsd
‘we have '

e Ml e @)
St (Il) A, are unlformly equicontinuous i.e. for‘every positive number & there exists a po- SRPTS
T sitive number n = n(e) such that if z, zeC" 1-KB) (z,2e C""}(B;BY) if p=0and -
i Nz=Ella-1- <1 '
" then

1A g 4z AuZllams - <e  for  pel.
(m) I_f {Z"}yer is a set of some families Z* of functions such that
o ZFcCm-1-lhgg), Z°eC B B

,and there exists a modulus of continuity § common to all functions of all famlhes Z*¥, then ‘;;‘
"'.‘--there exists a modulus of contmulty 15 common to all functnon?f of all famahes

o ,;(Z")—{A,‘(Z) zeZ"cCm " "(d)

' thls ‘means that .

75 4,2~ (A z)(y)uu_1 m@ls(t) for zez" o

: ‘whenever x,yed, 1€ Ry, lIx-yli<t.
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SR }Remark‘ 7.1. Tt is easy to see that the operators

A, = Identity (“restricted” to 4)
" satisfy tr1v1aI1y Hypothes15 H,. i

8. Functiops 1 and »

"Let 4 and ¥ be some vector—valued functions:

A A A--»R"' W G°——>R”'
fixed in the sequel
" We assume that 4 and ¢ satlsfy the followmg
Hypothesis H,. .
, (I) For each pef, p>0, there exist continuous derivatives D" and D"y in’ mtA and
_intG — respectively — as well as their limits as we approach to any point on ¢4 and 0G
respectively; these limits we denote also by D*A and D*. If intG = @ then the assumptlons ,

o concerning the existence of D" in intG are omltted

: (II) For every pel, >0 and. every x€G N A we have
@D | (D) = (D"!/f) @)

~ which means precisely that
(62) o o lim (D*)() = lim (D)) .
¥ 4 yeintd ylinic

' ,.‘If intG = @ then the condition (8. l) is omitted.
(IIT) For x € G° n 4 the following equality

- (8.3) o A(x) "-".l/{(x)

is satisfied. ' :

~_ (IV) The derivative D" exists and is continuous in 13tA and has a finite limit at -
: each point of the boundary of 4.

Remark 8.1. From (I) and (IV) it follows that the funCtIOIl Ahas all derlvatlves D"ﬂ. in

. _the set 4 for pel*,

Chapter 1T

FORMU'LATION OF PROBLEMS FOR INTEGRAL AND DE'FEREN’E‘IAL FUNCTIONAL ‘
EQUATIONS

9 Problem I

Suppose that B and B° fulfil Hypothesis H°, Let 4 and ¢ and operators 4, beasin A

Chapter I; in particular we assume Hypuheses H, and H,.

o We put

©.1) | © k=@—Dm:







