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Extensmn of Separately Analytlc Functions Defined on a Cross
‘ m the Space c’

INTRODUCTION

Hartogs proved (see [2]) thatif g = g(z,, ..., z,) is a function defined in a domain D in

- the space C'and g is analytic in each variable z; separately, where obviously z, € C for

k =1, ..., n, when the other variables have given arbitrary fixed values, then g is analytic

. in D. The Hartogs theorem gives rise to the following natural question of when a function -

{defined on a non-open lower dimensional subset of C”) separately analytic in a suitable

- sense can be continued to an analytic function i in some open set in the space C". We shall
i formulate this problem exactly.

' Definitibn 1.
“ . The set.

n . ‘ -
. X: U le-uka_lx ka‘Fk_'_lx...an

‘where F, < U, and U, is open in the complex plane Clork = 1, ..., m; is said to be a cross
in C" n>1. ' '

Definition 2.
Let f: X~C, where X is a cross in C". We say that f'is separately analytic on the cross X
if for each k=1,..,nand for each fixed

(15 oes xk_l,le, v X)EFy X X F_ xFy x..xF,

,"‘the function f(xy, s Xiw1s "> Xir 15 s %) € A(U). We write shortly:
:'_ (1) fe A(UD){(#(U), H(U), PIsh(U)) if a functidn f is analytic (continuous, harmomc‘ '
-plurisubharmonic) in a subset U of C", :

_ ‘,(11) fe Sh(U) if f is a subharmonic function in a set UcC,
s (iii) xedUifl x belon"gs to the. boundary of the set U. Our questions are the following.

e Characterize the sets F, for which every function f separately analytic in X may be con-
3 tmued to a unique analytic function f i in an open nelghbourhood of X.
e E . .
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2° What is the envelope of holomorphy of X?
3° For which sets Fy does there exist exactly one f'e A(D), such that flopax = flpaxs where
the set D is assumed to be open in C" and D N X #0? ' _

An®*answer to the first two problems was given by Siciak in [7]. Our methods are based
on the methods used by Siciak in [7] and on an example given by Terada [8]. In this paper
we shall give an answer to the third question. The main purpose of this note is to prove.
the following.

Theorem 2. If Xis a cross in the space C” (n32), where each of the sets F (see def. 3)
has a positive inner logarithmic capacity and if a function f: X—C is separately analytic
on the cross X, then there exists exactly one function f analytic in an open set DcCh,
such that f = fin the set D 0 X, which is evidently a uniqueness set for analytic functions.

§ 1. Et;ENIENTARY FACTS AND DEFINITIONS OF THE THEOR
OF EXTREMAL POINTS .

In the sequel E is a compact set in the complex plane C, S denotes the unbounded con-
nected component of the complement of E to the Riemann sphere ¢ and E,, is the boundary
of S. '

We denote

2™ = {z,,€ Cy 2,5 # zy for k #j, J, k=01, s 11}
V(z(n)): = H |an—znkl

0<j<k€n
) A (t -2z nk)
L{t,z™): = —
e 0 §];I$ n (Znj— Zute)

k#j
the Lagrange polynomial
' ' A(z™): = Tl (zj—2w)
0<k<n
k#j

~

Definition 3. The sequence n™cE is called the nth extremal system of E if:

V(™) = sup{Vc™); zZ™cE}
and
[do(n®)| = min' {|4;n™)};j = 0, ... B} -
We write shortly
L = Ly, 7" and A4,;= Aj(n(“)),. where j=0,..,7.
It is known (see [4]) that the limit d(E) = lim V(n‘(")')z’”(”” always exists. This limit
. - . nﬁw ’ . -
is. called the logarithmic capacity of E (or the transfinite diameter- of E).
Consider the function . -

LGz, E): = sup{[P@)I"*"; Pe #} for zeC
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where

—=1

degconst

F:={P: C—C, P is a polynomial and max {|P(z)|: ze E}<1} and
L(-, E) is called the extremal function of the set E (see [4], [6])-
It is obvious that the function L(-, E) is lower semicontinuous.

- Lemma 1 (see [4], [6] and [7]). If d(E)>0, then

(a) d(E) = d(E,) and L(z, E) = L(z, E.,)

) 0<lgL(:, EYe H(C\E,,), L(z, E) = o iff z = o0, L(z, E) =1iff ze C\S
(¢} d(E) = lim il = lim IAO,,II/” '

z— o (, ) B+ o0

(d) if F=FcE then d(F)<d(E) and L(z, F)>L(z E)

(e) if E,, = E,,CE +1 and U E, = E, then d(E) 4 d(E) where n—o0

(f) |L.o@IY" 4 L(z, E) for each z€ C\E,, n—oo the convergence belng uniform on every
compact subset of C\E,. :

§ 2. SOME PROPERTIES OF THE EXTREMAL FUNCTION L(-, E), WHEN d(E) < 0

We now quote some facts from the Potential Theory (see [5], [3]-and [1]).
Let E be a compact subset of C and let p be a real value measure the support of which
1s contained in E. We denote

F00): —flg(ix—yl)d#(y), x,yeC

and
M(E): = {u;suppucE,inf{f(x): xe E}>—1}.

The non-negative number cap E: = sup {u(E): p e #(E)}is called the Wiener capacity
of E (see [3], [5]). We set

“K(0, r)A-—- {xeC: |x|<r}

| .
h() = .‘ exp(—;), >0

0 , t=0

and

It is known that if Ec K(0, 1), then d(E) = h(capE) (see [3]). Putting rE = {rx:xc E}
" we obtain d(rE) = Irld(E) and consequently we have
n | d(E) = r'h(:~"-capE) when E<K(0,r).

For an arbitrary subset Q of C set '

d(Q) = sup{d(E): EcQ, E is comi)act}
and

d(Q) = inf{d(V): U=Q, U is open} . | -




2 Analogously we - define capQ and capQ Smce the functlon h is mcreasmg and con-‘,v‘ :
tlnuous, by (1) we obtain d(Q) = A(cap Q) and d(Q) = h{cap Q). It is evtdent that:

RO cap Q>cap Q. From the Choquet theorem (see [1]) we have capQ = cap Q and conse-- " -

quently FIT (Q) = d(Q) provided that Q is a Borel set. Since cap(B u Q)+cap(B nYy
<cap B+cap Q for all sets B and Q, then accordmg to the above remarks we derlve for T

aBorelsetB . ~

@ dB =B =BV Q) when B Q = G and a(Q) = capQ 0.
S By the way we wish to note that the mequahty A _ L
d(Ev F)+d(En F)<d(E)+d{F)

- in [3] p- 213 and [5] p. 89 is not true for all compacts E and F, as it is easy to check that o

® [d(E U F)P>o(E, F)-min {d(E), d(F)} , -
where ¢(E, F) denotes the distance between compacts E and F, ‘

Further properties of the extremal functlon may be deduced from the two followmg '
_theorems.

1)) (prmcip}e of continuation for subharmonic functions, see [1]). Let F be a subset
of an open set U, such that U\F is open and cap F = d(F) = 0. If v is a locally bounded
from above subharmonic function i inU \F then v can be contlnued to the unique functlon

B e Sh(U).
(IT) (theorem of H. Cartan, see [1], [5]). Assume that ;
) T is a family of subharmonic functions defined and locally bounded from above m
an open set Uc.C;
(ii) g(x): = sup{v(x): veT} for xeU,
g*(x): = lim g(y) - {xe U: g*(x)>g(X)} T

yox

Then g e Sh(U), capQ =d(Q) = 0 and Q is a Borel set.
From this theorem and from the definition of L(-, E) we get

76) I ,’lgL*(x,E) lg{lim L(y, E)} € Sh(C) .

y=x

We should also note that L¥*(x, E) = Iim Ly, E) for xe E, We put £¥ = E \Q, where -

Say—x

Q: = {xe C: L*(x, E)>L(x, E)}. Sincé Q is a Borel subset of E_ and d(Q) = 0 50 E* ts».v e

-.also a Borel set and by (2) we have
(CY) d(E*) = J(E"‘) = d(E,)=d(E)>0.

- (We note that E* is non-denumzrable as d(E*)>O) Putting U = C\E * we observe that
. U\Q = C\E,, is open and by (I) and L°mma 1 we.obtain * '

(5) : ' logL*(z, E)e H(C\E*)
‘ Moreover, by the definitions of the functions L(- , E), L*(-, E) and the set E¥, we g_ét' ;
(6) o IgL*(-, E) e 6 (E*). | .




B ALet u(x) = lgL*(x E*)— LgL*(x E) for xeC and u(oo) = 0. By lemma 1 and (4) we
obtain
ueH(C\E_*) and u20.

Since u(w0) =0, u = 0 and consequently L*(x, EY = L"(x E) for x€ 8. It is obvious
that the last ‘equality holds for each x e C (for details see the proof of Lemma 4).
~ Finally we obtain the following. -
" Lemma 2. If t d(E)>0, then lgL*(:, ) = lgL*(-, Ew) = 1gL*(-, E), ‘lg’L’*('- , E)'e]
€ SHC) N HIC\EH 1 € (C\(E*\E *)) and d(E¥) = d(E*) = d(E*) = d(E). :
) ‘Remark 1. It is worth while noting that x € E"‘ 1ﬁ' E satisfies the polynomial condl-
tion (L) at x (see [7]).
We. now prove the following two lemmas
Lemma 3. We assume that
. 1. E is a compact subset of C, d(E)>0 and D: = {xeC: plgL*(x E)<1} p>0
2. ue Sh(D), u(x)sm for xe F=E* A D and u(x)<M for xe D, m<M
Then ' ‘ -
u(x)<m+(M—m)plgL*(x, E) for' xeD.

Proof. We denote g(x) = u(x)— m+(M—m)plgL*(x, E). Tt is evident (see Lemma 2) .
that g € Sh(D\F). Under assumptions 1 and 2 it is not difficult to check that Tﬁﬁg(y)<0 B

L ymx
for each x € F U 0D. From the maximum principle for subharmqmc functions we denve»
‘ g(x)<0 for each xe D. ' : ‘ 4

‘Lemma 4. If E'is a compact with a positive logarltﬁlmc capamty, and U Ek =E

=1
_(where E, = EkcEH,) then '

L¥(x, E) = lim L*(x, Ek) for each xeC,

k— o
the convergence being uniform on every compact subset of C\'("E-"‘"\E*)V.:'
Proof. Without loss of generality (see Lemma 1b) we may put E = E,. Since

L*x, E)>L*(x, E;,)=L*(x, E), it is evident that the limit g(x) = lim L*(x; Ey) exists L

" k=

and g(x) =L*(x, E) for all xe C. As the functions 1gL*(: Ek)eSh(C) N H(C\E*) for
=1,2, .. we derive g € Sh(C) n H(C\E*)
We set

u(x) = lgL*(x, E)-lgl*(x,E) for xeC k=1,2,..

By Lemma 2 we obtain

| — N E
O<u, € H(C\E¥), where u(o0) = lim uk(x) Ig Zz’((_El .
x—'oo . k

By Lemma 1 we observe that 1,{00)0 when k—o0 and by the Harnack theorem the con-‘ ‘

.+ vergence is locally uniform on S (S denotes the unbounded compouent of E). Ftom the
- above we derive . _

g(x)=L*(x,E) for xe8§.
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Note that for each xe E = E, we have
L*(x,E)= Em L*y,E) and g(x)= Im g(y). ;

Say—=x Sey—x
Therefore ‘
*) g(x) = L¥x,E) for xeSUE.
Since the functions g and L*(:, E) belong to the family {S#(C) ~ H(C\E*)}, the equal-
ity (*) holds in the whole complex plane C. Moreover, as L*(-, E) € €(C\(E*\E*) then
by the Dini — Cartan lemma (see [1]) we derive that L*(-, E,) converges to L¥(-, E)
uniformly on every compact contained in C\(E*\E*). The proof of Lemma 4 is completed.

§ 3. PROOF OF THE MAIN THEOREM

Theorem 1. Assume that
1. X is a cross in the space C"(m>1),
2. the sets F, (see def. 1) are compact, d(F,)>0 and
= inf{lgL*(z,, F): z, € 0U}>sup{lgL*(z;, F): z eﬂﬁf} for k=1,...,m,
3. f X—C, f is locally bounded and separately analytic on the cross X

4. h(zys s Zw)t = P1 llgL*(zla F)+.. +PmllgL*(zm.- Fp,.
D:={z= (24, .., Zn) €C™: h(z)<1}.

Then there exists a unique function f € 4 (D), such that f(x) = f(x)foreachx e D n X # @.

Remark 2. Since % € PIsh(C™), by the Oka theorem (see [2]) we observe that each
component of D is a domain of holomorphy. We note that Fi x...x FpcD N X.

Proof of Theorem 1.

Case I. m= 2.
We put

Dk = {Z&EC: lgL*(zk, Fk)<'Rk} Iy

G, = {7, € C: lgLX(z;, F)<r}
where sup{L*(z,, F,): z eﬁ}<rk<\R,,<p,, and k=1,2.
It is obvious that
GkC‘Dk and EkCUk’ k = 1,2-

Let ¢, be the length of the curve, the image of which is the set 0D,. The number ¢, is finite
. since 1gL*(-, E,) is harmonic in some neighbourhood of the set 9D, . Let r_p(") denote the nth

extremal system. of F; (see def. 3). Setting .
Jz1,22) = _Zéf(nnjs 22)'Lnj(z1)
J:
and
' Wal(%) = (X110} vvr * (X — 1)









