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On the Existence of Periodic Solutions for an Or(iinary
‘Differential Equation of the Second Order with a Non-differentiable
; : Right Hand Side -

The purpose of this note is to show that using the concept of multivalyed differential
we can prove existence theorems for periodic solutions and solutions of some boundary
value problems for ordinary differential equations. Our main tool will be an implicit func-
tion theorem for non-differentiable mappings in Banach spaces. This theorem willqgive
us a family of solutions which have the property of continuous dependence.

2. DEFINITIONS AND NOTATIONS

- Let (E, |-]) be a Banach space. Let cf(E) denote the set of all nonempty closed convex
subsets of E. Throughout this section, U will denote an ope{i subset of E. Let p: U—E
and let F: E—cf(E) be homogeneous, i.e., for every A€ R, F(Ax)=AF(x) for all xe€ E.

Now let ¥ be a normed space. We denote the ball in ¥ with radius ¢ and center 0 by
B(&). Let x, € U. m

Definition 1. A homogeneous map F: E—cf(E) is called an upper differential of p-at
the point x,, if there exists 4>0 such that ‘

P(x)—p(xo) € F(x—Xx;)
for all x: |x—xe]<d.
Definition 2. A map D,: E—¢f(E) is called a completely continuous differential
of p at xg, if

F(x): where Fis an upper differential of p at x, and F is completely
continuous.
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Now we are able to state the following theorem
Theorem 1.-Let

@ ' x = p)+q(x, v) ‘

be a functional equation, where p: U—E and q: Ux B(x)—E are completely continuous,
>0, and ¢(x, v)—0 uniformly in x as |v|—0.

' Suppose there. exists xg € U, such that x, = p(x,) and there exmts the mu1t1valued

dlfferentlal D, of p at x,. Assume the implication

Xx€ Dp(x)é.’x =0.

Then there exists ae(O o) and K>0 such that

1° for every ve B(E), there is a- solutlon of (1) which satisfies |x, —-xo!<K and
2° |x,—x,l—0 as [v|—0. :
The proof follows from Lemma 2 and Theorem 1 in [2].

III. BOUNDARY VALUE PROBLEM

Let I = [0, 1], and C” be the space of all continuous functions x: I—R" with the usual
norm topology, |x| = sup{|x(®|: tel}. :
Consider a boundary value problem

e) | £0) = f(6,%@),  Lox =10,
and a famlly of boundary value problems
RS %(8) = f(e, @) +g (8, x(1), €) Lgx‘g r,,

where & denotes a real parameter, and for each ¢, L, maps C" into R"
Using the generalized Fredholm Theorem (see [1]) and the above Theorem 1 we get
immediately the following:
Theorem 2. Assume that:
" 1° F; Ix R"—cf(R" is a function satlsfylng Carathéodory’s condition.
2° F(¢, ) is homogeneous.
3° The scalar function
@@ =sup [|F(t, pll  where  [|4]| = sup [g|
|p|€1 qeAd
is integrable.
4° f. Ix R"—>R" satisfy Carathéodory’s condition.
. t,p)eIxR*
o F. N ftp. o @ Bt (
5° S, p)=f(t,p) e Flt,p—p)  forall " o e

and

:Elf(t,())ldt< 4.







