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On the Existence of Periodic Solutions for an Or(iinary
‘Differential Equation of the Second Order with a Non-differentiable
; : Right Hand Side -

The purpose of this note is to show that using the concept of multivalyed differential
we can prove existence theorems for periodic solutions and solutions of some boundary
value problems for ordinary differential equations. Our main tool will be an implicit func-
tion theorem for non-differentiable mappings in Banach spaces. This theorem willqgive
us a family of solutions which have the property of continuous dependence.

2. DEFINITIONS AND NOTATIONS

- Let (E, |-]) be a Banach space. Let cf(E) denote the set of all nonempty closed convex
subsets of E. Throughout this section, U will denote an ope{i subset of E. Let p: U—E
and let F: E—cf(E) be homogeneous, i.e., for every A€ R, F(Ax)=AF(x) for all xe€ E.

Now let ¥ be a normed space. We denote the ball in ¥ with radius ¢ and center 0 by
B(&). Let x, € U. m

Definition 1. A homogeneous map F: E—cf(E) is called an upper differential of p-at
the point x,, if there exists 4>0 such that ‘

P(x)—p(xo) € F(x—Xx;)
for all x: |x—xe]<d.
Definition 2. A map D,: E—¢f(E) is called a completely continuous differential
of p at xg, if

F(x): where Fis an upper differential of p at x, and F is completely
continuous.
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H. IMPLICIT FUNCTION THEOREM

Using similar methods as in [6] it may easily be shown that:

Lemma 1. The function D,: E—¢f(E) is homogeneous and completely continuous.
Furthermore, there exists a sequence. {F,} of upper dlﬁ‘erentlals such that
) F,,“(x)cF(x) for all xe Eand n = 1,2,

i) Dyfx) = ﬁ Fy(x).
We now prove
Lemma 2. Let the function D,: E—c¢f(E) be as in Lemma 1 and the following 1mphca-

. tion be true’

A L x€ Dx)=>x =0.
Then, there exists 7,1 such that
. | xeF(x)=>x =0,
Vw‘hei‘e' F,’,o“’ is the function from the conclusion of Lemma 1.
- Proof. For if not, there exists a sequence {x,} satisfying x, € F,(x,) and x, # 0. Since F,

Tis homogeneous we have
X X,
e F, ( J)
1| x|

L 'Thﬁs,‘since‘Fl is completely continuous and F,, ,(x) € F,(x) there exists a subsequence
- of {x,}, which we call by x, again, such that

X
N oz, ]z =1. : T
|}

o Bﬁt, by the upper semicontinuity of all F, we have
ze () F(z) = D(2)=z=0."
n=1

This completes the proof. ,
The following lemma is in [2]:

Lemma 3: Let F E——»cf(E) be a completely contmuous and homogeneous function
: such that =

o xeFx)=>x=0.
' Then, there exists J>0 such that
| xeF()+b=|x|</b| for xeE.

,‘From Lemma 2 and Lemma 3 we get
: Corollaty 1. Under the conditions of Lemma 2, there exists J>0 such that

" ' xeFo(x)+b==>|x|<J|b|



Now we are able to state the following theorem
Theorem 1.-Let

@ ' x = p)+q(x, v) ‘

be a functional equation, where p: U—E and q: Ux B(x)—E are completely continuous,
>0, and ¢(x, v)—0 uniformly in x as |v|—0.

' Suppose there. exists xg € U, such that x, = p(x,) and there exmts the mu1t1valued

dlfferentlal D, of p at x,. Assume the implication

Xx€ Dp(x)é.’x =0.

Then there exists ae(O o) and K>0 such that

1° for every ve B(E), there is a- solutlon of (1) which satisfies |x, —-xo!<K and
2° |x,—x,l—0 as [v|—0. :
The proof follows from Lemma 2 and Theorem 1 in [2].

III. BOUNDARY VALUE PROBLEM

Let I = [0, 1], and C” be the space of all continuous functions x: I—R" with the usual
norm topology, |x| = sup{|x(®|: tel}. :
Consider a boundary value problem

e) | £0) = f(6,%@),  Lox =10,
and a famlly of boundary value problems
RS %(8) = f(e, @) +g (8, x(1), €) Lgx‘g r,,

where & denotes a real parameter, and for each ¢, L, maps C" into R"
Using the generalized Fredholm Theorem (see [1]) and the above Theorem 1 we get
immediately the following:
Theorem 2. Assume that:
" 1° F; Ix R"—cf(R" is a function satlsfylng Carathéodory’s condition.
2° F(¢, ) is homogeneous.
3° The scalar function
@@ =sup [|F(t, pll  where  [|4]| = sup [g|
|p|€1 qeAd
is integrable.
4° f. Ix R"—>R" satisfy Carathéodory’s condition.
. t,p)eIxR*
o F. N ftp. o @ Bt (
5° S, p)=f(t,p) e Flt,p—p)  forall " o e

and

:Elf(t,())ldt< 4.
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6° L,: C(ID—R" is linear and continuous for |g| <s,.

7T° the map: e—L, is continuous.

8° g: IxR*x R—R" is continuous and such that g(z, x,0) = 0.
Assume moreover that the boundary value problem

(D eF(t, x®), Lyx=0

~ admits only a zero solution. Then _

i) there exists exactly one solution x, of the boundary value problem (2),,

ii) there exists £>0 such that for each ¢ with |e] <& there is a solution x,(¢) of the boundary
.value problem (3) and x,(f)—x,(¢) uniformly in ¢ as &—0.
Proof. We note that if p: C"(I)x R"- C"(I) x R" and p(x, h) = (¥, @) where

1
F@)® = x©@+ [f(s, x(s))ds+h, a8 = Lox—ro+h
0
and : :
g: C"(I)xR"x[~B, Bl>C™I) x R™ q(x, h, &) = (z, ),
where
t
z(O) = [ g(s, x(s), e)ds—h, ¢ = Lyx~r,—(Lyx—r)
0
the problems (2) and (3) are equivalent to equation (1) when & = 0 and ¢ # 0 respectively.
By using the techniques in [5], it can be observed that conditions in Theorem 1 on p and ¢
are satisfied. The multivalued mapping P: C™(I) x R"—¢f(C"(I) x R"), where P(x, h)
= (y,a) and
4
() = {x()+ [u()ds+h: u(s) e Fls, x(s))} ,
0

can also be shown by the methods in [6], to satisfy the conditions in Theorem 1. With
these observations, the conclusions of the Theorem 2 follow from Theorem 1.

IV. SOME APPLICATIONS

We are going to apply Theorem 2 to the problem of the existence and continuous de-
pendence of periodic solutions of an ordinary differential equation of the second order.
Let us consider the following boundary value problem

@ %= —o(t, x,%,¢) and x(0) = x(®), X(0) = %(w)

where ¢ is periodic in ¢ with a period w.
Next, we consider the linear homogeneous equation

&3] o X+p(Hx=0.
. The following Lemma is due to A. Lasota and Z. Opial [3].
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Lemma 4. If a function p(?) is periodic with period o, integrablev on [0, w], and the
following conditions are satisfied ‘ '

(@) :gp(z)dr,zo, w}lp(t)ldtslé', p() £0.

Then x = 0 is the only periodic solution of (5) with period w. We shall prove the following:
Theorem 3. Let ¢(¢, x, y, €) be a continuous function for (¢, x,y, &) e R®x[—8, Bl
and periodic in ¢ with period w. '
Let us assume that ) T
1° ¢(z, x, y,0) is constant with respect to y.

(P(t’ x:.ys 0)_(P(Isiay’0)
x—X .

<P(D,x>X

2° p(<
where p(f) dnd P(¥) are periodic functions with period , integrable on [0, w] such that

) PO #0, [p@d>0, w]P()d<16
) - o . .
Then :
a) there exists exactly one periodic solution x,(f) of equation
= —o(,x, %0

with period .
b) there exists € (0, f) and K>0 such that for each & with |¢] <& there is a periodic solu-

tion x,(#) with period w of problem (4) such that
| () — XD <K
¢) x,(H)—x,(t) uniformly with respect to ¢ as e—0.
Proof. Define the multivalued function F by the formula
F(t, x, ) = {(, —=Ax): p(N<ASP(D)} .
From Lémma 4 it follows that the problem
G, DeFtx,y), x(0)=x@, »0)=y).

admits only a solution identically equal to zero.
Observe that F(t, x, y) satisfies all conditions of Theorem 2, i.e., F(z, x, ) satisfies
Carathéodory’s condition, is homogeneous with respect to (x, y) and the scalar function

Y = sup{IF(t, x, Y|: x2+y* = 1}
' = sup{{/x*+4%-y*: x2+)3* =1, p(H<KASP(Q)},
is integrable on [0, a)] '
Now writing the problem (4) in the form
x=y x(0) = x()
y=—otx,3,8, y0) =yw).
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or equivalently

=y | o x(0) = x()
y "(P‘(% XY, 0)+[§0(t’ X5 y,o)—fp(f» X, Y, e)]: y(O) = J’(w)

.and putting

o ftyx, 0 =@, —o(t,x,7,0)

_ g(t,x,y, = (0, 9(t, x, y,0)—0(t, x, y, )

we get -

f(l, x’y)—f(ts xa ﬁ)ef_;(t; x""'&s J’—ﬁ) for all (t’ x,y)ER3
' (t,%,9)eR.

Thus, since the functions (¢, x, ») and g(f, x, », ¢) satisfy all assumptions of Theorem 2
we obtain the desired result. The proof is complete,
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