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Ultraproducts of i—Iigher-Order Models and Non-standard Analysis

. In [11 A. Robmson has stated the emstence of a certain proper enlargement R* of the %
" model of analysis. In this paper we give an effective constructlon of R* mtroducmg the
_ notion of the ultraproduct of higher-order models. : : :

We define by induction the set T in the following way:

) 1eT,

2) if 14,..,7,€T then (rl,.’ ,t,,)eT ' L
Elements of T will be called types For every type T we deﬁne the rank of T (r(r)) by m—': -
duction: A , ,
Drh)=0,

2) r{(ty, - ) = l+ max r(ri)

For every set A and type T we put:
Dd=4 if v=1, IURTRR
2) 14 = P(tle,.; xT,4) if T= {1:1,. ,7) where P(X) = ‘{Y YcX}. For
a given mapping f: A-—»B we define the mapplng 1f: 1A—tB in the following way
nif=r,
2) for Cetd, CaTiAdX, .y XTpd (z = (o, .,,.,t,‘,)) We'put

F(C) = {(Eufer)s wr T lED): (€1s s IECY

_whem 7t 1A B (i=1,...,n) are already defined. Obv1ous1y :f(C) € 'tB It is easy “ ‘
i “;to see that: - : C

)} T(f ° g) = tf o 'tg whenever fro g exxsts
2) w(idy) = iduas | -
- 3) wheneéver £ is an m]ectlon (smjectlon), 50 1s.<;f , AR

We introduce the hngher-drder language .L. The atomlc mbels of L are:
1) variables (v, vy, Uz, ...) of type t for each 'reT V‘ 1s the set of. al! vana.bles of .

R type 1.V is the set of all “variables of L.

2) ‘canstants (2, 8,7, ...) of type P for’ ea@lf f\ggfsz’wlnaa_,; ‘,sj‘mila'r _way_ we mtrod'uce the

. sets RS R




72

3) the connectives 71, A ;

4) the quantifier 3. :

In any given situation we shall suppose that a sufficient supply of variables and constants
is available in our language. The atomic formulas of L are of the form s(z,, ..., £,) where
seV'UR, ,eV"UR® (i=1,..,n) and 1= (14,..,7,). The set of higher-order
formutas of L is the smallest set & such that

1) & contains all atomic formulas of L, ,

2) & is closed under the application of connectives,

3) 3vF is in & whenever F is in #, ve V and v is free in F.
- The pair. M = (M, ) will be called a hlgher-order model if M is any set and i, is

- a partlal mapping from Rinto |J 'c]L’[ such that for allz & T y,, maps s R¥into M. We denote
teT

dom WM NR =M,M= |JM, M = {Yn(a): ae M}, We assume M # O for all
teT
7eT. A model M = (M, yrpy) will be called full (no;mal) iff for all 1€ T ypy: M" —nM is

a surjection (mJectlon) A model M = (M, ys) will be called regular iff
1) M #0, : - ‘

2) IM=M,

3) for all T# 1, T=(1g,..,1, we have

McP(t,Mx, ..., x*’r,,M)

This means if (a,, ..., a,) € Yy (%), & € M°, then there exist a; € M™ such that a; = y(a)
(i = 1, ..., n). We consider only regular models. The word “model” used in this paper will
denote a regular one. For Fe &, FrF denotes the set of all free variables of F and
Fr'F = FrF n V°. Val, F denotes the set of all valuations of formula F in model M

ie. mapplngs ¢@: FrF— {JtM such that im @|ppctM. For te FrFu M. we ‘put
teT

omt = go(t) whenever teFrF and @yt = yy(0) in another case.
" We'say that formula F is satisfied in model M by valuation ¢ € Valy F (shortly M F F) iff
1) All constants of F belongs to M,
2) a) (@alys - Pyt,) € ous for atomic formula F = s(tl, vees T)s
b) M E,H does not hold for F of the form F = TH,
c) qu,lﬁp F, and MFg , F, for F=F; A F,,
- d)-for some aetM, ME, aH for F of the form F=3vH where ve FriH.
S denotes the set of all sentences of L. For Pe S, Val, P = {&} and we write Mk P
if M EyP. Models M, N will be called elementarily equivalent (M =N) if for every Pe S
such that constants of P belong to M n N we have: Mk P iff Nk P, We call two mo-
dels M, N isomorphic if there exist bijections h: M—N, h,: M*—N° (for each 7€ T) such
that for every « € M® we have th (l//M(a)) = Yy ( ,(rx)) It is easy to see that if M, N are
lsomorphlc, then

MEP iff NhP(al/h,l(aI),’..., ,,/h,,,(oc))

where {a,, .. ., &,} ‘are all constants of P and «; EM“ (i = 1 .



Let I be an arbltrary fixed index set and U an ultrafilter on [/ (U = P(I)) For each
tellet M, = (M,, ) be some model. We extend the set of constants of L. For everyteT
we take R" = R* U HM'/U (see [2], 87) The ultraproduct of models M, is the model

M = (M, {)) where 111 1 M,/U, M = 1'[ M‘IU and ¥: M‘—tM is defined as follows:

el IT-24
we take any aeM'. &= [a], where a € [[ M5 - . o , %
el E

1) If 7= 1 -We put (@) = [f] where f(:) = y, (oc(z))

) If v=1(,..,1,) we say that (by,...,b,) ey(@ iff there exist &, = [aileM"_
(i =1, ...,n) such that

a) by = y(a), ’ _ :

b) Z = {e: (1)), oo, Y (0, 0)) e Y (x()} e U

It is obvious from the construction that M is regular. To verify the independence of the
definition from the choice of representants from the equivalence classes &, &; we take any
o' ed = [a], a;jed; = [u].

' Zy = {u oc'(t) =a()}eU

and each
) Zp={u o) = e} e U
Then ' .

Zn ZO N é;zi‘: W= {": (W;(a’l (L))a ) d’;(ar’l(&))) € l)”a(a'(‘))}

hence W e U. The independence from the choice of &, Such that b, = y (&) will be the result
of Theorem 1.

Theorem 1. Let M = (M, y) be some ultréprbduct of models {M}. We have
; D) y@ =@ iff {1 z//.(au)) = l//,(ﬁ(a))}e U where & BeM’; teT; &= [a]
= [). . - : - .
2) For every de M', t # 1 (v = (14, ..., 7,)) we have Y(& = {(ay, ..., a,): for every -
Bis ..., B, such that a; = y(B), pieM™ (z—-l ..,n) we have - ‘

6 (BN s WABO) 9. =) € U}

" 'Proof: wé first show the following Lemma: If 1) holds for constants of types 1;
(i=1,.., n), then 2) holds for constants of type © = (14, ..., T,).

Proof of the Lemma: The inclusion from the right to the left is obvious. We take any
&e M. Let (a;, ..., a,) € Y(&). Hence there exist &, ..., &,, & eM" (i =1,..,m), such
that a; = (&) and ‘

Z = {“ (‘/’:(al(l'))a et 'l’/ (an(z)))’e ‘llz(a(.‘))} el.
We take any ‘?1 s e B such that a; = l//(B,) (i=1, ..., n). Hence y(&;) = 111(])’) so that all
I Z, = {12 ¥fal)) = Y (B} e U.
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We have Zn () Z;e U,
i=1

Zo 0 ZeW = (s WB0), - VEO) oW, (@(o)}» "

that yields We U. This completes the proof of the Lemma, A

4 Now we shall § prove 1) by induction on 1. The implicatign from ﬂght to the left and the

~case 7 = 1 are obvious. Wetake any 7 # 1, T = (T4, -0y Tw) and assume 1) holds for con-
stants of types 7; (i = 1, ..., n). Suppose that :

~ ¥(20) = ¥ (BO)} ¢ U.
So that . ' ‘ :

‘ Z = {i: ¥,(2) #V,(BW)}eU.

Z=Z uZ, where _ : ‘ oo

AR (R 0) VZ(:{0) KN
= {i: Y.(BOW(2() # ‘f‘}

so that Z,eU or Zze U. We cons.lder the first case. For each zezt we choosc L

= (b}, .., bY) such that b€ Y,(x() and b' ¢y, (B(2)). Then there exist y;e M{' such L

that b =, ('y,) i=1,.., n) We put §; = [7,] where y,(¢)-= yifor¢ €Z, and an arbltrarlly‘ ‘
chosen element from M M% for 1e\Z,. We take ¢ = (cl, s G Where ¢ = y’r(yi). _
(G=1,..,n). Z, is a subset of ' :

~ o (O) o WO e WD} |
so Z;eU. Hence ce ¥ () so that ¢ e y(B). Applying the Lemma we¢ hav_e/Z‘; € U where

Zo = {65, (.01 0), -r (@) € V. (BO)

. jSmec 2’*;‘»::1'\2'1 we have I\Z, € U so that Z, ¢ U, which leads to a contradlctlon ThiS“ o

‘comp fes the proof. of the first part. of the theorem. Now the second part is. obwously o
‘“valid :m view of the I..emma S S o

 The mappmgs ¥, are all lnjectlons 50 that

CZc{n a() = B} = Z,

Hence Z, € U so a~yf and finally & = B.

Theorem 3. If Uis a prmclpal ultrafilter then for some zo el modcls M and M are :
isomorphic. ' T I




Proof From 2] p. 124 there exist bijections #: M—»M h.: M”~+H‘ ‘such that

h‘([/]) = flto) and h(&) = a(s) (@ = [a] € M"). We show that th(Y(@) = l,!'lm(h.,(ﬁ)) by . X

induction on t.
D 1 @) = hY @) = ¥, (a:) = wm(hl(&)) |
1= (rl, . T)e "We  assume that A (Y (&) = vl/,o(ai(to)) for all aieﬂ"' '
G=1,..,n).

»”,

(b1, ..., by) € Th{Y (@)
iff there exist a;, 4; such that b; = 1,k(a)), a; = Y(3,) and

{6 W), s wm0)) e P ) e U

iff :

('l’m(a_l (‘o))s ey 'ﬁm(%(‘o))) € 'l’:o(“(‘o))
iff o |

(2 AU @), s Tuh (U (E))) € ¥ o((20)
iff

(®ys ..., ) € ll/m(a(to))

Let My, = (M, Y,) be any model, I any set and U any ultrafilter on I The ultrapowar '

of M, is the model MU = M (M, ) where M = MOIU M = M§/U (see [2], 89)
and y is defined in the same way as- above. d will denote the canonical embedding Mo in M
(d(a) = [4(a)], where 4 is a diagonal injection M, in M) and d, respectively the embeddmgs
. Mo in M* (similarly d(«) = [4(«0)]). We define the model dMo (dM,, ) as follows: -
o dMe = d(Mo), dMo & d(Mé) and for adeo we put

It is easy to see that IP dMo—»rdMo

th(, = {aﬁ(a) dedMg} = {§(d, \’ozo)) %EM }
= {Td('f’o(“o)) “o € MO} = 'Td(TMo)

so that rdMocrdMoc1M If Mo is full then 1dM, = tdM,,. Straight from the construc-
tion of dM, we find that M, and dM, are xsomorphlc models, Tl

~Theorem 4. Models M, and dM, have the following properties:
1) dMyc= M;
2) dMicM" for each teT; *
3) §(@) = ¥ (@) for dedM}; ,
- 4) §@) = Y@ n (dMy)" for aedM; where rdy=1,t=(1,..,1).
Proof: 1) and 2) are obv10us 3) can be proved simply. To prove 4) we show first that
(@Y (@) n (@M)". &= da where o€ M§ so that ' '

$@ = d(o(@) = (a1, s d): (o1, ., ) € Yol
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Let (bl, s by) € Y(8). We bave b; = dai G =1,..,n) Whéte (a,, ..., a,) € Yo(a). Hence

a; = l[lo(ai) for some a;. From 3) we have o '
. b, = d('f/o(%)) ¥ (di(2)) - ‘ A L

‘We take d,(2) = [4,(0)] and dy(a;) = [4,(@)]. Now (by, ..., b,) € Yi(%) because

{6 Woldi@) @)s s Yo(4:1@) ) € Yo (4@ @)}
‘ ' = {12 (@1, a) EY0)} =T€ U.
Conversely, we suppose that _ T
(bys oors DY €Y (@) N (A M)" .
Hence b; = w,l/(B,) for some B;, b, = d(a;) for some a, € M, i=1,...,n and
{12 (Wo(Br®)s s Wo(BAI) €Yo} € U+
We can choose such B; that Yio(B(1)) = a; hence (ay, ..., a,) € Yo(®) so that

(day, ..., da) = (by, ..., b,) € dio(@) = Y (@) .
Remark: If r(7)>1 the similar condition to 4) does not hold. For example let
- My =(My, Yo) be any full model. We take & € MY *” such that Yo(@) ={Mo}; & =d(upla).
bey() iff b=y(P) for- some. PfeM™ and {t Vo(B(®) € Yo(x(v)} € U.. Since.

{1 20 = o € U we have {i: Yo(B0)  (Ms)) € U. Hence (u: Yy(B0) = Mo} €U’ 5o
that b = M{/U and finally Y@= {My/U}. (@ 0 (1)) dM, = D but

Y@ = ((1))d(llfo(a)) = (()d({M,}) = {d_o}
The question whether

‘/7(&):‘,(’(5) N (r dMo%... x"t’nfi_y_o)
holds is open.

Theorem 5. We take M, = (N, ) with arbitrary Yy, I = N, U —some non-pr1nc1pal
ultrafilter on N (N denotes the set of natural numbers). Then the model M = Mo/ Uis
not full. -

Proof: We shall show that dN e tM\tM. Suppose that dN € tM. Hence there exists
&e M™ such that dN = l[l(d) We consider three cases:

1) Z, = {t: Yo(alr)) is an infinite subset of N} € U. Since U is a non—prlnmpal ultra-
filter, Z, is infinite. Hence there exists the bijection u: N—Z; -We deﬁne the mapplng
g: I--N as follows:

a) on Z1 by induction:

© g = a; —any element of ujlo(oc(u(l)))

g(n(n+1)) = @, such that a,. € Yo(x(u(n+1))) and a,,+1>ak for all k<n, -

'b) for te \Z; we put arbitrary numbers.

For each k € N there exists f, € Mg such that g(k) = d/o(ﬁk) We take B= [ﬁ] where
B(k) = B.. We have y(B) = [g] and ¥ (P) e ¥ (&), hence [g] € dN. So that there exists

Ay




some neN, such that [g] =dn. W=1[u: g(t) =n}eU hence Wn Z, e U. From the
construction of g we see that W n Z, contains exactly one element itisa contradlctlon
to the non-principality of U.

2) Z, = {12 Yo(a(r)) is a finite subset of, N} e U. We deﬁne the mapping g: I-N
as follows: g(1) = igexyo(x(v)) for t€ Z, and g(;) is an arbitrary number for 1 §2, In
a SImllar way as before we have [gledN so that there ex1sts neN such that

= {s: g(¢)=n}eU Z, nZeU so

{L maxgbo(o:(z)) = n}e U
"Now it is easy to verlfy that l#(a) contains at least n+1 elements; this is a contradlctlon,
because dN is an infinite set.

3) Zs = {¢: Yo(a(¥)) = D} € U. In this case we obtain (&) = O because if [g] € ¥(@
~ then . ‘ .

Zs‘ n e g eyo(a(®)} = Ge U
contradictiqn. :

Theorem 6. (The Lo§ theorem for higher-order models). We take M = [[ M,/U; -
el

F—any formula such that the constants of F are {ocl, w3 8}, where &€ M, & = [o]
(]— 1,..,k). We put : o

- F, = F(Ga;(0), ..., Tl (1)) .

For ¢ € Valy F,ve Fo'F we have ¢(v) € tM. Then there exists & = [x] € M* such that
vy = Y (@). We put ¢,(v) = (a(:,)) In this suuatlon the following condition holds:

MI= Fiff {t: M, Es,F}eU.
Proof: We shall prove this by induction on F.
1) F=s(t,..,t,) i.e. Fis an atomic formula.

CME,S(ly, n )

iff ‘ ,
! (,(thlﬁ e (PMtn) EPmS
® e @), s ¥, (oc,.(z))) eV eU,

where @p s = l,L'(OC) and @pt; = Y (@) (z =1,..,n). Weput f; = ¢;if t;€ V“ and ti = oy(t)
if #; € M™ (similarly 5*). Then @t = -, (ozi(t)) and @8 = ¥, (06(&)) (¢ =1,...,n). Thus (i)
iff S ‘ .
T SRR Y M, kq,‘s‘(t s n)}e U. ‘

2) If Fis of the form F = 71H or F=F nF, thls may be proved in the same way
as in the elementary case (see [2], 90). .

*'3) We take F of the form F'= JvH(v) end we assume that the theorem holds for H
(Ml= HvH(v) iff for some berM b=y@ where aceM’)

(n) o Mkmg{(o ,,»H(v)
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