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&

In this paper we shall deal with the non-homogeneous functional imquality.
(1) VISP (x) +h(x),

where f, g and 4 are given functions and y is an unknown function. The aim of this paper -
will be to prove a comparison theorem, i.e. to prove that for a given solution ¥ of m-
equality (l), there exists such a solution ¢, of the functional equation :

2) e[fM)] = g(x)o(x)+h(x),
that
3 ¥ (%) 2 @o(x) .

In the sequel, we assume the following hypothesis
(H) 1° The function fis defined, continuous and strictly increasing in an interval [¢, g)
and '

. <f)<x for xe((,a), fO)=¢.
2° The function g is defined and continuous in [, ) and
()] ‘ ; g(x)>0 for xe[é, a).

3° There exists such a point x, € (¢, @) that the sequence - A
. ! N "..1 -
() ,G,,(x) = H g(f(x) for xel¢,a),n21;G0) =1,

where f? denotes the ith iterate of the function 5 converges to zero uniformly in the interval
[f(x0), xo]-
4° The function 4 is deﬁned and continuous in [, @) and A(¢) =

For the more general case of a non-linear functional inequality a comparison theorem
- has been proved in "[1]. T he theorem applies to the inequality (1) in the case where either




© IS Gn<x)¢<x>+e,(x)z

o ‘ ' " i P
@ = by = Y Z"Wx)]

lim Gy (%) = © for x e [£, a), or lim G(x) = G(x)forxe [f , a), where G is a contmuous -

n— n—+w

= function, positive in [¢, @). The results obtained in [1] cannot be apphed however to the

case where G,(x)—0 for an x € [£, a). Such a case has also been considered in [1] and [2]

" but only for the homogeneous linear inequality.

1t is easy to verify by induction the following (cf. [3], p. 53)
Lemma 1. If y satlsﬁes the inequality (1) in [¢, @), then

P -1 .
JARKES)
G+ 1(x) ,

w

forn=1,2,. . and xe [£, a) and the equality holds iff oy satlsfles equatlon ).

- We are gomg to prove the following
Lemma 2. If  satisfies the inequality (1) in [¢, a), then the sequence

G (x)

Giy1(x)

i=

for n= 1, 2 . XE [{, a) is decreasing.
" Proof. Let . satisfy the inequality (1). Then

V4 1(%) —a(x) o
n n—1
2 A o) I N W I o) + Z’h{f"(x)]

Gt 1(x) - Gi+1(x) G(%) — Gi1(x)
o _yr (X)) - g[f "W L]~ h[f "(x)]
W - Gt ,

for n =1,2,..,x€[¢, a), because fr(x)e £, @), by virtue of hypothes1s (H) and, con-

sequently, ¥ satlsﬁes the inequality (1) for f"(x), put in place of x.

< W "are now able to prove the following

then there exists the limit

® T ee=lmpe fr sela, e

n—~+o

where ¥/, is defined by the formula (7).
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 The functlon qao is upper seml-contmuous in (&, a) contlnuous at &, and the inequa-. - .

’ llty (3) holds in [¢&, a). Moreover, @ Is the greatest solution of equation (2) satisfying (3),
i.e.iif ¢ is'a solution of (2) in [¢, a) satisfying the. 1nequahty

Sa o R ‘P(xo)>‘Po(xo)
- for an x0 €[, a) then there exists such a positive mteger k that
an el Y )]
Proof. First, let us notice that the inequality (8) implies that if ¢ satisfies (2), then

n—1 ’ .
B NDALS
""’( 9> GG Z Gira® = oW,

forn=1,2, ,xe{é, a), by virtue of (?)
~This means that the limit (9) exists, by virtue of lemma 2. It is easy to verify that ¢,
satisfies the equation (2) and that it is an upper semi-continuous function in [¢, @), as alimit

of the decreasing sequence of continuous functions. It follows from the hypothesis. (H),
(8) and (7) that

0= ¢o(€)<hm Yalx) =

(see [3]), which shows that the functlon @, is continuous at £. The inequality (3) follows
immediately.

Let xy € [é , @) and let ¢ be such a solution of equation (2) in [£, a) that the mequallty (10) _
holds. Let us’ suppose that for every positive integer & we have

~‘ : _'(12) , (O[fk(xo)]<'f’[f (x0)].

It follows fmm (12),(7).an of Lamma 1 for P, that P(x9) SYi(xo)-for any k>1. Let-
ting here k->c0 we get by (9) a contradiction thh (10)~ Thxs emis the proof of the
theorem. :
Let us notice that the function ¢, need not be continuous even 1f the mequahty is homo— i
geneous. To see this consider the following
Example. For the-inequality

(13) | v Gx)gw(x), xe[0,1]

' the assumptions of our theorem are fulfilled. We have f"(x) = x27" and G,(x) = 2 mtL
n=20,1,.. It is eas11y verified that the function

x+2"2+"(x 3272 for xe[3.27"°2% 277,

x+2"2+""1(3 27" 2% for xe(2"L, 32772,
for x=0,
n=0,1,2,..

Yix) =




92 , g '

is a continuous solution of 1nequa11ty (13)i in the mterval [0 1]. Calculatlng the hmlt (9
however, we get

, x) 2 forx=2""n=1,2,.., T
. 9 =% otherwise (in [0, 1) o

i.e.-a function discontinuous in the interval [0, 1].
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