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Some Theorems on Partial Differential-Functional Inequalities
- of Parabolic Type

We consider a sYstem of second order differential-functional inequalities of the type
(ny ult, )<, X, Uy b, ule, U, )), (=1,.,m),

where X = (%, ..., X,), U = (!, ..., u"), v’ = (uil, ey W), Ul is the matrix of second
order derivatives with respect to x and for fixed ¢ we denote by

£,0) = ('l ), e, W, )

an element of the space of continuous functions such that U(z,-): X—U(z, X). }

" Theorems 2 and 5 aie generahzatlons of results obtamed by P. Besala for parabollc
differential inequalities [2], [3].
- ‘For any vectors U = (u!, ..., u™), V = (v', ..., v™) we shall write

ULV, it <o) (j=1,..,m).
and , ‘
: U<v, it W< j=1,..,m).

For a ﬁxed i we write I
'Y, ,lfuj<v (j=1,..,m) and ' = o*.

A region D in the space of points (, Xy oo x,,) will be called a region of type _C if the
following conditions are satisfied: ' ‘

(a) D is open, contained in the zone 7,<t<1y,+T< 0, and the mtersectxon of the
closure of D with any closed zone. t,<7<1t; <f,+T is bounded. _ :

(b) The projection S,l on the space (x4, ..., x,) of the intérsection of the closure of D
with the plane 1 = 1, is, for any ¢, € [ty,'t, +T) non-empty.

(c) The pomt (#, X) being arbitrarily fixed in the closure of D, to every sequénce 1‘ such
that 7, € [to, £,+T) and 7,—¢, there is a sequence X, so that X, e S,, and X,—X.

For a fixed 1; elty, t,+7) let Cn(S;,) stand for the space of continuous functions
z2(X) = (z (X), -y 2"(X)) from S, in R™ with the norms

Izl = max {z'(X)|: Xe5,}, Izl = maxiz}|

1gi<m




gy

For 2€ C,(S,,), £ ColS,,) we shall write z<Z, if zf(X)<;z";"(X) for' érbitrary,X = S,'x" .
" (j=1,...,m). For a fixed ¢, € [ty, 1,+T) we denote by U(t ) = (W', ), s W, )
" an element of the space C,(S;,) such that .

U(t, *): CulS,) 3 X—U(t, X) )

“Assumptions A. 4 region Dc(¢, x4, ..., x,) of type C being given let the functions
a'(t, X) (i =1, ..., m) be defined and non-negative on its side surface X (i.e. that part
of the boundary of D which is contained in the open zone 7, <t<?y+T). Denote by £,
the subset of X on which a'(¢, X) # 0. For every (¢, X)eZ,, let a direction Iz, X)

(i = 1,2, ..., m).be given, so that I is orthogonal to the ¢-axis and some segment starting
at (¢, X) of the straight half-line from .(z, X) in the direction /* is contained in the clo-
sure of D. ' .

A vector-function U(t, X) = (u'(z, X), ..., w™(z, X)) will be called regular in D if
it is-continuous in the closure of D and possesses continuous derivatives o/ot, 8[0x;,
8*/6x;0x, in D.

If, in addition, for every i the derivative du'/dl’ exists at each point (¢, X) € Z,, then
the vector-function U(¢, x) = (u'(z, X), ..., u™(t, X)) is called ,-regular in D.

Let functions f(¢, X, U, Q, R, 2) (i = 1, ..., m), where Q = (qy, ..., ¢,) and R = (ry)
is a n x n real symmetric matrix, be defined for (¢, X) € D, U, Q, Rarbitrary and z € C,(S). -~

We shall make use of the following definition of ellipticity given by J. Szarski.

Suppose that U(t, X) = (u'(t, X), ..., w™(t, X)) is defined and possesses first deriva-

tivés with respect to X at a point (}, X)e D.

. A function ft, X, U, Q, R, 2) is called elliptic with respect to U(t, X) at the point
('i -X) e D if for any two n x n real symmetric matrices R = (rjk), =(Fw) (j, k s n)
such that R< R (i.e..such that the quadratic form Y. (ry—Fi) 4 A is non~positivc) we have

. oy

f‘(? X, vua,X),dq, %), R, UGE, )< f‘(z R, v, %), 41, X), R, UG, -)).

If the above property holds true for every point (¥, X)e D, then we say that
f ‘t, X, U, Q, R, 2) is elliptic with respect to U(z, X) in D.
. We shall make use of the followmg Lemma (see [1], Lemma 47.1).

Lemma 1. Suppose we are given a region D of type C, a function a(¢, X) and a direc-
tion I(z, X) satisfying (for m = 1) Assumptions A on the side surface Z of D, and a func-
tion (¢, X) on Z, such that

B, X)>B>0 for (1,X)eZ,.

Let the functlon u(t, X) be contmuous in the closure of D and possess the detlvatlve.
duldl on Z,. Suppose that .

A | s
ﬁ(t,X)u(r,X)—a(t,X)E<Bn(t)(<ant)) for (t,X)eE,,"

ue, N<n@(<n@) for (,X)eI-I,,
. where n()=0. ‘




Uixﬂgrihés;e ass'umptions' if for a point (F, X) e D (t,<¥<1,+T) we hive
| | max u(f, X) = u(, X)>r1(7)(>n(?))

. XE.I‘ .

then ('t’ X ) is an 1nter10r point of D.

Theorem 1=(see [1], Theorem 63.1.) Assume the functions

\ f(t X U Q’R z)'—ff(tsxl;--’xmu.ls ---;l_‘m"Q1s--:ansrllsrlli---;rnmz‘)‘“ ‘
= 1, 2,. m) to be defined for (¢, X)e D of type C, for arbitrary U«,‘,_Q,,R,' for . ¢
z E.‘C,,,(S,) and for every ﬁx_ed index i the following implication holds true: U é-ﬁ, 7K E, P
@, X)eD,z,Ze C’,,(_S,):f’(t‘, X, U,Q,R,2<ft, X, U, O, R, %). Let the functions -

a'(z, X) and the directions I'(r, X) (i = 1, 2, ..., m) satisfy- Assumptions 4 on the side

surface of D. Suppose (¢, X) (i =1,2,...,m) are defined and positive on Z,. Let

U@, X) = (6’1, X), ..., u"(t, X)) and V(t = (v'(z, X), ..., U"(t, X)) be Z,-regular

in D and suppose that every function f*is elllptlc with respect to the vector-function -

‘U(t X). Put

G = {¢ Xy e D: UG, X)<V(t X} G=1,20,m)
and suppose that, for every fixed j, we have V -
M, X< X0, U XN, 0, X0, idate®, X%, UG, ),
Q@ e, X;‘)?, (%, X%, V(e X%, Ve, X%), vl (1%, X*j, Vir*, ) ,‘
| , whené&cf_(t*, X*e G".‘ Suppose finally that the initial inequalities “ .
@ Ulto, X)<Vlto, X) for S,
and bbundary inequalities | o
ﬁ‘(r,’X)[y‘(r,X)—v(r o1, 0N o tor @, 2e 5,
@ W, X)—vit, X)<0 for (t,X)eZ—Zy; (i=1,2,..,m)
hold true.' ' ‘ |
.- Under the above assumptions we have
® L _ U(t,'X)<V(t,X)
in D. o

Proof. Since the set of points (75, X'), such that X € Sy, is compact, there is, by (3) and
by the continuity, a #(f,<¥<t,+T), so that (5) holds true in the intersection of D with
- the zone 7, <f<?. Denote by * the least upper bound of such #. We have to prove that
© 1* = 1,4+ T. Suppose the contrary, i.e. *<ty+T. Then, in virtue of the definitions of t*and -
of the reglon of type C, we have in D :

© ‘ - U@, X)sv,X) for to<i<t*
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"and for some index j and some X* € S

N w(t*, X*) = o/, X *)

From (6) and (7) it follows that
max [W/(e%, X)<v/(r%, X)) = W%, X*) o/, X*) = 0

xeSe

and hence, by (4) and by Lemma 1, we conclude that (#*, X'*) is an interior point of D.
Moreover, by (6) and (7), we have (*, X*) € G/, and consequently inequalities (1) and (2)
hold true. The difference #/(t*, X)—v'(*, X) is of class C? and attains its maximum at
the interior point X*. Therefore, we have

®) - ui(t*, X*) = vj(t*, X¥)

and the quadratic form in 4., ..., 4,

©®) B T [, X9 =yt X901,
. : Li=1
is non—ﬁositive. Now, from (1), (2) and (8) it results that
wl(t*, X¥)—vl(t*, XN <f/(e%, X*, U, X*), ul(e*, X, ulo(t*, X%, U, ) -
— (%, X%, V(e*, X%, ul(t*, X%, vl (%, X%, V(e*, 1))

By (6), (7) and by the assumption on the monotonicity of function f! with respect to

', ., 7Y L, w2 we get from the last mequahty

uf(z* X*)—ole*, X*)<f(r*, X*, U, X*), (¥, X*) ul (%, X*), U, )~
—f’[t* X%, U(e*, X%, ul(t*, X*), vl(t*, X*), v, ))

Owing to the ellipticity of f/ with regard to U(z, X) and by (9), the right side of the last
inequality is non-posmve and consequently we have

1o (e, XH—olit, XN <0.
On the othér hand, the function
E Wl(t, X9 —'(t, X*)

of one variable ¢ attains, by (6) and (7), its maximum at the right-hand side extremity #* of
the interval [z, *]. Hence' it follows that

ul(f*, XN —ol(t*, X% 20,

whlch contradicts (10). This completes the proof.
.. Remark. Theorem 1 is true if, instedad of the ellipticity with regard to U(t, X), we
assume the ellipticity with respect to V(z, X).

We shall make use of the following deﬁnltlon of Condltion C mtroduced in [2] by
P. Besala.
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Condition C. The index i being fixed the function £z, X, U, Q, R, 2 will be said

to satisfy Condition C with respect to ' if #'<#’ implies |

FUE X, uty o, 7N d O, R, =ft, X, u, ..., L @', 'L, .. u™, O,R, z,
SO'(’, ui“ﬁi) >

where the function a(¢, z) has the following properties:
(a) o(t, z) is continuous and non-negative in the half-strip ¢ € [0, T), z<0 and 6(¢, 0) = 0
- (b) the left-hand minimum solution of the equation

z .2
a2 ,
satisfying the condition limz(¢) = 0 is z() = 0.

t—+T—
We have the following Lemma proved in [2].

Lemma 2. Let z, be any fixed positive number. If the function ¢(¢, z) has proper-
ties (a) and (b), then for every &> 0 there is 8,(g) >0 such that for any 0<&<J, the right-
hand minimum solution w‘(t) of the equation

: ' dw
11 i —o(t, ~w)—58

through (0, z,) exists and is positive in [0, T—é).

Theorem 2 (see [3], Theorem 1).
Assume the functions

fie, X, U,Q,R, 2 = fi, X1y eres Xps Uty eees Wy Gy eeey Qs Tt oors Tags Z)
(i=1,2,..., m)tobe defined for (¢, X) € D of type C (with ¢, = 0), for arbitrary U, Q, R
for z e C,(S,). For every fixed index i let the following implication hold true:

LI . , - :
UgU,z<2,(t,X)e D,z,2e Cp(S)=f'(¢t, X, U, O, R, z<f(t, X, U, O, R, 2).

Let the functions '(z, X) and the directions I, X)(@ = 1,2, ..., m) satisfy Assumptions A
on the side surface of D. Suppose f'(t,X) (i = 1,2,...,m) are defined, positive and
bounded on Z,:. Let U(t, X) = (u'(¢, X), ..., u"(t, X)) and V(z, X) = (v'(2, X), ..., ™2, X))

be Z,-regular in D and satisfy the initial inequalities
(12) U0, X)<¥V(@©0,X) for XeS,
‘and the boundary inequalities

Wi, X)<o(t, Xy for (t,X)eX-3,

. e o dld =]
(13) . ﬂi(t! X)[ul(ts X‘)—-lfl(t, X)]'—ai(tsx) [udliv]

7 — Prace matematyczne z. 18 ooh

<1




"ror (t,X)e Z,-; (G=1,2,~..,mn belng a posmve constant Define -
(14). . = {(t, X)eD U(t X)<V(t X)}
. and let the inequalities

(15) u:(f* XML X%, UG, X*),ux(t* X%, ul (%, X*), UG, )
! (=1, 2 ‘m)

(16) oi(e*, X*)>f‘(z* X+, V(@e*, X, vi(e*, X*), o, X*), V(r*, ))

be satisfied whenever (t*, X*) e G. We assume that every functlon fi¢,X,U,Q,R, z)
ti=1,2,. ., m) is elliptic with respect to ¥ (¢, X) and satisfies: Condltlon C with respect v
to. u Under these assumpt:ons the inequality
v, X)<v(, X)

holds true for (¢, X)e D. : A

Proof. £>0 being chosen arbltranly let Z;, (Z—Z,)" be tHe parts of Z‘,,s, - Z,i respec-
tlvely, ‘which are contained in the zone 0<t<T—e¢. : :
Put . : '
A 21 mln{ inf [vj(ts X)_uj(ts X)] inf- '][ﬁk(t X)] 1}

ik Sou(E—-Z)e akA o
1t follows from’ our dssumptions that z,>0. In Lemma 2 we choose 0<z,<2z; and J so
that @(#)>0 in [0, T—#). Observe that w(f)<zo<z; <N, X)]7*, (¢, X) € Z5:. Hence, -
denotmg () = (0@), ..., o), &'z, X) = v(t, X)+o@) 0@, X) = U(t X)mm we
[y ——

A get from (12}, (13) " ‘ .
- an | 00, X)<V@0,X) for XeS,,
18 alr, Xy<vi(e, X) for (1, X)eZ-Zu 3
and : ” ' o
N . ‘ . _‘i_'_ i .
@ P D Dl 0 T <o

-~ for (¢, X)EZ-’:; (1—-1 2,. m).
Let

= {(t, ) e D: U, n<va, X)}

‘ ~ We have: G‘cG(z =1,2,..,m) and consequently inequalities (15), {16) hold true for
(*, X*) € G'. Now adding (1 5) and (11) and applying successively condition C and a su1tablc
assumptlon for the function f* we obtain .

utgf (t’ X’ U, uxs uxxa U(ta '))_U(ts —.C'J)—ﬁ
<fi(t, X, uty ., o7 @ 0, L wh, uty, U(t, )~
—ogfie, X, 0, &, ux,, U(f )) 5




~ that is, since §>0 .

o (20) <fi(l‘ X U x!‘uxxs U(t )') for (t» X)EGi .

- Taking into account (17), (18, (19, (20) and (16) we see that all the assumptlons of Theo- =
“rem 1 (see remark) are satisfied for (¢,’X) € D, 0<¢<T~¢ with U(z, x) replaced by O, x), '
~ = hence, we have U(z, x) < ¥(¢, x) for (1, x) € D. Since w()>0 and ¢ is arbltrary, thls com- -

pletes the. proof.
A system of differential equations

% = O-i(tﬁyls '":ym) (i = 1.’ ""m)_;

“will be called a comparison system of type 1 if its rlght-hand Sldes are continuous and
non-negative and for every fixed index i the following lmpllcatlon holds true:"

= (yls -")ym)< Y = (yls (] ﬁm\nai(tﬁ' Y)<O'i(t, Y)
in the closed region: t>0,‘y,->0 i=1,2,..,m.

Theorem 3. Let the functions
S, X, U, Q, R, 2) | |
. -—-f‘(t Xy wos Xps Wy ey ™, Gy, . ,q,,,rll,..i,_r,,,",,vz) (1 =1,2,. ,m)
- be deﬁned for- (¢, X) € D of type C, for arbitrary U, 0, R, forf,ze Cn(S,) and for every
ﬁxed i let the function f%(t,X,U,Q,R,z) be: mcreas‘ing. Wwith - respect to
SU TN W L u™, 2. Suppose further that ' RN o ‘
@) fi, X, U, Q,R, 2—ft, X, 17 Q. R, %) , ‘ _
<oi(t——t0,max(u —i', ||zt =2)), ..., max(u™ —ﬁ”‘, 1iz" —z“:'m) (1 = 1 2,0, m)
whenever Uz U, z>% where o(t, V) are the right-hand s:des of a comparlson system of
type 1. As to the comparlson system we assume that I '

o0 =0 (=1,2,...m)

and that for its rlght-hand maximum solutlon (see [1], §5) through the origin Q(: 0)
we have
Q(t;0) =

Let the functlons @/(¢, X) and the directions /'(¢, X) (i = I 2 sy 1) sansfy AssumptlonsA
on the side surface X of D. Suppose f(z,X) is posmve on Z (i=1,..,m). Let
Ut, X) = (u'(t, X), ..., w2, X)) and V(t, X) = (o'(t; XD, ..., 0™(t, X)) be E-regular
in D and suppose that every function f(¢, X, U, Q, R, z) is elllptlc with rcgard to U (t X)
'Assume that the initial inequality :

@ Ulte, X)<V (0, X)  for jx'e s,

“ and boundary incqualities'
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) ! i ) d[ui—vi] | ‘
e, X)W (e, X) =o', XD — (e, X) — 35— <O for , (t, X) e Zy,
23) A, )=, X)<0  for (1, X)eZ—Zs(i=1,..,m ;

. are satisfied. Write : -
E' = ((t, X)e D: w(4, N>V, X)) (=1,2,..,m
and suppose that for every fixed j ‘- '
@24 ul(e*, X*)<f(e%, X‘f‘,‘ Ue*, X*), wl(t*, X*), ul (0%, X%, U@, )
T8 o XS XV X9, ol X, th (4, X%, V),

whenever (i*, X'*) € E’.

This being assumed, we have in D

(26) ui, Hsv, X).

Proof. Since the assumptions of our theorem are invariant under the mapping
7 = t—1,, we may assume, without loss of gerierality, that 7, = 0. Put, for 0<t<T,
Mi(f) = max[i(t, X)—'(¢, X)), M) = max(0, M) (=1,2,..,m)

XeSe ~ ~ —~
. M@ = (M), ..., M™(©).
It is clear that the assertion of our theorem is equivalent to the inequality
1)) ‘ M(1<0 on [0,T).

We are going to prove relation (27) by means of the first comparison theorem (see [1], §14).
By (22), we have ¥ (0)<0 and, by a suitable theorem (see [1], §33) the functions M'(¢) are
continuous on [0, 7). Therefore, writing

Bl ={te@©,T): (>0} (=1,2,..,m),
inequality (27) will be proved by the first comparison theorem, if we show that
D_M(n<o(t, M) for teE.

Now, fix an index j and let t* € E'. By the argument used in [1], Theorem 64.1, there is
a point X* € S, such that :

@ L) = de, XH— (%, X%)>0
and B ‘ . _ .
(29) D_ B <ul(t,* XH—0"(t%, X*) .

Inequality (28) implies that (#*; X*) eF’ and consequently by (24), (25) and by the fact
that the function w(t*, X)—vi(1*, X) attains its maximum at the interior point (1*, X*)
(see [1], Theorem 64.1), we get : I







