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Geodesics of order 2

by J. GANCARZEWICZ

1. Introduction. Let M be a manifold. "M denotes the (principal) fibre
bundle of frames of order . We consider a manifold ¥ and an action on the
left of the group L., (n = dim M) on F. A mapping A: L'M —F such that

AoR =124 A, for £el;

where A,;: F—F is a left translation, is called a geometrical object of the type
(¥, &), or shortly (F, 2,)-object, on I"M.

Let T7(n) denote the set of all r-jets (at 0) of curves y: (—¢, 4 &)—R"
such that y(0)= 0. (T"(n), A;)-objects on L'M, where A;: TI"(n)—T"(n) is
a natural left translation on T7(n), are called fields of tangent elements of
order r on M. It is easy to see that fields of tangent elements of order 1 are
vector fields.

Each curve y: (—¢, +¢)—M defines along y the fields J"(y) of tangent
elements of order 7. If I" is a connection of order r on M then a curve y is called
an r-geodesics if ‘

DI (») =0,

where D] denotes an absolute derivative along y with respect to I'. In the
case r = 1, JYy) = y is a vector field of velocities and our definition coincides
with the classical one.

In this note we discuss the problem of the existence of eonnections of order 2
such that there are 2-geodesics with given initial conditions.

2. An absolute derivative. Let P(M, G) be a principal fibre bundle and F be
a manifold on which the group @ acts on the left. We denote by 4,: F—F a left
translation on F in this action. An (F, A,)-object on P(M, ) is a mapping
A: P—F such that

AoR,—74_ oA forall £c@.

It is not difficult to verify (see Lemma 1 in [1]) that there is 1-1 correspondence
between the set of all (¥, A,)-objects on P(M, &) and the set of all sections
of the fibre bundle ¥ = E(M,F, G; P) over M, with standard fibre I and
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structure group @, which is associated with P(M, @). We recall only (see
pp. 54 —55 in [2]) that F is a factor set of P x F by the relation ”~”, where

(2.1) (D, )~ (0", f') « s e G: p'=p-&,f = 2_(f).

If A: P—F is an (F, A)-object and A: M —E is a section of the associated
fibre bundle then the correspondence between 4 and A is given by the formula

(2.2) A(=(p) = <p, A(p)),
where n: P—M is the projgction in P(M, @) and (p,f> denotes the class
of (p,f) in B.

Let I' be a connection in P(M, &) and A an (F, A,)-object on P(M, G).
A covariant derivative VA of A with respect to I' and in the direction of
a vector field v (v is a vector field on M) is defined as the composition (see [1])

I

i Hv ad
(2.3) VPA—=dAoH: P STPSTF,

i

where H, is a horizontal lift of v with respect to I, that is, H,;: P—TP is
a vector field on P such that dn o H,= v on and H,(p)e .
It is easy to see (cf. [1]) that ;A is an (TF, di)-object on P(M, @), e.i,

(VTA) o Ry = dA,_, o (VT4) .
It is also clear that
(2.4) poVIA= 4,

where p: TF—F is a projection in the bundle TF.

If A is an (¥, A;)-object on P(M, G) then a (TF, di,)-object B on P(M, G)
in called a concomitant of 4 (of the first order) if p - B = A. The formula (2.4)
means that V,’,"A is a concomitant of A. We denote by @(P, A) the set of all
concomitants of 4. ®(P, A) is a C*(M)-module. For B,, B, ®(P, A) and
iy foe C°(M) we set '

(iBi+£2Ba) () = fu((p)) B(p) 4ol (2)) Bo( p) -

This sum is well defined because B,(p) and B,(p) are two vectors which belong
to the same fibre of T'F, namely, B,(p) and B,(p) belong to T 4, F. It is easy
to see that the mapping , '

(2.5) J:(M)e‘v—anAeds(P,A)

is C®(M)-linear. (L(M) denotes a O%(M)-module of vector fields on M)
Let ®pe M and v, e T, M. For an (F, A,)-object on P(M,G) we define

(2.6) | PrA = (PTA) (),
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where v is a vector field such that v(#z,) = v, and VI A is a section of the as-
sociated fibre bundle E(M, TF, G, P) corresponding to the (TF, di,)-object
FIA (see (2.2)). From (2.5) it follows that the definition of V'] A is’ independent
of the ehoice of vector field » and the mapping

@17 . T, Mev,—ViAcE(M,TF,@,P)

is E-linear. ,
Let y: (a, b)—M be a curve. y(t) denotes a vector tangent to y at a point
y(t). For an (F, A.)-object A on P(M,G) we define

(2.8) DIA: (a,b)>t—ViyA c B(M, TF, &, P). o

This operator is called an absolute derivative along y, of an (I, AE)-objeet‘ A
(with respect to a connection I'). We have '

nE0D§A=y.

A mapping X: (a,b)—E(M,F, &, P) is called an (F, A;)-object defined
along curve y: (a, b)—M if 75 o X = y. Thus DA is a (TF, d2,)-object defined
along y.

Let A be an (F, A.)-object on P(M, @), y: (a, b)—M a curve and 1, € (a, b).
We choose a chart (U, ¢) on M such that y(i) ¢ U and P|U is trivial. Let
¢: P|U—U X G be a trivialization, and we put

a: U-F, a(@)=(4d-97")(z,e).

The trivialization ¢ of P|U defines a trivialization ¢: E|U—UXF of E|U
(see p. 54 in [2]) and it is easy to see that

(¢ 4)@)=(v,a(@), forzel,

where A is a section of E corresponding to the (F, A,)-object A.
Let I" be a connection in P(M, G) with a connection form . We choose
a base E,, ..., By of L(G). Now

(¢ w) (@ ZI"’ :i=1,...,‘n,

where I e (*°(U) and &, ..., 8, is the base of vector fields on U associated
with (U, ¢). (Remark: Einstein’s summation convention we use only for in-
dices which go from 1 to n.) It is clear that

(dy o HE, o ™) (w, 0) = (alm 21’“ VB, *)

a==1.

*) We identify £(@) with T.G.
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and hence

(VEA o9 ') (@, €) = (dipef A o y™*) o dy o Hy, °w Y, e)
= d(x,e)(A. oqp"l)(ailzm’ Z F"(w )

Using Leibnitz's Formula (see Prop. 1.4 p. 11 in [2]) we have

. N
(VEA oy (2, ) = d A (0,),)— D) THw)d, A(B,) ,

where ‘A (y) = (4 o y*)(y, &) = a{y), ‘ :
TAE) = (A oy ) (z, &) = Ay, €) &) = A 4(a(@)) .

If (V,®) is a chart on F' such that a(»)eV then

29) (A -y )@, 0)

L@ o aog) ) ¥ )
= g P (‘f(w))ak!a(z)— gfﬁ-‘(w)de A(B),

where 3, ..., 8, is the base of vector fields on V associated with (V,®), &
= (@', ...; P*) and p = dimF.

: &/d o, ' '

If y: (a, b)—)M then y(t) = 2(&? '}’t) ai!y(t)? where yt(t) — ((P’l o ?) (t), @
i=1

= (¢, ..., ¢"), and from (2.5) -~(2.9)

we have

n

| d
DAy = D) (— ) ) (5 4)( (1)

io1
o d \ ) -~ "
—“22 e (p (‘P(V(t )(dt )(t)akla(y(l))—
k=1 =1
- Z Zfa(y(t)) ( ) ) dy A)| gerirf( B

= Z 7 caqoy (t)ak!a(?(t))

—2 ZF“(V t))( )(t )@ Aoyl E) -

a=1 {=1

The above formula implies that D]A depends only on A oy. Thus we can
define the operator D;X for an (F Ae)- ob]eet X: (a,b)—FE defined along
a curve y.
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3. 2-geodesics. Let M be a manifold. We denote by L"M a (principal) fibre
bundle of frames of order r. It is defined as follows. Let L7, be the r- differential
group, that is, I, is the group of all r-jets (at 0) of transformations ¢: R*—R"
such that ¢(0) = (0) and the Jacobian of ¢ at 0 is not 0. We define L'M as
a factor set-of

U Ux{gixLy
(U.pyeati(M)

where n = dim M, by the relation ”~"
(3.1) (@, ) e (0,9, &) wa=2a" and & = ju,(¢' - ¢7)E
An action of L7 on L"M is given by

(3.2) ‘ <w7¢yg>'77=<wa¢a‘f77>

where (x, ¢, &) denotes the class of (x,¢, &) in L'M.

A connection of order » on M is a connection in L"M.

Let T7(n) denote the set of all r-jets of curves y: (—e, +&)—R" such that
y(0) = 0. The group L acts on the left on 7"(n) in a natural manner
(3.3) ‘ Jole)do(y) = Jolg ° ) ,
and let A.: T7(n)—T"(n) be a left translation in this action. A (I7(n), 4,)- object
on I” M is called a field of tangent elements of order r on M. Vector fields are
fields of tangent elements of order 1. We denote by XI(M) the set of all fields
of tangent elements of order r on M. X(M)= X(M) is 2 C°(M)-module of
vector fields on M. A

Let y: (a,b)—M be a curve such that y((a, b)) C U, where (U, ¢) is some
chart on M. We define a field of tangent elements of order » along y

- (3.4) O J(y): (4, b)Y 3 t—Lp((t), €), i@ oy € B,

where E = E(M, T"(n), L}, L"M). .
Now we show that J'(y) is independent of a chart (U, ¢) € atl(M). In order
to do this, let (U, ¢), (U’, @) € atl(M) be such that y((a,d))C U~ U’. Now

(), )= (D), 95 e

= (1), @, j;’(v(i))((p o))

= y(t), ¢, € 'j;'(v(t))((P o g@'1)

= ¢(y(t), ) e o @)

and hence.
(‘;"(‘}’ (t)s 3)’.7:'(?" °oy)) = (&(?(t), 6)j;'(y(t))(¢ o @' 1), Jil@" o ¥

= {p(y(t), e), j;'(y(t))('Po‘P’—]), FH O
= (ply(), 0), i@ o9’ o9 o)
= <p(y(), €),Ji(@ = ¥)>-
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These considerations imply that for any curve y: (a, b))—>M we can define
along y a field J7(y) of tangent elements of order » using a family {(U,, ¢.)}es
of charts on M such that '

y((a, ) C L_i U,.

It is clear that JY(y) = 7.
A curvey: (a, b)—M is called r-geodesic on M with respect to a connection I'
of order » on M if

D) = 0.

In the case » = 1 we obtain the classical definition of geodesic.

Now we shall look for (differential} equations of 2-geodesic.

Let y: (a, b)—M be a curve and (U, ¢) be a chart on M such that y((a, b))
C U. We denote

(@ oy)(t) = (Vl(t)a yy) yn(t))

“(9” ) t)""(y &)y ey '}’n(t))

(3.5) N = GO, ., 7(0)

dta(‘” 2 ) () = (0); s ¥(E)

O1lzy ooy Onlz 18 the base of T M associated with (U, ¢)
It is clear that
" (3.6) Y1) = ¥ ()3l -

We introduce also the following notation. The group I = GL(n, R)x Q,
where

Q = {(#}) 14,5-1,m € BYs s = a5},
and for &= (&, E}'k); 7= (n}, niy) e IX the product &y = (1}, A%,) is given by
Al = Eips
&0 {’L?; = gzj;?vﬁ &
and ‘
(3.8) = G, — B BE),
where [£f] = [£]]7".
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We have natural isomorphisms.
L)~ TIL:~R"XQ,

and let {E5, B2} 5. _, . be the canonical base of L(LZ3).
If I" is a connection of order 2 on M with the connection form « then

(3.9) (pp ) (@) = T B+ Ty, BY

where o,: U—I2M, 0,(z) = 7(z, ¢) (see (3.2)) and I, IS, ¢ O°(T), It = I't

?
The functions I, I, are called the coordinates of I"in a chart (U, ¢). Now
. it is easy to show that

(3.10) (d(x.e)‘;’_l ° Hg; o @)(, €) = (Okles _sz(ﬁ)Ef‘“ I’zﬂy(w)Eﬁ”) ’

where ¢ is defined by (3.2).
Let A: I2M —T%n) be a field of tangent elements of order 2. We denote

a(@) = (4 - p)(z, 6) « Tn) = R"x E" ,
(3.11) a(r) = (al(a}), N ) N ) P dn(m)) ’

for x ¢ U. The functions a¥(x), @(x) are called coordinates of 4 in a chart (U, ).
The group L2 acts on T%n) =~ R"x R" as follows

E-a=0»
(3.12) bt = gla®
b'= £la+ &ia%",
wheie a = (a’, a¥), b= (b% b%) and & = (&}, &},). Now
(3.13) (4 o g)(w, &) = A(p(w, €) &) = A, a(2)
| _ (at(e), Eaa)— 8B E (o) k(@)
and, hence, by Leibnitz’s ¥Formula (see Prop. 1.4 p. 11 in [2])
(VR 3(@, 0) = [dgofd o §) o d5™ o HE, o 7](a, 0)
| = Qg A o 7) 4l — T B~ T ) BY)
= A (24],)— Ti(@) 4, A (B — Ty (@) 4, A (BY)
where
"A(x) = (4 - 9)(x, 6) = a(2)
A = (4 0 §) (@, &) = Ea()
= ("AN&), ..., "A™E), "ANE), ..., "AME).
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I we denote by 6, ..., n, &, -, & the canonical base of
T o TM) = T B % B") ,
and using a natural identification T(TX(n)) = T*n) x To(Tn)), We obtain
(ngA)(‘;’(év; ¢)) = (a(®), [(0,8°) (m)— Igs(x) (25-4%) (e)—
— Iy () (92.47) (6)]e;+
L@, @) (2) — Tgy(@) (02 A7) (6)— Tt () (9247 (6)1))

(a

where 98 = 8/0&3, of = 1 (0/o23,+ 0/08%,) and (9,a°)(z) = ~—6°7,?1—— (p(2)) (2,0°) ()

. it o !
= %@(m}). From (3.13) and from
(@585 () = — 0302
we obtain
(@A%) () = — 8ia’(a)
(28.4%) (e) = — sl (@)
(8PrA%)(e) = 0
(0%.4%)(e) = — d;af(x)a"(@)
and hence

(TE4) (5 (@, ) = (a(@), [(240") (@) + Tho(a) a*()] e+
[(043) @)+ T (@) #(@) + Togl) a°(@) A (2)]2)
The above formula implies

PROPOSITION 3.4. If (a%, @%) are coordinates of a field A of tangent elements
of order 2 then (a', &', V,a', V, @) are coordinates of the covariant derivative VA
of this field in the direction of Ox, where

(3.14.1) V,a' = o,a'+ k.0,
(3.14.2) Vi = 0,di 4 [l d*+ Ik ,0% .
Using (2.8), (2.2), (3.6) and (2.7), the above proposition implies

(DAY (1) = (a(p(1)), [(2xa®)y (0) ¥*() 4+ Tialy (1) ¥*(0) a*(r (1)1 s+
16,5 (7 () FEO) + Ty () Y0 @y (1) + Thagly (1) (1) a%(y (1) ’(y (1))1€)
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= (a(y(t), [ (af o p) )+ Ly (1) ¥*C (y(t))]€i+

d . ; .
o+ [;ﬁ (@ o) (1) + Ty () ¥*(0) @(y (1)) + Tiapy (0) ¥ () a( (1) a“(y(t))]éi) :

There follows

ProposTTION 3.15. If (X'(8), X)) are coordinates of a field defined along y,
of tangent elements of order 2, then (X'(t), X¥(t), (DX (1), (DX')()) are coordi-
nates of DL X, where

d_. . .
(3.15.1) (DX (1) = (% X'), (t)+ Ty () (0 X*(0)

8152 (X)) = (52 ) O+ TG WO L0+
+ Iy (1) () X(1) XP(t) .

If v is @ curve then from (3.4) and (3.5) we obtain that the coordinates of J*(y)
are X'(t) = pU(t), X¥t) = y'(t), and hence, y is a geodesic if

P+ iy )y p(2) =0

(1) -+ TLy ()7 () Y () + Th(y (0) 970 y%(t) =

If we put the first formula into the second we obtain:
PROPOSITION 3.16. A curve y 8 a 2-geodesic if and only if

(3.16.1) YO+ Ty )7 )" (1) = 0
(3.16.2) PO L gy (1) — Ty () Thely @)I* ) 77(0) (1) = O -
Let y be a 2-geodesic. If we differentiate (3.16.1) then
PO+ @,Th) (o W) OV 0770 +
+ T @) PO+ Ty )77 () = 0,

17
where (2,I";,)(z) = (1“,‘” o @ )(g(x)), and from this, by (3.16.1)

P01 The) (v (1) — Tiy (0) Ty (8))—

— I )Ty Q7O 7P 70 =0 .

Prace matematyczne z. 19 o
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We define

Definition 3.18. A connection I" of order 2 on M is called admissible if
for any initial condltlons @, and v, e T, M there is a 2-geodesic y such that
7(0) = @, and y(0) = v,.

Now from (3.16.2), (3.17) and (3.18) there follows

PrOPOSITION 3.19. If a connection I' of order 2 on M is admissible then

i — 1
Tipgy = Ol by~ gLty »

where (k,p; q) denotes the symmetrization operation with respect to k, p, q.

4. Transformation formulas of coordinates. In this section we show trans-
formation formulas of coordinates of the following geometrical object: fields
of tangent elements of order 2, their covariant derivative and connections of
order 2.

First we consider fields of order r.

If (U, ¢) and (U, ¢') are two charts on M then

&'(ﬁa e) =<z, ¢y 6>
= (&, @, (j;(z)(‘P’ ° ‘P—l})“l

(4.1)
= (@, ¢, & (Jiafp’ = @)

= &(ws e) '(j;(;u)(‘P’ ° 9’_1))—1 ’
and hence, for a field A of a tangent element of order r we have
(4 < §)(w, 6) = Alp(@, &) (e’ o7,

= Jraf9’ o @) Alp(@, @) .
This implies
ProposITION 4.2. If (a%, @) and (a¥, a") are coordinates of a field A of
tangent elements of order 2 in the charts (U, ) and (U’, ¢') respectively thenr

(4.2.1) o = Aﬁ'a‘
(4.2.2) " = AVa'+ Afala¥ ,
where
, 2(@" o p7')
Af =
i (@) out (‘P(w’))
2
*g"
Ao) = =2 T -y

and @ = (@', ey @),
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Next we consider connections of order 2. We shall look for transformation
formulas of coordinates of connection using the equality
(4:3) (05 ©0)p = Adpay ° (Tp0)z+ (B 6)

where h(x) = (i@ ° ¢7) " = i@ o9 ") and 6, = dL,, is the canonical
Cartan’s from on L] (see Prop. 1.1 p. 66 in [2]).
From (3.9) we have

[-Ad(h(:c))-l e (G:w)z+ (h* 0)] (0l 2)
= I'g(®) (dcad(h(x))—l)(E£)+r o) (A a3 5)1) (Bf)-+
(Ao Lingay- © d2P) Oxl ) -
Since h(x) = (A}(»), A} ()), where

1

a{g* o'

(4.4.1) @) = ——— (#(2)
) Pt o '
(4.4.2) A(w) = %’ (@' (@)

and ¢ = (¢, ..., ¢"), thus

W) ahol =" ) mp 4 B ) o)

Agy(w) Aj(w) BL+- A7y (@) Ai(2) BY

where
Plotog’™)
(4.5.1) Al (@) = —odsear @@).
From (3.7), we have ad,_.(£) = (n}(&), n}(£)), where
(4.6.1) nj(&) = ALE 4]
(4.6.2) Uhl8) = AL G 8 A AL+ A8, A A+ AJE A5,

and h7' = (h(®))™!, Af = AXx), A}, = A}(x) and so on. Thus
dad,(BL) = (@nf) () B+ (@gnj) (e) BY?
d,ad;(B5) = (&5 nj)(e) Bl + (& i) () BY
where &8 = 8ok, 0% = 1(9/085,+-2/08)). From
@) (e) = 4345
(@i e) = AL AL A+ AL AG, 4 A7 A5 A8

— 243 A7 A8 - AL 2L, |
+ 9*






