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Zero points of the eigenfunctions of a composition of operators of the
' Sturm-Liouville type

by T. WINIARSKA

1. Introduction. Consider operator L = L, ... L as a composition of k oper-
ators of Sturm-Liouville type. The main theme of this paper is a quantitative
analysis of zero points of the eigenfunction of L. By reasoning of a general
character we have proved in § 3 that the zero points of any eigenfunction are
of the first order which implies that the eigenvalues are also of the first order.
On the basis of this fact we have proved that for any two eigenvalues
A, u(]A] < |u|) and their corresponding eigenfunctions u,» the number of zero
points of « is smaller than that of ». Moreover if K = KKy, ... K; where
K;=L;' is a symmetric and positive operator then the space I*[a,b]) is
umtary with the sealar product [u, v]x = (K#, v)r.. Denote by Lj its comple-
ment to the complete space. We easily conclude that any two eigenfunctions
of I are either linearly dependent or orthogonal in L} and that Ky K after

completing to L% is self-adjoint and positive in L%. It follows (see e.g. [7]) -

that there exists an infinite decreasing sequence {1} of eigenvalues and a corre-
sponding sequence of eigenfunctions {u,} of K;K, complete in Lj.

It is not known, however, whether the eigenfunctions of K;K are also
eigenfunctions of L as in the case of a Sturm-Liouville type operator of the
second order. Assuming the above sentence holds we have proved that the n-th
eigenfunction of L has exactly n—1 zeros in (a, b). This result was known
for k= 1. :

The problem is very simple when L, ..., Ly commute. In this case any
eigenfunction of the operator L = L, ... L; is an eigenfunction of L;, j = 1, ..., k,
and vice versa. Hence for commuting operators the problem is reduced to
investigation of the eigenfunctions of Sturm-Liouville type operatores of the
second order.

2. Operators of the Sturm-Liouville type. Let M be the set of all functions
of class C? in [a, b] which satisfy the following boundary conditions
a,u{a)—au’'(a)=0
(2.1) Bru(b)+Bau'(b) =0
where a, >0; f1 >0, a3 >0, 5,2 0.
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Operator L: M—I*[a, b]) is said to be of Sturm-Liouville type if
(2.2) Lu(t) = — (p (' ()’ +a®u(t),

where p e C'([a, b]), q ¢ O°[a, b]).

Definition. The value 1 is said to be an eigenvalva of L if the equation
Lu = Ju has a non zero solution % in ; » is then called an eigenfunction of I
corresponding to 2. Throughout the present paper we assume that p(t) >0,
q(t) = 0 for te[a,bd]. .

The following theorem holds true

THEOREM 2.1. ([5], p. 398) There exists an unlimited sequence of real /numbe'rs
A< A< ... such that

1. A is an eigenvalue of L <> there emsts n such that A = An.

2. Ezgenfunctwns corresponding to the same eigenvalue are linearly dependent.

3. If uy, 18 an eigenfunction corresponding to the eigenvalue A, them u, has
evactly n—1 zeros in (a, b).

4. If n # m then ¥, and um are orthogonal in L*([a, b)) i.e. ] Un(t) um(t)dt = 0.
K ‘

o ‘
5. If we choose u, such that fuf,(t) dt = 1 then the sequence u,, %y, ... 8 ortho-

normal and complete in L*[a, b])
6. ([9]) There exists an operator K inverse to I and K in an integral operator
of the Fredholm type with a positive, symmetric and continuous kernel G(i,s)
(a<<t,s<<b). The domain of K is C%[a, b]).
 Operators L and K = L™ are symmetric i.e.

(¢, L) = (Lo, 9 for e Dy
and
gy Ep)pa= (K, 9)s  for gp e Dx.

In what follows we shall need the lemmas
LEMMA 2.1. ([3], p. 44) If f € C*([a, b)) satisfies the boundary condition (2.1)
for ay =10 or B, = 0 and f(t) # 0 for t e (a, b) then there exists 5 < (a, b) such that

Fn)Lf(n) >0

We shall use the following definition of the order of the zero point of f.
Definition. We say that ¢, ¢ (a, b) is the zero point of f of the order » if
for t—i,
[
(t—t)
If f is of class C" in the neighbourhood of ¢, the above definition is equivalenis
to the following condition

flt)) = f'(ty) = ... = f®O(t,) = 0 and f™)(t,) # 0.

10
(t—2)"

—0 for j=0,1,..,n—1 and
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Applying Taylor’s formula we can prove the following
LEMMA 2.2. If f is of class OV (2 < N < o) in the neighbourhood of 1, € [a, b]
and if t, is the zero point of f of the order N then

(t—tPIf ()

Iim = — N(N=1)p(t).

Suppose f to be continuous in [a, b]. Consider the set

A= {te(a,b): f(t)= 0}

A consists of separate intervals closed in (a, b). Let us divide the set M of all
intervals into two separate parts M, and M,. M, contains one-points intervals

and such intervals which are not closed in (a, ), M, = M—M,.
Put

Z(f)= |l4+2k it M, and M, are finite
oo if M, or M, is infinite

where ! stands for the power of M, and k for the power of M,. In the case of
the continuous function f with a finite number of isolated zeros in (a, b), Z(f)
denotes the number of zeros of f in (a, b).

Now we prove the following

LEvmA 2.3, Tet fe Mo, Z(f)=p (p < oo); the zero points of f are isolated
and of finite order. Suppose for every zero t;e[a, bl of order l; there ewisis
a neighbourhood V C [a, b] of t; in which f is of class C*. Then

ZIfyzp+k

. where k stands for the number of zero points of f in [a, b] of an order greater than one. ’

Proof. Denote by %, ..., s (& <1 < ...t, << b) the zeros of f in (a, b) and
put ¢, = a,tp, = b. In every interval ‘

[trytin] J=10,..,p

f satisfies the assumptions of Lemma 2.1 and so there exists #;e (4, j+)

(j =0, ..., p) such that )
(2.3) fnnLf(n) >0.

If t; is a zero point of the first order then f(7;-)f(7;) < 0 and, according to
(2.3) we get

If () If () < O .

It follows that If is equal to zero at least one point of the interval (v, 7s).

If the order of f; is greater than one we have according to Lemma 2.2
f(ty If (t) < 0 in the same neighbourhood of #;. By (2.3) we get that ILf has at
least two zero points in the interval (7, ns).

el R L
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If a is a zero peint of order s (8 > 1) then by Lemma 2.2 f(f) Lf(t) < 0 in
some right neighbourhood of a. It follows by (2.3) that Lf has a zero point in
the interval (a, 7).

If b is a zero point of the order 8 (s > 1) we similarly obtain that Lf has
a zero point in (np, b). And so

ZIf) = p+k.
Throughout this paper we shall use the following
LeEMMA 2.4. For every fe Mo Z(Lf) = Z(f).
Proof. Consider two cases ‘ :
Case 1. Z(f) < oo. Since Z(f) < oo the sets M,(f), M,(f) are finite. Denote

by [as, B, j=1, ..., the intervals of M,(f) and arra.nge them so that
a; < B3 < ayn fOI‘]“‘l vy =1,

Put
Bo = inf{x e (a, a,): f i8 not identical to zero in any open subinterval
of (z, a;)}.
@, = Sup{w € (B,, b): f is not identical to zero in any open subinterval
of (B, @)}

Since f is of class €2 in [By, az], it satisfies the boundary conditions (2.1)
and does not vanish identically there exists ;€ (Bs, aju), j =0, ..., 7, such
that If(f;) # 0. Consequently the power of M,(f) is not greater than that of
Mo(Lf).

To prove that the power of M,(f) is not greater that the of M,(Lf) denote
by tyy .y ts (<< ty<<...<<1s) the zero points of in (B;, f5+,) and put &, = f;,
tery = a4+, (J 18 fixed).

By Lemma 2.1 applied to [#, t14,] there exists #; e (4, tiy) (1 = 0 ey 8—1)
such that f(n:)Lf(n:) > 0.

Considering the following cases

1° f(t) = 0, f'(ts) # 0
2° f@) = f'(t) =0, f""(3s) # 0
Fft)=Fft)=F"(t) =0

and applying Lemma 2.2 in case 2° we get that If has at least one zero point
in each interval (7, ??¢+1) (i=0,..,8-1).

By the same reasoning for g = 0 ., 7 we get that the power of M,(f) is
not smaller than that of M, (Lf) Wh]ch fmlshes the proof for the case L(f) < oco.

Case 2° Z(f)= oo. Suppose Z(Lf) = n < oo and choose (n--1) intervals
these can be one point intervals [ay, Bil, ..., [Gnt1s Brr] (&1 < B1 < oo < Puta)
from the set M,(f) v M,(f). Since Z(f) = oo the above construction is pos-
sible and put g, = @, anyy, = b. Function f satisfies the boundary conditions
(2.1) in [B;, as+] and does not vanish identically and so there exist t; € (8;, as+)
such that f(#;) # 0 for j =0, ...,p+1.
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Denote by
2y = inf{w e (a, ij): f(t) # 0 for te(z,t)},

y; = sup{w e ({7, b): f(t) # 0 for te (&5, )}, j = 0,...,n+1.

Obviously (zj, Y1) C (B, aj+1) and since f satisfies the assumptions of (2.1)
in [, ys] there exist 7 e (xs,y;) such that f(y)Lf(n) >0, j=0,..;0+1

‘We shall now prove that Lf has a zero point in (5, 95+). I ajn < ﬁm then Lf
vanishes in [azy, B/

If @y = i+ then asy, is either a limit point of zeros of f and then Lf( a;+1) =
or aj; is an isolated zero point of f.-

Suppose a; is an isolated zero point of f. Put

oy = inf{ze (a, ajn): f(1) # 0 for te (@, aj41)},
Brtr = sup{@e (azn, b): f(f) # 0 for te(ajm, )} .

Applying Lemma 2.1 to the intervals (a1, @], [, Bi+] we see that there
exiSts 9; € (@ja1, @pa); M4 € (@g41y Brn) SuCh thab f(ny)Lf(n;) >0 and

£ @40 Zf () > 0.

If a4, < 7 then put 75 = 7y and if By > ny put N+ = i+ . We have then
(75 73+1) C (1, 1) Considering the cases 1°, 2°, 3° as for Z(f) < oo we get
that in the intervals (7s, 5+) and consequently in (57, n5+1), j = 0, .y -1,
‘there exists at least zero point of Lf Since Lf(n;) # 0 then Z(ILf) > n+1, which
contradicts our assumption.

3. Composition of operators of the Sturm-Liouville type. Let (s, j=1,..,k
stand for the set of functions of class O? in [a, b] which satisfy the following
boundary conditions

aPu(a)— af'u’(a) = 0
(3.1) for j=1, ..,k
BPu (b)+pPu'(b) = 0

where of? >0, AP >0, a(n > 0, ﬁ(zi) >0
M; are dense linear subspaces of L* ([a, b]).
Operators .

Ly So—L([a, b])
defined by the formula
Lyu(h) = — (s u () +au () ,

where p,(t)>0 () =0 for tela,blpje O Y[a,d]), gqse 02"2(& b]);
j=1,..,k are linear and inversible operators of the Sturm- Liouville type.

Prace m.atemafcyczne z. 19 : 2
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K;=IL;'is an mtegra.l operator of the Fredholm ty"pe and let Gy(z, t) stand for.
its kernel

In what follows we shall consider the elgenfunctlons and elgenvalues of
operator '

L=ILL,..L,k>1

Definition. The real number A is called the eigenvalue of L if there exists
# # 0 from the domain of D of the operator I such that Lu = iu. The func-
tion u is then called an eigenfunction of I corresponding to the eigenvalue 2.

Since the equation Lu = 0 (# € D) has only a zero solution so 1= 0 ig not
an eigenvalue of L. Moreover every eigenfunction has at most a finite number
of zero points in (e, b). Indeed, suppose there exists t e [#¢, b] which is a limit
point for the zeros of a certain eigenfunction # of an order equal to the class
of u. And so the order of ¢, is greater or equal to 2k i.e.

wlty) = W (fy) = o = 4Dt} = 0.

By the uniqueness theorem for the Cauchy problem for the equation Lu— Au = 0,
# = 0, which contradicts the definition of the eigenfunction of L.

We shall prove the following '

THEOREM 3.1. The zero points of the etgenfunciion u of the operator L are of the
first order.

Proof, Denote by &, ...olp(a =1, <, < ... < tp < lptqy = b) the zero points
of «. Suppose the order of zero point ¢; is greater than one. By Lemma 2.3
Z(Lygu) = p+1. Applying Lemma 2.3 to the function Ly« (k—1) times we get

Z(ILu)yz=p+1.

On the other hand Lu = iu and so Z (Lu) = p which contradicts the previous
inequality.
The same as for £ =1 we get the following
THEOREM 3.2. Any two eigenfunctions of operator L corresponding to the same
eigenvalue are linearly dependent.
Proof. Suppose there exist eigenfunctions « and v of L correspondlng to the
eigenvalue A which are linearly independent. By (3.1)

afu(a)— i’ (a) = 0

aFv(a)—a{'(a) =0,
where of® > 0, of® > 0.
If a"‘)— 0 then u(a)= v(a)= 0 and by theorem 3.1 w'(a)v’(a) # 0. Conse-
quently there exist de B such that #'(a)—dv'(a) = 0. But since 'w-u uU—0ov
is an eigenfunction and w(a) = w'(a) = 0 we get w = 0 (by 3.1). If af >0 we
get u(a)u'(a) # 0 for every eigenfunction %. The function w = u—dv, where

6= Mwould be an eigenfunction and w(a)= 0 which is 1mpossﬂole for

v(a)
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o« > 0. We know that for k = 1 any two eigenfunctions corresponding to differ-
ent -eigenvalues are orthogonal in I*({a, b]).

It is chiefly because of this fact that we can define elgenfunctlons and
eigenvalues by variation methods. The following problem arises: are eigen-
functions corresponding to different eigenvalues orthogonal also for the case
k > 1% To answer this question, note first that the functional (-,+): Mg X Mp— B
defined by the formula

b

(@9 = [ o) Lup (D)t

a

i3 a scalar product in (.

We have the following ‘

THEOREM 3.3. If K = Ky, ... K, 18 a symmelric operator in L*([a, b]) then
any eigenfunctions u, v of the operator L = L, ... Ly corresponding to the eigen-
values A and u are orthogonal in My i.e. (4, V) = 0. Moreover the functions w, Kv
are orthogonal in L*([a, b]).

Proof. Since u, v are eigenfunctions we have

Lyuw = AKu
Lyv= puKv.

~ Multiplying the first equality by v, the secondrby w integrating both formulas
and substracting we get

0= (v, w)p—(u, o)k = (1— M)(u K’U)Ls .

Since 2 # u, (u, K'v)L,— 0.
On the other hand

0= p(u, Kv)ge = (u, Lyv)sa = (2, v)s .
Operators of the form _
K™, K,R,... Ky EpKp, ... K, K, K, K,K, K, K, K, K, K, K,

are symmetric in L*([a, b]) and positive i.e. (K¢, @) >0 for pel?, ¢ # 0.
Suppose K == K-, ... K; is a symmetric and positive operator. Then the
functional [-,-]x given by the formula

[w, vl = (K0, w)gs

forms a scalar product in L([a, b]). Since

el < K lllZs ,

where |lglk = [¢, ¢lx and K-'= ILi., ...L, is unbounded, the space I? with
a 8calar producet [+, -]k is not complete. Space L? can be extended to a complete
space (see [1] p. 303) which we denote by L%.

Using the above notations Theorem 3.3 takes the from

g%
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TaeoreEM 3.3a. If K = Ki .. K, is a symmeiric and positive operator
in L® then any two eigenfunctions of the operator L corresponding to different
eigenvalues are orthogonal in ;. : ‘

4. Figenvalues and eigenfunctions of the operator Ky K.Suppose K = K¢y ... K,
to be symmetric and positive in Z2. We shall prove the following

TarorEM 4.1. The operator Ky K is bounded, symmetric, compact and normal
in L.

Proof. 1° Boundedness. To prove that KK is bounded we shall use the
following ‘

LeEMMA 4.1. ([8], p. 287). For every positive and symmetric operator A there
eaists ewacily one positive and symmetric operator A such that (4% = A which

commautes with every operator commuting with A.
We shall prove that KK is bounded in Ly. Let weIL*([a,d]), v= Ktu.

"KkKu”?z = (KK, Ku, K, Ku). < ||| za( K KkK“)Lf
= ”K“LB(KkKkKu! Ku)p, < IIKIIleIK?cHLs(K%, Ku)rs
— O(KE}u, Ktu), < O|E|(Kru, Ku), = Mlulx

where O = |[K||a[|E3lizsy M = O||K]za.
- 2° Symmetry. Let u,velA((a, 0]).

[KpEu, vlc = (Ko Eu, vy = (Ku, KxKv) = [, K Kol .
Since L? is dense in L% for every ¢, ye Lg there exist sequences
Uy Ons B= 1,2, ., thn, Vnel? '

such that lim w, = ¢, lim v, = y, where the convergence is in norm of .
Nn—->00 1—-00
Since both operator and scalar product are continuous we have

[Kx Ko, plx = lim (K Ktn, va]x = lim [4n, Kz Evonlx = [@, KypKlx -
] : n—+00)
3° The operator KK is compact. This fact may be proved in the same way

as in [7] p. 208. ,
4° Proof that Kx K is a normal operator. The operator KK is self-adjoint

since it is both continuous and symmetric in L% . Since every self-adjoint operator
is normal ([7] p. 158) we have 4°. ‘

 Beocause Ky K is a self-adjoint, positive and compact operator in Z% we can
use the well-known variation method to obtain its eigenvalues and eigenfunec-
tions. ) -
' The first eigenvalue y; equals' the maximum value of the functional
[KkKu, M]K

[u, ]l

H(u) =







