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On the asymptotically solvable linear boundary value problem

by J. PIOREK

The purpose of this paper is to prove a theorem on the so-called asympto-
tically solvable linear boundary value problem.

The first part of the paper contains some auxiliary results on the properties
of topological function spaces.

Tn the second part we present the problem and state our main result,
Theorem 1 on the Baire category of the set of functions for which some special
linear boundary value problem is asymptotically solvable.

In the third part we prove the lemma which gives us a eriterion of the
existence of a solution of this problem.

The fourth part is devoted to the proof of Theorem 1.

In the last part we give an example showing that the condition of the asympto-
tical solvability appearing in Theorem 1 is essential, i.e. that it cannot be
changed by the condition of solvability of the problem.

In this paper we use some former results similar to Theorem 1, namely the
results given in the paper [1] of Lasota and Yorke and in the author’s paper [2].

1. Preliminary notes. Suppose that X is a topological space and ACX.

Definition. 4 is nowhere dense in X iff int 4 = 0. A4 is a set of the first
category in X iff A is a countable union of nowhere dense sets in X. Aisagen-
eric set in X iff X\A is a set of the first category in X.

In the following lemmas we gather some properties of generic sets.

LEMMA 1. Let X be a topological space and Y its subspace. Let Y be generic
in X. If a set ACY is generic in Y, then A is generic in X.

The proof of Lemma 1 is simple and it follows immediately from the de-
finition of a generic set and from the fact that a nowhere dense set in Y is also
nowhere dense in a larger set X.

LeMma 2. Let X be a metric space and let X, C X be dense in X. Let a real
function ¢ defined on X be such that

@(@n)—>0  when wp—x  for weX,wnelX.

Let us put A = {we X: p(x) # 0}.
Then the set X\A is generic.
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A simple proof of this Lemma may be found, for example, in [2] and is
therefore omitted here.

Now we shall consider some properties of function spaces which appear in
problems of differential equations in Banach space.

Let (H, ||-]l) be a Banach space. Let U = [0,1] x E. Let B, = {veE: |z < n}
and U, = [0,1] X E,. Notice that the sets H, are closed and bounded in E and
compose a Sequence increasing to E. Similarly, sets U, are closed and bounded
in U, and compose a sequence increasing to U and a basis of bounded sets
in U; that is to say, for every bounded set B C U there is a positive integer # such
that BC Uy. X will denote the set of all continuous functions fr U-E. We
endow the set X with the topology of the uniform convergence on bounded sets.
In this topology, the basis of neighbourhoods is a family of sets of the form

N(f,n,e)= {ged: sug) If(w)—g(uw)]<n} for feX, n=1,2,..
Ueln
and & > 0. .

This topology is metrizable and — as is easy to see — consistent with the

topology given in I by the bounded metric

for f,geX&.

Ny S0 g we T}
= Y e w5 < T3

% will denote the topological subspace of X consisting of bounded functions
JeX. That is to say, fe B iff f ¢ X and the set f(U) is bounded in E.

Definition. Function fe X is called locally Lipschitzean (more precisely:
locally Lipschitzean with respect to the variable in E) iff for every point u, e U
there exists a neighbourhood V of this point and a positive number I such that
If(t, 2)—f(t, Yl < Lllz—y| for (t,#), (t,y) eV where {¢[0,1] and x,y < E.

The following lemma on locally Lipschitzean functions will be useful.

LEMMA 3. The set of functions f € X which are locally Lipschilzean is a dense
set in the space X.

Lemma 3 follows for example from Lemma 1 in [1].

From the proof of this lemma follows

LeMua 3'. The set of functions f e B which are locally Lipschitzean is a dense
set in the space B.

C [0,1] will denote the Banach space of contintous functions #: [0,1]— &
with sup norm.

All derivatives and integrals which appear in this paper should be interpreted
in the strong sense, i.e. as limits in the norm of a Banach space E.

n=1

2. Presentation of the problem. Let us consider the Cauchy problem
¥ = f (t, ) (1)
w(0) =7 (2)
where fe X and r e K.
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Definition. The solution z: A —F of the problem (1)-(2) is called an unli-
mited solution iff either 4 = [0,1] or A = [0,a) with ¢ < 1 and the limit lim #(¢)

t—a

does not exist.
If function f in (1) is bounded then each unlimited solution of (1)-(2) is
defined on the whole interval [0,1]. Indeed, if #: 4— F is such a solution, then

t
@l < [ 1, @(s)lds < Me < M for  ted
0 .
and
te
le(t)— (@)l < | [ If(s, @()lds < Mit—ty)  for #,fed
h

where
M = sup{||f(u)]: ue U} << +o0.

Thus : 4A—E is a bounded Lipschitzean function. Being unlimited it must be
defined on [0,1].

Let us fix point r ¢ E. Let us denote by B, the set of such bounded functions
fe® for which the problem (1)—(2) has exactly one unlimited solution. By
virtue of Theorem 1 in [1] or Theorem 1 in [2] the set B, is generic in B. Let
L: C[0,1]—>E be a linear continuous operator. We define function ¢: By—R
setting ‘

@(f) = int{|Le—r|: o' = f(t,x)} for feBy,xeC[0,1].

Now we may introduce the following definition proposed by A. Lasota.
Definition. The linear houndary value problem

{w’ = f{t, x) (1)
Ly =17 (3)

is asymptotically solvable iff ¢(f)= 0.
Our main theorem touches the special kind of operator L, namely an operator
of the form

Lz = Ax(0)+Bx(l) for xzeC[0,1],

where operator 4: E—E is linear, bounded and invertible, operator B: E—E

is linear, bounded and compact and |[A2B}] < 1. The main theorem is as follows.

THEOREM 1. Let 7 ¢ E be fized and let L: C[0, 11— E be an operator of the form

described above. Then, in the topological space B, the set of functions f € B for which
the problem

{w' = f(t, x) 1)

Ly = Ax(0)+ Bx(l)=r (4)

13 asymptotically solvable is genmeric.
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3. Existence lemma, LEMMA 4. Let fe B be a locally Lipschitzean function
such that

sup{{if(u)ll: we U} = M < oo

Let L: C[0, 11— E be of the form Lo = Aw(0)-+ Br(1) where A: BE—FE is linear,
bounded and invertible, B: E—E is linear, bounded and compact and |A1B|| < 1,
14l = m > 0. Then, for every point r ¢ E there emists at least one solution of the
problem (1)—(4).

Proof of the lemma. Let us consider the Cauchy problem

&' = f(t, ») 1)
z(0)=¢ for ceckE. (5)

From Lemma 2 in [1] it follows that problem (1)~(5) has a unique unlimited
solution; let us denote it by x,. Since f e % this solution is defined on inter-
val [0,1] (see point 2, above). Thus we may define correctly the operator
D: E— F such that for every ¢ ¢ E D(c) = x,(1), i.e. D(c) is a value of the solu-
tion of the problem (1)-(5) in the point ¢ = 1. Since, by assumption, f is bounded
and locally Lipschitzean, operator D is continuous and bounded. (This follows
from Lemma 2 in [1].)

Let R: E—E denote a bounded homeomorphism given by the formula

R: x—r—x for zeE.

Now the existence of a solution of the problem (1)—(4) is equivalent to the
existence of a fixed point of the operator ¥: E—E defined by the equality

F=A1R-B-D.

It is easy to see that F is a continuous compact operator on the space I. To
prove the existence of a fixed point it suffices to apply Schauder’s Fixed Point
Theorem, i.e. it suffices to find a nonempty closed, convex, bounded set K C £
such that F(K)C K. Let us set

K=FK(a)={cel: loc—r|<a} for a>0.

We shall see that for a sufficiently great a the set K (a) has the desired properties.

Of course, for every a > 0 the set K (a) (ball in E) is nonempty, closed, convex

and bounded. So it remains to choose a number a >0 such that ¥(K)C K.
Let ce K. Then

1De—dl = Iz (1) =l < [ IIf(s, 2(s))|ds < M

and consequently

1Dell < Nell + 32, [(BD) ell < |1BI|-[|1Dell < 1Bl (llel|+ M) -
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Further
(RBD)d| = lir— (BD)e|l < Il - Bl (lel + M) .
Thus .
|Fell << [[A-Y|-IWRBD) el < |A I+ I1Bl (llell + )] .
Finally ‘

[Fe— (| < [1Fell+ [l

and a simple computation shows that [[Fe—7| < a (i.e. Fee K) if

1
az> {”7'||+ ;;[IIVH +IIBH(H?‘||+M)]} (1—[47 B~ .
The lemma is proved.

4. Proof of theorem 1. Let $, be a set of functions f e 3, and locally Lip-
schitzean. Set B, is dense in B,. (For definition of %, see point 2.) From Lemma 4
it follows that on the set B, problem (1)-(4) is solvable. Thus, ¢(f)= 0 for
feB,. We shall now prove that

¢(g)—0 when ¢g—fin X for geBy,feB,, (6)

in other words, that

Vsodssod(f, 9) < d=>0(g) < e.

Bince operator L is continuous, we have
V,>03,,>0||w,—— mg” < W:Iiij—'ng” - |]ng—-?‘|| <eg&,

where funetion «, is a solution of the problem (1)—~(4) for f ¢ #, and function =, is
an unlimited solution of the Cauchy problem

{.w’ =g(t, @)

#(0) = @4(0)

for g ¢ 3,.

Since the solution depends continuously on right-hand side function (see
Lemma 2 in [2]) we have

vn>036>0d(f9 g) < d=llz,— g” <n.

The desired property (6) follows immediately from last two implications.

So we have proved that function ¢ satisfies all the assumptions of Lemma 2
with X = $, and X, = $,. So, by virtue of this lemma, the set $H* of fune-
tions f € B, for which the problem (1)—(4) is asymptotically solvable is a generic
set in B,. But we have observed (see point 2) that set B, is generic in $. Then
from Lemma 1 it follows that $* is a generic set in space $. This finishes the proof
of Theorem 1. '
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5. Example. Let E = L0, o) be a Hilbert space of square integrable funec-
tions : [0, oo)—R with the inner product

Cm,y3=f:v(s)y(s)ds Tor z,yekE.
0

Let us consider the function f: R X E—E given by the formula
fit,z)=0 for <O

F(t, 2} (8) = Ly u(8) (%‘ -+max {0, {?/4 — [Im]|}) for t>0.
€

In paper [1] the authors proved that this function is continuous and that for
this function the Cauchy problem

2 = f(t, @)
{m(O): 0

has no solution. This means that the linear boundary value problem

@' = f(t, x)
A (7)

where Lz = x(0) is unsolvable. On the other hand, we shall prove that func-
tion f is Lipschitzean in some neighbourhood of each point (¢, 2) ¢ R X E such
that « # 0. But then, by virtue of Lemma 2 in [2], for each 7 ¢ F and r # 0
there exists a solution of the problem

{w'=f(t,w)

Ly =r.

This means that problem (7) is asymptotically solvable. To prove that the
function f is locally Lipschitzean let us fix the point (£, #,) ¢« R X E such that
@, # 0 and let us fix a neighbourhood V of this point:

V={,o)e Rx B: [t—t| <e,llo—a| < ¢},

such that [z} > ¢. Let us choose two points (¢, #) and (¢, ) in V and let us esti-
mate

7 (2, 2)—F(2, y)I?

t

i) ly(s)] - :

~ (=N WO ax g0, 04 — [ — max o,t2/4f||yll}) s
of (Vnwn Vigl {

t
|2 (s)| !?/(S)l)
<2 ds+2 0, t3/4—||lz||— 0, 12/4— 24

;,f (I/Ilwll Vil f (max {0, #/4— |l — max {0, t*/4—|lyll})*ds .
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Let us denote the components of the last sum by J, and J,. Then

¢
2 Tt — V1l 2
= B f Wil 1) — Vil Iy ) e s

4 d Iyl —flal \?
< T [uyn [ (G s)1— Iy ()yeds + i ( e V”y”)]

]
| ( )2ds |l — 2]
U e (vna:||+l/llyll)"’”w Y

4 ol )
= — 1+"—_.——__. - 2 .
||wn( Wi+ vig) !

To estimate J, let us fix, for example, that || > ||y|| (if ||| = ||| then J, = 0).
Then

200=0, #/4< |yl
20 (84— ) < 2t (lall—I9)? < 2tlo—ylE, Iyl < 144 < [jal
2t (lall— ) < 2tllo—ylp,  ol] < /4 .

J2=

Thus in any case J, < 2t|jz— y|2.
Now a simple computation shows that

1f(t, 2)—f(¢t, 9l < Liw—yll, for (o), (¢, y) eV,

where '
llzoll 4 &

12 =

lloll — & ( +4(”a"'o”— £)

)—!—2t0+2s .
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