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Analytic continuation of series of homogeneous polynomials in topological
vector spaces

by M. DOWNAROWICZ

1. Introduction. Let X, Y be topological vector spaces over the field of com-
plex numbers C. Moreover let X be a Fréchet space, ¥ — locally convex and
sequentially complete with topology determined by a filtrant set of semi-
norms §(Y). Let 9%X, ¥) denote the vector space of all continuous homo-
geneous polynomials of X into ¥ of degree n (59X, ¥) = Y).

We ghall consider a series of the form

e
(1.1) f@ = D ful®), faeSX,Y),
n=0
that converges in a neighbourhood of 0 ¢ X. Then the funection f, given by (1.1),
is analytic in a balanced neighbourhood of 0 ¢ X (i.e. in a domain of conver-
gence of series (1.1)).
Let @, denote the Mittag-Leffler star of the function f, i.e. the largest starlike
(with respect to zero) open set such that f can be analytically continued to G,.
The aim of this paper is to find the analytic continuation of the funec-
tion f to G;. The paper extends the results of [6] to the case where c*, C are
replaced by X, Y respectively.
All definitions and theorems concerning analytic functions in topological
vector spaces may be found in [3], [4]

2. Basic definitions. In the sequel X, ¥ will denote topological veetor spaces
over C, Y being locally convex and sequentially complete with topology deter-
mined by a filtrant set of seminorms §(Y). Let U be a non-empty open subset
of X.

Definition 2.1. A continuous function f: U—Y is analytic in U if for every

we U there exists a series D' fu (fs e $(X, Y)) such that
n=0

flath) = D falh)

for all A in a neighbourhood of 0 ¢ X.
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By 4A(U, Y) we denote the vector space of all analytic functions f: U—Y.
If Y = C we shall write O instead of £(U, C). If we say that function f is ana-
lytic we mean that it is analytic in its whole domain, unless it is said that f is
analytic in a smaller set.

Definition 2.2, We say that a function fe A(U, Y) is continuable onto
& domain U, D U if there exists a function g e #A(U,, ¥) such that g|y = 7.

Definition 2.3. A function f: U—[— o0, o) i8 plurisubharmoniec if 1) f is
upper semicontinuous, 2) for every % ¢ U, # ¢ X\{0} the function f, ,: A—f(u + i)
is subharmonic in {1 eC: utire U}

3. Separately analytic functions. Here we give some theorems concerning
separately analytic functions which will be used in section 4.

Let us remind ourselves that a function f: X, X X, D D—Y is called separa-
tely amalytic if for every (uy,v,) e D the functions f,: v—f(u,v) and
Joo: w—Ff(u,v,) are analytic in {v e X,: (uy,v) e D} and {u e X: (u, v) ¢ D},
respectively.

LevmaA 3.1. Let U.be a domain in a Baire space X. Let 15 € C; ¢, & € (0, o0),
g <e If a function f: UX B(k, e)—Y s analytic in U X B(4y, &) and if
Jz: B(loy )2 A—f(x,A) e ¥ is amalytic for each xe U then f is analytic in
U X B(4, ¢). ‘

Proof. Since X x C is a Baire space ([14], th. 2} and since f is analytic in
U x B{4,, &) it is enough to show that f is analytic on affine lines ([3], th. 6.1).
But a function of one complex variable is analytic iff it is weakly analytic;
80 we may assume that Y == C.

Given two arbitrary points @, ¢ U, 2, e X\{0} put 4 = {r e C: @, +7x, € U}.
Fix #,, x, and consider the following function of two complex variables

¥ AX B4y, €) 2 (v, A)—>f(2,+72, 1) € C.

By hypothesis f* is analytic in A X B(4, ¢,) and for each 7 e A fi: A—f*(z, 1)
is analytic in B(2,, ¢). Thus f* is analytic in A x B(4,, ¢) (see [5], th. 2, p. 139).
Hence f is analytic on affine lines. '

LuEMMA 3.2. Assume that X, X X, is a Baire space. Let U be a domain in X,
and let W,V be balanced neighbourhoods of zero in X, such that W CV. Put
V= v(,+f7, W = v,+ W, where v, is an arbitrary point in X,. If f: Ux VY is
analytic in UXW and fz: V>v—f(x,v) is analytic for every xe U then f is
analytic in UXV.

Proof, It is enough to prove that f,: Usw—f(x,v)e Y is analytic for
every v eV and then to apply the Hartogs Theorem for topological vector
spaces ([3], Corollary 6.2.). (Here we do not need the assumption that one of
the spaces X; (j = 1, 2) is metrizable because f is analytic in Ux W.)

Fix veV. If v = v, then f, is analytic in U by hypothesis. Suppose then
that » # v, and write

Ay = {AeC: A(v—1v,) e V}
A = {1 eC: A(v—1,) ¢ W}
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Since V and W are balanced neighbourhoods of zero the sets Ay and Aw are
dises in C with centre in 0. Moreover Aw C Ay. The function g: U X Ay 2 (2, 4)
—f (2, vo+ A(v—1v,)) satisfies the assumptions of Lemma 3.1., thus it is analytic
in Ux Ay. Observe that 1 ¢ Ay. Hence g¢,;: U s 2—g(x,1) ¢ ¥ is analytic in U.
But ¢, = f,, so the proof is concluded.

THEOREM 3.1. (the generalized Hartogs Theorem) Assume thai X;x X, i8
a Baire space. Let D and D be domains in X, x X, of the following form:

D= {(u,v)e X;x Xp: ueU,ve Wy}
D={(u,v) e Xy x Xp: weU,veVu},

where UC X,, WyCV,C X, and every connected component of Vi, contains
a non-empty component of Wy. Suppose that f: D—Y is analytic in D and for
every we U fu: Va3 v—f(u,v)e Y is analytic in Vy. Then f is analytic in D.

Proof. Here we use the same methods as in the proof of the Generalized
Hartogs Theorem for C* ([5], p. 141).

Fix (u,, v,) € D. We shall prove that f is analytic in a neighbourhood of
this point. By the definition of IJ we have: s, e U, v, ¢ Vy,. Fix an arbitrary
point w, ¢ Wy, such that w, and v, are in the same component of V,, and take
a polygonal line contained in V, , joining w, to v,. We may assume, without
loss of generality, that this polygonal line consists of one interval I. Now
match W* — a balanced neighbourhood of 0 ¢ X, and V* — a neighbourhood
of u, in X, such that

1) U*X (wy+W*) C D

2) Urx (v+W*CD, wvel.

We choose these neighbourhoods in the following way. First we take Uj
and W satisfying 1). Then to any point v ¢ I we find a neighbourhood U,
of %, and a balanced neighbourhood W} of 0 ¢ X, such that U} x (v-+W,+Wy)
C |D|. Since I is compact and I C {J (v+W}) we can find v, ..., vx such that

vel

k k
ICJ (w4 WE). Now it is enough to take U* = U} ~ (N Uy, and W* = Wi

i=1 i=1

A
~ () W,,. By hypothesis the function f is analytic in U* X (w,+ W*). Let

i=1

o= sup{r >0: r{v,—w,) e W*}. If p >1 then v, ew,+W* so f is an@lytic
in a neighbourhood of (#,, v,). Suppose that ¢ < 1 and take v, = w(,«{—g {(Vg— o).
Then v, e I ~ (wy+ W*). Hence f is analytic in U* X (v;+W?1), where W* is

a balanced neighbourhood of 0 e X, such that v+ W*Cw,+ W*. Moreover,
by 2), U* x (v, + W*) C D, sofor every u e U* £, is analytic in v, - W*. By Lemma

3.2. we find that f is analytic in U* x (v,+ W*). Next we take v, = v1+§ (Dy— Wy).

Then v, e v;+W* and v, W2C v,+W*, where W2 is a sufficiently small
neighbourhood of 0 e X,. Applying once more Lemma 3.2. we obtain the

10*
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analyticity of fin U* X (v,+ W*). Repeating this procedure after a finite number
of steps, we shall reach the point v,, i.e. we shall obtain a point vy = w,+

—|—%Q(vo— wo) € I such that v, e v+ W* and f will be analytic in U* X (vp+ W#).

Hence we shall obtain the analyticity of f in a neighbourhood of (u,, v,).

THEOREM 3.2. Suppose that X is a Fréchet space (i.e. metrizable, complete
and locally convex). Let G be a domain in X containing a balanced neighbour-
hood 2 of 0 ¢ X. Assume that G* = {1 ¢ C: Ax e G} is connected for every x e 2.
Then the following statement is true: If f: G—Y is analytic in Q and f,: G°> A
—f(Az) € ¥ is analytic for every xeQ then fe A(Q,Y).

Proof. Let D = {(, 1) e X X C: 2 « 2, 4 ¢ G*}. Observe that D is a domain.
Indeed, D is eonnected due to its form and D is open because of the continuity
of operations in X. Let .D = 2 x B(0, 1). Since 2 is balanced we have D C D.
Consider a new mapping g: D> (w, A)—f(Ax) e Y. By hypothesis ¢ is analytie
in D and g,: G*> A—g(x, A) e Y is analytic for every z ¢ 2. So we can apply
Theorem 3.1. to the function g and to the domains D and D. Hence we come
to the conclusion that ¢ ¢ £(D, Y).

Fix any point a ¢ @. Then a = A'a’, where a’ € 2, 1’ > 0. Since (a’, 1) e D
g i8 analytic in a neighbourhood of (a’, A’). Observe that in a neighbourhood
of a we have f(#) = g o T, o T,(x), Where

Ty: Xow—(x,2)e X xC,
Tyt XX (E\{0})> (§, )—(¢, 7) « XX C.

Moreover, T, o Ty(a) = (a’, ). Therefore, by the analyticity of ¢ in a neighbour-
hood of (a’, 1'), f is analytic in a neighbourhood of a. The proof is completed.

4. Representations of analytic function in its Mittag-Leffler star. In this part X
will denote a Fréchet space over G, ¥ — as before — will be locally convex
and sequentially complete.

Consider a series of homogeneous polynomials

(4.1) f@) = D fu@), (faeI™X, V)

n=0

that converges in a neighbourhood of 0 ¢ X. Then f, defined by (4.1), is analytic
in the domain of convergence of series (4.1), i.e. in a balanced neighbourhood
of 0 ¢ X. Denote this domain by Q.

Let

G;=J{GCX: 1) @ is a starlike (with respect to 0) domain
2) 3}5 A(G,Y): .?’Grm = flana} -

Definition 4.1. The domain G, is called the Mittag-Leffler star of the
function f.
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4, is the largest starlike domain such that f can be analytically continued
to G,. In particular the domain 2 as a balanced domain (and then starlike) is
contained in &;. Theorems concernjng weak analytic continuation (e.g. th. 2,
[12]) imply the. equality G;= int ﬂ :

Theorems 4.1, 4.2 and 4.4 Whlch will be stated below give the analytic
continuation of series (4.1) to the Mittag-Leffler star G,.
THEOREM 4.1. Let

(l) {‘Pk}ke.N’COe,'Pkl) Za’kﬂ' AEG keN

(ii) qak(l) (1 ) umforml y on compact subsets of C\[1, oo).

(iii) fC X X Y is an analytic mapping in a neighbourhood of 0 X, given by
series (4.1).
Put

o) = Y apff@), weX.
=0

Then

and for every qeS(Y)
g ° (Px—f) P 0

locally uniformly in G,.

Proof. Take an arbitrary point x, ¢ G\{0} and a starlike (with respeet
to 0) positively oriented regular Jordan curve y C G™ = {1 ¢C: Aw, e G4} 80
that the points 0,1 einty(inty denotes the bounded component of C\y).
Repeating the argument of the proof of Theorem 1, [6] we obtain

fla)y= (2ml)‘1f AW 1—2Y)Yf(Ax)dh, xeU

where U is a meighbourhood of 0 ¢ X so that
A= {Az: Leinty, ze U} C Gy,
Since {A~!: 1€y} is a compact set contained in C\{0} then
pi) —> (1=, dey

the convergence being uniform on y.
Hence

fl@) = (2ni)* [ Mimgu(2)]Af (i) dA, @< U.
y Koo
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Observe that for every x e U the function {A—A-f(iz)} is analytic in
a neighbourhood of y and so it is ¢g-bounded on y for any ¢ ¢ §(Y). Then for
any qe8(Y) and for any v e U

qLor(271) A7 (o) — A1 — A7) 7f (Az)] —> 0
uniformly on y. Hence

f(@) = lim(27i) [ (A4 (Az)dA, weT.

k—00 ¥

Moreover for arbitrary e U, ¢ ¢ §(Y) and ke N

q(S’ A4 () —>0

=0

uniformly on y and so we have

f@) =lim D a(2ni)7 [ 272 f () dd

=0 y
=1lim }'a,f (@) =lim®u(z), @eU.
k=0 o0 k—00

To prove that the convergence is locally uniform fix an arbitrary g e G(Y)
and take a neighbourhood V C U of &, so that the mapping {(4, #)— |A|2¢(f(A))}
is bounded on y x V. It is possible to find such a neighbourhood since y is com-
pact and multiplication by scalars is continuous in X. For ¢V we have

1 1
q(f(2)— Du(w)) = Q(g—mf f (1—A1)1A-Yf (Aw) dA— Py yf w(a-l)z—lf(Ax)dA)

¥

= o, [ (1= et
on ¢ P !

¥

<

where M, does not depend on & ¢ V. Since |[(1— 271)"1—g(i-1)| -0 when k— oo,
uniformly on y, then ¢(f(x)—®i(2))—0 when k—oo, uniformly on V. The
proof is completed.

Remark 4.1. It follows from the Runge approximation theorem that
there exists a sequence {gi};.n, consisting of polynomials, satisfying the hypo-
thesis of Theorem 4.1. We obtain then the following theorem of a triangular
array (for X = C" th. 1, [6])

THEOREM 4.2. There is a triangular array of complex numbers cf, ck, ..., ¢k
(k=20,1,..) such that

f@) = SIdf@ @)+ +ehf, @], o6

k=0
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and for every qeS(Y)

r
¢(fl@)~ Ddf@+ . + ek, (@)]) 20
k=0
locally uniformly in G;.
Theorems 4.1 and 4.2 give the analytic continuation of function f to G, as
a limit of a sequence of entire functions. We obtain another representation
of analytic continuation of function f by applying Borel’s method of summability
of power geries.
Given a function f represented by series (4.1) we write

00

(1.2) (o) = Z[r(w;’;)]_ a), weX,

y=0

and call the k-th function associated with f (ke V).
LuEMMA 4.1. Let g € 8(Y) and k e N°. For every m, ¢ X there exist a netghbour-
hood V of x, and constants M%, a}, such that

EN

¢(Fr(Az)) < Miexp(agal*), weV, 1eC.

Proof. Since X is a Baire space one can prove ([3], Prop. 5.2) that the
series (4.1) converges normally a.t zero, i.e. for any ¢ « $(Y) there exists a neigh-

bourhood W of 0 ¢ X such that 2 lg o fllw < o0 (g o flw = sup{q o f,(x), z € W}).

y=0
Take such W and fix any 6 > 1. Then |jg o f,lw < m,0” with sufficient m,. For
any @, € X there exist ¢t >0 and a neighbourhood V of #, such that {V C W.

Therefore ¢(f,(2)) < my(6/t)” when x V. So

[+

)< > atsayarr(i+)

r=0

Y /6)” )
gmqZ(i)M]/I’(l-{—;c), weV, AeC.

r=0
But

[e o]

;(g).pzfv/r(uk’f) - E,,(? m) ]

0

where Ej is a function of Mittag-Leffler type, in particular E; is a function
of order k and type 1 (see [7]). Hence

Ex(61-12]) < Mypexp (0¥ *A%), AeC, eV,

with suitable constant M;. Now it is sufficient to put M} = m,M; and af
= prFIk,
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Given ¢ eG(Y) and &k e N> write
Hi(x,) = lim lim ¢t~ *¥ing(Fu(te)), xeX.
x—>x0 00

and call H} the regularized radial gq-indicator of the function Fy.
By Lemma 4.1 the family of plurisubharmonie functions

{z—1" I g(Fr(te))}, t = 1, > 0}
is locally uniformly bounded from above in X. Therefore HY is plurisub-
harmonic in X (see [10], th. 2.2.3). It follows from its definition that the
function HY is positively homogeneous of order k, i.e. Hi(tx) = t*H%(z), t > 0.
Now we shall recall some definitions which are contained in [6].
Given f0e(—m,n], ke N> and ¢>=> 0 consider the curve

Li(0, ¢) = {C € C: Re(le ¥ = ¢, |Arg(le™ )| < 57;0}

If =1 we admit also ¢ < 0.

The curve Lg(f, ¢) cuts the complex plane in two disjoint domains: Dj(8, ¢)
and Dy(8,c¢) containing the intervals

0< || < e Args = 0} and {'*< |¢| < oo, Argl = 6}

regpectively.

The closed set Dj(8,c) is called an elementary k-convex set. We say that
a closed set M C C is k-conver if it is the intersection of a family of elementary
k-convex sets. By a k-convex hull of a set M CC we mean the intersection
of all elementary k-convex sets containing M.

Let W C € be a bounded. k- convex set (hence W is compact). Write W(k, 0)
= W ~ Dg(0, 0). We define the function »x; as follows:

#,(0) = max {Re(le~"): L e W}

max Re(le~®)* when W(k,0) # 0O
xp(0) = | LW ED for £ >1
0 ) when W(k, 0)=0,

and call »; a k-supporting function of the set W.
Assume that the sum of series

001 , » ‘
@(2):%1),1/1"(1—]—7;), AeC
is an entire function of order k and type ¢ (k, o € (0, o0)). Write

a(d) = Db (2] > ot

»=0
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The function ¢ is called $; transformation of @ (or the generalized Borel
transformation of @). ‘
LeMMA 4.2. Let
p(A)= Y17, (a,¢Y)
v=0
be a function of ome complex variable amalytic in a neighbourhood of nfinity
{IAl >r}. Put
o0

l’
Py = > — _a, AcC.

=)

Let Wy denote the smallest starlike set so that v can be analitically continued
to C\Wy. Given qeS(Y) write

h(0) = limt~*In g (¥ (16%)) .
{—>o0

If Wy is the k-convew hull of Wi and 3, is the k-supporting function of Wk
then for every q e S(Y)

WU0) < %l — ), 6 € (— =, 7]

Remark 4.2. Wi = \J W,, where W,, denotes the smallest starlike set

ue ¥’

such that u oy is holomorphic in C\W,, (see [12], th. 2).

Proof of Lemma 4.2. For any ue ¥ u oy is analytic in C\Wi. Note
that u oy is the By-transformation of # o ¥. Since u oy is analytic in the
domain {|2| > 7} the order g, of w o ¥ does not exceed % and if g, = k the type
of u o ¥ is finite ([7], Lemma 6.1). So we can apply the generalized Polya
Theorem (see [7], th. 6.6 or [6], th. B) to the function & = u o ¥. Since
W, C Wi for any e Y’ we have

limt~ nju o (te®)| < % (—8), weX.

t—o0

Hence for every 6 >0

¥ |u o P(te®)| < % (—0)+06, =t ue .

So
lu (P (te¥) e~ -0+ <1, t=ty, ue Y
and then
q(P (te?) eI < M 1>y, geS(T).
Therefore

¥ g (P (1e®) < t7%In M+ x(—0)+6, ¢eS(T).






