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Generating path factors of a tree

by Z. SxUPIEN and W. ZYGMUNT

1. Introduction. Some recent papers concern the problem of covering the
vertices in a graph, say G, by disjoint paths. These covering paths form a path
factor of . The minimal number of these paths, say m(@), is called in [2]
and [8, 9] the path-to-point covering number of G and the vertex-path parti-
tion number of @, respectively. Another number, say sy(G), which is equal
to 0 for a Hamiltonian graph & and to 7,(@) for a non-Hamiltonian graph G
with n (> 2) vertices is called in [4] and [8, 9] the Hamiltonian completion
number of ¢ and Hamiltonian shortage in @, respectively. Sufficient con-
ditions for the inequality 7,(G) < s (or sy(G) < s), 8 ¢ N, are given in [6, 7, 2,
8, b, 3, 9], the most extensive lists of conditions being given in [7] and [9].
The corresponding conditions of [3] were published earlier in [7] in 1974. It is
obvious (cf. [2, 4]) that, for a connected graph G,

7(@) = min{m(T): T is a spanning tree of G} .

Therefore determining =, for a tree is of special importance. Algorithms
for evaluating =, for a tree T are given in [2, 4, 8]. The problem of finding all
maximal path factors of a graph is posed in [8]. In this paper we show how

the generating path factors of a tree, which has a vertex of degree 2, may be -

simplified. A labelling procedure, presented in [8], is modified in [10] and [11]
g0 as to be helpful in determining all maximal path factors of a tree.

2. Definitions. The symbol : = denotes an equality on the strength of a de-
finition. Given a set Z, the symbol |Z| denotes its cardinality. A graph G is
the pair of two sets V and E, in symbols G = <V, E), E being a certain sub-
collection of the collection Py(V) of two element subsets of V' with V ~ PyV)
— 0. V and E are the vertex set V(@) and the edge set E(G) of the graph @,
respectively. The numbers |V (G)| and |F(G)| of vertices and edges of @G are

the order and the size of the graph G, respectively. Two elements u,, %y ¢ V, ¥y

are called incident in @ if u;euye B and {i,j} = {1, 2} (then u; is a vertex
and u; is an edge of @). The number of edges incident in @ to a vertex @ is the
degree of .

A graph G, = (V,, E,) is called a subgraph of the graph G, in symbols
G,C@,if V,CV and E, C E. Given two graphs G; = (Vi, B, i =1, 2, being
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subgraphs of certain graph, their union and intersection are defined as follows:
G G=(V, v Vs EIQ By,
GGy =V, "V, By~ By,

A factor is a subgra.ph with the same vertex set. A path, Px, is a graph
with k vertices w,, #,, ..., 7y and the edge set

B(Py) = {{wi7<’vi+l}: = 112y ey k—1}, k=1 (E(P1)= G),

P, being a trivial path. The vertices », and xy are end-vertices of Py, and Py is
said to conmect ; and xx. A graph is connected if any two of its vertices are
connected by a path being a subgraph of the graph. A component of the graph
G is any maximal connected subgraph of @, k(@) denotes the number of com-
ponents of G.

A tree T is a connected graph with }E(T)[ = [V(T)|—1 (so a tree is & con-
nected graph without cireuits).

By a path factor of a tree T we mean a fa.ctor W of T, each component of
which is a path (possibly trivial). Path factors are called in {2] island de-
compositions. f

Let W(T') be the collection of all path fa,ctors of T. Consider the number

(T) := min{k(W): W eW(T)}.

A path factor W of T is mawimal if k(W) = ny(T). A maximal path factor -
of T was called in [8] an optimal path system in 7.

In what follows 8(T) and § will denote the collection of all maximal path
factors of T and an element of this collection, respectively. Observe that

8eS(T) «8eW(T) and |E(S) = max{{E(W)|: We w(T)} .

Hence, each maximal path factor is of maximal size among all path factors
of T. This follows from the followmg obvious formula ’

k(W) =V(W)|—|B(W)| for WewW(T),

and from the definition of a maximal path factor.

3. Decomposing the tree with respect to a vertex of degree 2. A pair of sub-
trees T and T, of a tree T such that

T=T,vT,, V(I,)~V(T,)= {v}

with v being a vertex of dégree 2 in T is the decomposition of the tree T with
respect to v.

THEOREM 1. If T), T, is a decomposition of a tree T with respect to a vertew
of degree 2 in T then the collection 8(T') of all mawvimal path Jactors of T induces
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the . collection of maxvimal path factors of each Ti, i = 1,2; namely
S(To)= (S~ T §eS(T)}, i—=1,2.

The proof of Theorem 1 depends on the following

LeMMA 1. Under.the assumptions of Theorem 1 if 8 e 8(T) and 8; e 8(T)
then, for {i,j} = {1, 2}, the union of 8; and 8 ~ T; is a mawimal path fa,ctor
of T, ie.,

8iv (8~ Ty eS(T) for {i,j}={1,2}.
Proof. Let {i,j} = {1,2} and let
g:zsiu(Sf\Tj).

Components of § are clearly paths and V(8) = V(7). Therefore S ¢ W(T).
Suppose that S ¢ §(T), that is, k() > ay(T). Hence, since &(8) = ny(T), 8 ~ T}
=8~ T, and 8 ~ T; e W(T;) therefore k(8 ~ Ts) > k(8 ~ T:) > n,(Ts), which
s impossible since 8§ ~ T; = §8; € $(T%).
Proof of Theorem 1. It suifices to consider the case i = 1. Let

' S(T)={8~T: 8eS(T)}.

Hence for any §, e S(T,) there is 8 ¢S(T) such that 8, = 8 ~ T,. We shall
show that 8, ¢ §(T,). To do this, choose some 8, ¢ §(T,). Then, by Lemma 1,

=80 (8T
is a maximal path factor of T. Since §* ~ T, = 8 ~ T, therefore
k(8*~T)=k(8~T,). So k(8,) = k(8,) whence J, ¢ 8(T,)

and S(T,) C §(T). :
To prove the converse inclusion, choose any 8, ¢ $(T,) and any 8 ¢ $(T).
By Lemma 1,

S' = S]_U(SmTz)
is a maximal path factor of T and
S m T1 S;_

Therefore §, « $(T;), Q.E.D.

THEOREM 2. If T,,T, s a decomposition of a tree T with respect to a vertex v
of degree 2 in T, then the collection S(T) of all maximal path factors in T coincides
with the collection

812 = {SIUS2: S{GS(T;}, i=1,2},

S(Ty) being the collection of maximal path factors of Ty, 1 =1, 2.
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Proof. Let 8, ¢ $(T,) and 8, ¢ $(T,). Choose an & ¢S(T). By Lemma 1,
v (8"~ T,) €8(T). Hence, similarly

8pw 8y = By U [(8y v (8~ Tp)) ~ Th] e S(T) .

Therefore §,, C $(7T). _
Now let 8 ¢ §(T). Hence, by Theorem 1,

8~Tie8(T), t=1,2 and 8=E8~nTPHw({8~T,).

Therefore S ¢ 8, and §(T)C §;,,, Q.E.D.
Remark 1. If T\, T, is a decomposition of T with respect to a vertex of
degree 2 in T then

W(Ts) = {W~Ti: WeWT)},

and

‘].D(T)z{;Wl U'Wz: WiE‘lD(Ti), 7:21’2}
(cf. the above theorems). Moreover, by Theorem 2, there are the following
quantitative relations:

IS(T) = [S(T)]-IS(T)
and \

a(T) = mo(Ty) + 7o(T5)— 1

Remark 2. Both these theorems concern the decomposition of a tree T
with respect to any vertex of degree 2. It is clear, however, that simplification
is essential in the case of such a vertex of degree 2, which does not lie on a hang-
ing string. (A string in T is a non-trivial path whose each inner vertex (if any)
is of degree 2 in T and both end-vertices are of degrees different from 2 in 7.
A string is hanging if one of its end-vertices is of degree 1 in 7). So if the tree T
has a non-hanging string with an inner vertex of degree 2, then it is advisable
to choose one vertex of degree 2 from each such string and to decompose T
with respect to chosen vertices into a number of subtrees, say T, T, ..., Tk.

Then

—

8D = [ | 18(T9)],

=1

a(T) =

e

a(T)—k+1,

-
]
-

and

k
T)={U8s: 8:ie8(Ts), i=1,2,...,k}.

=1
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