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Umqueness of solutions of the Cauchy problem for first order differential-
-functional equations ' :

by M. NOWOTARSKA

Abstract. We consider a system of first order differential-functional equations of the form
M WX ) =fUX, ¥, UX, ¥), uf(X, D), UZ,")

(i=1,.,m;j=1,..p)
with initial data
(2) W E D=l =1.m)
where X = (z,, ..., p), = (Yys - Yp)s = (¢} ..., 4™ and uY (uy s sees u ). The function
U (X, Y) i8 defined in a pyramid P a.nd for a fixed X we denote by U(X *) the function
Y-»U(X, Y) as an element of the space of continuous functions from the set
{¥: (X, ¥) P} to B™. Tor a solution of problem (1), (2) of class D in the pyramid P the
following questions are dealt with: estimate of a solution, estimate of the difference between
two solutions, the uniqueness of a solution and its continuous dependence on the initial data
and on the right-hand sides of the system. Theorems to be proved are known (see [1]) if

the right-hand sides of (1) do not depend functionally on U(X,.). Similar theorems for
parabolic differential-functional equations are proved in the paper [2].

1. Definitions. In the space (#y, ..., Tp, Y1y -y y;.) we denote by P the pyramid

P »
2 Imr“wr! <7 |yk"§k| < a‘k_LZ |wr"'§7rl (k=1,..,m)

=1 r=1

where 0 L< 40, 0 < ar < 00,y << mm ak/L) The point X = (2, ..., 2,),
such that 2 |z, —a,| < 7, being fixed we put Pz ={Y: (X, Y) e P}

Let C’m(Px) stand for the space of continuous functions Z(Y) = (2%(Y), ...
ey @™ Y)) from Px to R™ with the norm

IZ]| = maxmax{|z4(¥)|; ¥ ¢ Pz}
. <
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- A function »(X, Y) will be called the function of class D in the pyramid P
if w(X,Y) is continuous in P, possesses Stolz’s differential with regard to
(X, Y) on its side surface a.nd has first derivatives with respect to Y a.nd
Stolz’s differential with respect to X in its interior.

If, moreover, the derivatives u,(X,Y) (¢=1,..,p) are continuous with
respect to (X, Y) for X = X, then u(X, Y) Will be called the function of
clags D,.

Agsumptions H;. The function o(t,y) will be said to satisfy As-
sumptions H, if it is non-negative and continuous in the domain ¢>> 0, y > 0.

For 5 > 0 we denote by w(t, n) the right-hand maximum solution (see [1]
§ 5) through (0, %) of the ordinary equation

dy

i d(t; ?/)

(1.1) p

Assumptions H,. The function o(t, y) is said to satisfy Assumptions H,
if in the domain ¢ >0, y > 0 it is non-negative and continuous, o(t, 0)=0
and y(t)= 0 is the unique solution of (1.1) satisfying the condition

limy (f) = 0
>0

Assumptions H;. The function o(t, y) is said to satisfy Assumptions H,
if in the domain ¢ >0, y > 0 it is non-negative and continuous, (¢, 0) = 0
and ¥(t) = 0 is the unique solution of (1.1) satisfying the conditions

llmy(t) = hm'gi-) =0
o 1

2. Comparison theorems for a system of differential-functional inequalities. In .
this chapter we will prove three comparison theorems for a system of differential-
-functional inequalities in the case p = 1. x, is now simply denoted by . -

THEOREM 2.1. Let the fumctions Uz, Y)= (uNz, ¥), ..., ™®, ¥)) be of
ctass D in the pyramid

(2.1) jo—a) <y, lyp—ip < as—Llo—a|  (k=1,..,9)
where 0 K<L << 400, 0L ak‘< ‘—l-oo, y < min(ax/L). Sdppose the initial in-
equalitieé ‘ ’

(2.2) [ui(2y, ) < 7 (=1, ., m)

and the differential-functional inequalities

(2.3) ] < o(lo—al, 1T (@, )+ Y by (=1, ey m)
k=1
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are satisfied in the pyramid (2.1), where o(t,y) satisfies Assumptions H,. Let
w(t, n) be the right-hand maximum solution of (1.1) through (0, n) and assume. it
to be defined in the interval [0, o). ‘
Under these assumptions inequalities

(2.4) i@, D)< o(lo—al, 1) (z‘:l,..._,'m)

hold true in the pymmzd (2.1) for |z— x| < min(y, a).

Proof. Since the assumptions of the theorem are invariant under the
mapping &= —a- 22, it is sufficient to prove (2.4) in the right-hand
pyramid P '

(2.5) 0 < a—, < 6= min(y, au) |yk gl < ar—L(@—m) (k=1,..,n)
Put, for 0<E<<d

Mit) = max {ui(z,+t, T): Y e P}

Ni(t) = max {— ui{z,+1, Y): Y ePy : . S

W(t)-maxma.x{]u (@o+1, 17)1 YeP,}_llU(aﬁﬁ—t a0
where for t¢[0,d) we have put P, = {Y (Ze+1, Y)e P}

It is obvious that the inequalities (2.4) which are to be proved are equl-
valent to . :

(2.6) W(t) ( ,n) for 0t < d.
By (2.2) we have o
o WO)<n

and by Theorem 34.1 in [1] W{(t) is continuous in [0, d). The inequality “(2.6)
will be proved if we show that the differential inequality

@7 D_W(H) < olt, W(t) | S s
holds true in the set S o 7 o
(2.8) E={te(0,0): W(t) > w(t, )}

(see [1], §14)
To prove (2.7) in (2.8) f]_X a i ¢ ; then we have

(2.9) (i) > w(,n).
By Theorem 34.1 in [1] there is an index j and a point YeP, s0 that -either

(2.10) W) = M3 =4/, V), D_W(-i) < D-Mi({)
or
(2.11) W) = N({) = —wi(i, ¥), D-W({) < D-N'(}) .

Prace ratematyczne z. 19 12
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Suppose that, for instance, relatlons (2.10) hold true. By theorem 35.1 in [1]
we have

(2.12) D-Mig) (wo—l-t ¥)— LZguﬂ(%H 7).

On the other hand by (2 3) and the definition of W(t) we get

ulfwy+1, ) < o (f, 11U (@ +1, )| +L Zlu @0+, T)|

k=1

= o, W(i )+L2]u (@41, )] .

From (2.10), (2.12) and the last inequality it follows that
DW(H) < off, W(i_)) .

This completes the proof. ‘
THEOREM 2.2. Let the functions U(w, Y) (W@, X)), ooy u™w, X)) be of
class D in the pyramid (2.1). Assume that

(2.13)  Ulm, Y)=0

and that the inequalities

(2.14) el < ollo—aol, U (@, M) +L 3 juf,|  (G=1,...,m)
k=1

are satisfied in the pyramid (2.1) for  # x, where o‘(t, y) satisfies Assumptzons H,. '
Under these hypotheses we have

Uz, Y) =0
in the pyramid (2.1).

Proof. As in Theorem 2. 1, it is sufficient to prove our theorem in the
right-hand pyramid (2.5) (with § = y). Put, for 0it< §

MY (t) = max {u¥@y+1, ¥): T ¢ P}
Nit) = max{—u’(z,+t, V): ¥ e P} (=1, ..,m)
W(t) = maxmax {|u‘(x,+1¢, T)|: ¥ eP}

]

Identities to be proved in the pyramid (2.5) are equivalent to

.{2.15) ' W) =0 for te[0,y).

By (2.13) we have
W(0)=0
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and by Theorem 34.1 in [1] W(¢) is continuous on [0, ). By the same theorem,
for every { ¢ (0, y) there is an index j and a point Y e P, such that either

(2.16) W(t) = MI(t) = w(m+1, ¥), D-W()<D M)
or _ '
(2.17) W(t) = Ni(t) = —wi(@y+1, ¥y, D-W()< D Nit).

Suppose, for example, that for a te( , v) relations (2.17) hold true. By theo-
rem 35.1 in [1], we have

D) < wblantt, T)—L ¥ yfoott, T

k=1

As in the previous theorem from (2.14), the last inequality and (2.17) it
follows that

D-W@E)<ot, W) for te(0,y).

Hence, by the second comparison theorem (see § 14 in [1]) we conclude that
W(t)< 0 in [0, y) and since obviously W(i{) > 0 we get (2.15), which com-
pletes the proof.

TarorEM 2.3. Let the fumctions U(x, Y)= (uz, ¥), ..., w™, ¥)) be of
class D, in the pyramid (2.1). Assume that

(2.18) U(@y, Y) = Us(wy, ¥Y) =0

where Uz(x, Y) = (uy(®, Y), ..., wy(®, Y)) and the inequalities (2.14) are satisfied
in the pymmzd (2.1) for © # wo, where a(t, y) satisfies Assumptwns H,.
Under these assumptions we have

Uz, Y)=0
n the pyramid (2.1).
Proof. Again we will prove our theorem in the right-hand pyramid (2.5)
with 6 = ». As in the previous theorem identity U(x, Y) = 0 is equivalent
with (2.15). By (2.18) we have

(2.19) W(0)=0.

| Moreover, by Theorem 34.1 in [1] there is an index j such that

'(2.20) DT*W(0) < D+ MI(0)
or A
(2.21) : D+*W(0) < D+N(0).

Suppose, for instance, that (2.20) holds true. On the other hand, by theorem 35.1
©in [1] there is a point Y, e P, such that

D*W(0) < D* M(0) < w(z, o) -
12*
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Hence, by (2.18), it follows that
(2.22) . DtTW(0)< 0
As in the previous theorem we prove that
(2.23) : D-W ()< o(t, W(t)) for te(0,7).
From (2.19), (2 22) and (2.23) we conclude, by the third comparison theorem
(see § 14 in [1]), that W(¢) <0 for ¢ [0, y) and consequently W (f) = 0.

3. Comparison theorems for overdetermmed systems of partial differential-functional
inequalities,

THEOREM 3.1. Let the functions U(X Y) = (u}(X, Y), ..., u™X, Y))
= (UM D1y weey Bpy Yig wony Yn)y ooey W™B1y caey Tpy Yoy ooy Yo ) be of class D in the
pyramid P (see 1). Suppose the initial inequalitios

(3.1) |'ui(-X07 Y) < n (1= 1,..,m)

where Xy = (@, ..., xp), and the differential-functional inequalities

(3.2) i a(2|w~wlilv ,>n) Zl N

r=1
(7'—1 wym; j=1,..,p)

hold true in the pyramid P, where the function o(t,y) satisfies Assumptions H,.
Let w(t,n) be the mght hwnd maximum solution of (1.1) through (0, %), defined
in an interval .

0Lt < gy

Under these assumptions we have

» :
WX, D) < o Yo, —dils 1) (G=1,..,m)

r=1

in the pyramid

> o 2 o
(3:3)  'lay—3;l < min(y, a), lgx— G4l < t—I Ylay—&  (k=1, ..., m).
=t ‘ j=1
Proof. We will use Mayer’s transformation

X =X+ Az,

where A = (,,...,4,) in order to reduce our theorem to theorem 2.1. For

A= (4, ..., Ap) consider the ordinary equation

Y .
F7e Ao(2, y)
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~where o(2t,y) satisfies Assumptlons H, and A_ 2 |4;]. By Theorem'(36 1)

in [1] we know that w (i, %) is its right-hand ma,xnnum solution through (0, %)
in the interval [0, ay/1). In particular, for 1< a, we have

(3.4) : %" >1.
Suppose that

(3.5) 1< min(y, a)
and denote

U, Y; A)= U(X,+ Az, Y) .
For A satisfying (3.5) U(#, ¥; 4) is of class D in the pyramid

(3.6) || < ’I—;, Wiyl < ax—Alw]  (k=1,...,n)
where
S ¥

. =>1.
(3.7) | 2>1
By (3 1) and (3.2) we have

[0, ¥; A)] < (i=1,..,m)

and

- P . » P ;
[, X5 A< D Il (Xo+ Ao, TN < 2 |af|a( Z ], |U(Xo+ Ax,y )} +

i=1 j=

vz 3 3 [ Xo+ 42, T)|

f==1 k=1

— 1o (alal, 1T (@, 5 A)+TA 3 figyo, T ).
k=1 )
Hence, by Theorem 2.1, we have
(3.8) i@, ¥; ) <w(lol,n) (@E=1,..,m)

in the pyramid (3.6) for

Y O
|m|<m1n(1 Z)

From (3.4) and (3.7) it follows that

Y O
n 1
mi (1 A) >
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and w«la can put # = 1 into (3.8). We get the inequalities
15‘(1, Y; )< wl(d,n)

for A satisfying (3.5). Hence for any point (X, ¥) of the pyramid (3.3) and
for A= X— X, we have

WX, T) = [0, T; X—Xo)| < of 2 oy —&l5 1) ( ., m)
i=1
which completes the proof.
Similarly, using Theorems 36.2 and 36.3 in [1] and (2.2), (2.3) of this paper
we can prove the following two theorems:
THEOREM 3.2. Let the functions U(X, Y)= (wi(X, X), ..., w™X, X)) be of
class D in the pyramid P. Suppose that

U(X,, Y)=0
and
(3.9) Iul< a(le — &, 10X, M+ 21 for X # X,
re=1 K==l

(i=1,.,m;j=1,..,p)

in the pyramid P, where o‘(t', y) satisfies Assumptions H,. Under these assumplions
we have
UX,Y)=0
in the pyramid P.
THEOREM 3.3. Let the functions U(X, Y) be of class D, in the pyramid P,
Suppose that

U(Xyy ¥)= Us(Xo, Y)=0 (j=1,...,9)

where Uy, = (g, ., u) and that inequalities (3.9) hold true in the pyramid P
with o(t,y) satisfying Assumptions Hy. Then we have

U(X,Y)=20
in the pyramid P.

4, Estimates of the solution.
TaEOREM 4.1. Let the right-hand members
fUX,Y,0,Q,2)

m
= fi( @1y cers By Yry ooy Yny ULy ey U™, Gy oony Gny Py ony &™)

(t=1,..,m; j=1,..,p)
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| of system (1) be defined for (X, Y)eP, U, Q arbztmry and Z € Cpu(Px) (8ce 1)
Suppose that
(41)  If{X,¥,U,Q,2)<q 2 le,— 3,1, maX{lu’l 1Z113) + L 2 gl
Pl k=1
f=1,u.,m; j=1,..,p)
where o(t,y) satisfies Assumptions H,.Let w(t,n) be the right-hand mazimum
solution of (1.1) through (0, 7), defined in the imterval [0, ay). Lot U(X, Y) be

a solution of system (1) of class D in the pyramid P and samsfymg the initial
inequalities

4.2) [u¥(X,, i<y (G=1,..,m).

Under. these assumptions we have

(4.3) WX, )| < ( 2 2, &) n)
re=1

~in the pymmz"d

D
(44) D) lo,— | <miny, a), 9o~ §ul < ae—I 2 lt—a,| (k=1,..,m).

sl =]

Proof. By (4.1) and by the definition of ||Z|| we have
g (X, T)l = If}(X, ¥, U(X, X), (X, T), U(X, "))
»
(D) loy— &), max {(X, D), |U(X, W) +Z Zlu,,.(x )|

r=1 Fax1
= of > _—y 1T (X ) +L Y lutyx, 7))
; r=] Foam1

and the function U(X, Y) satisfies all the agssumptions of Theorem 3.1. Hence
the inequalities (4.3) hold true in the pyramid (4.4).
| 5. Estimates of the difference between two solutions.

THEOREM 5.1. Let fi(X, Y, U,Q, Z) the right- hand members of system (1)
and gi(X,Y,U,Q, Z) of system

(51) wl =giX, ¥, U(X, T),ut(X, Y),'U(X 9 (i=1,. ,m,J—l o D)

be defined for (X ".Y) eP, U,Q arbitrary and Ze Cn(Px), cmd satisfy the in-
equalztws

(52) Ifi{X,Y,0,Q,2—-gX,¥,¥,§,7%
D
oY) 1o~ ], max {ju'— 3, |12 — Z1}) + L Zm @

r=] . k=1

(t=1,u,m;j="1,..,p)

A
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where o(t,y) satisfies Assumptions H,. Let o(t,n) be the right-hand maximum
solution of (1.1) through (0,n) defined in the interval [0, ). Suppose that
UX,Y)= WX, T), .., s™X, T) and V(X, T) = (X, T), .., ™X, T))
are two solutions of systems (1) and (5.1) respectively, of class D in the pyramid P
and satisfying the initial inequalities ‘

|'“'i(Xo’ Y)"“”i(Xo, <9 (t=1,..,m).

Under these asmmptwns we have ‘

53) W, 7)o (le Blym)) (=1, m)

r=1
in the pyramid (4.4). o :
Proof. Function U(X, Y)= U(X, Y)—V(X Y) satisfies by (5.2) the
inequalities (3.2) of Theorem 3.1 : L
[, = lug,~23| = If(X, ¥, UX, T), %y(X Y), U(X,))—
—g,(X Y V(X Y) vY(X Y), V(X, ))l

( 2 |w,—-wr|,max(lu—v'1 10X, )~V (X, - u))+
+L 2 Juy— ( 2 (lo,— &I, 1T(X, >u)+L 2 |uw,1

k=1 . k=1

(i=1,..ym; j=1,..,p)
and because it satisfies a.ll other assumptions of thls theorem, the inequalities
(5.3) hold' true:

6. Uniqueness criteria
THEEOREM 6.1. Let the right-hand member JUX, Y, U0,Q,27) of system (1) be

© defined for (X,Y)eP, U, Q arbitrary and Z € Om(PX) and satzsfy the in-

equalities

1 X, Y, 0,9, 0-fX, ¥, 0,3,
(Zm--w,l max ([, |2~ %||)+L2|qk i

r=1

(1=1, ...,m, j=1,..,p)

where o(t,y) satisfies Assumptions H, (Assumptions H,). Under these as-
sumptions the Gauchy problem for system (1) with initial dale ' ‘

(6.2) X, V) =eHY) i=1,

admits at most one solution of class D (class D,) in the pyramid P.
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Proof. Let U(X, Y) = (u¥X, Y), ..., s™X, ¥)) and
V(Xy Y) = ('vl(xa Y), sery 'Um(X’ Y))
be two solutions of probleni (1), (6.2-) of class D (of class Dy) and
7x,T)=UZX,Y)-V(X,Y).
Then we have »
(6.3) U(Xy, Y)=U(X,y, Y)—V(X,, ¥) =0
and by (6.1)
mz,l = ]f;(X’ Y, U, “;: Uv(x, ))—f;(X, Y,v, ""g’: V(X, ))1

< o( Y lay— |, max (w =o', T (X, )=V (X, ) +

r=1
on k »

+I Y fub— vl = o X lo,— |, 1T(X, ) +I D) Tyl
k=1 r=1 ’ k=1

(i=1,..,m; j=1,.,p).
Moreover by (6.3)

Uy, (X0, ¥) =V, (X, )
hence

(X, ¥) = 0} (Xo, T)— 05 (X, ¥)
=X, T, U(Xs, T), 0i(Xoy ¥), U(X, )
— fi(Xay T, V (Ko, T, 0l X, T, V(Xs, 1) = 0
(f=1,..,m, j= 1,‘..:.,1‘7) .

Hence, if o(t, y) satisfies Assumptions H, (Assumptions H,), T(X , Y) satisfies

all the assumptions of Theorem 3.2 (Theorem 3.3).and we have

U(X,Y)=0
* in the pyramid P. '

7. Continuous dependence of the solution on the initial data and on the right-hand
sides of the system ' ' ‘

TrEOREM 7.1. Let the right-hand members f{X, Y, U,Q, Z) of system (1)
and gY(X, Y, U,Q, Z) of system (5.1) be defined for (X, Y) € P, U, Q — arbitrary
and Z « Cu(Px). Let the functions f{X, ¥, U, Q, Z) satisfy the inequalities (6.1)
where o(t,y) satisfies Assumplions H,. Suppose that :

a{t,0) =0







