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Umqueness of solutions of the Cauchy problem for first order differential-
-functional equations ' :

by M. NOWOTARSKA

Abstract. We consider a system of first order differential-functional equations of the form
M WX ) =fUX, ¥, UX, ¥), uf(X, D), UZ,")

(i=1,.,m;j=1,..p)
with initial data
(2) W E D=l =1.m)
where X = (z,, ..., p), = (Yys - Yp)s = (¢} ..., 4™ and uY (uy s sees u ). The function
U (X, Y) i8 defined in a pyramid P a.nd for a fixed X we denote by U(X *) the function
Y-»U(X, Y) as an element of the space of continuous functions from the set
{¥: (X, ¥) P} to B™. Tor a solution of problem (1), (2) of class D in the pyramid P the
following questions are dealt with: estimate of a solution, estimate of the difference between
two solutions, the uniqueness of a solution and its continuous dependence on the initial data
and on the right-hand sides of the system. Theorems to be proved are known (see [1]) if

the right-hand sides of (1) do not depend functionally on U(X,.). Similar theorems for
parabolic differential-functional equations are proved in the paper [2].

1. Definitions. In the space (#y, ..., Tp, Y1y -y y;.) we denote by P the pyramid

P »
2 Imr“wr! <7 |yk"§k| < a‘k_LZ |wr"'§7rl (k=1,..,m)

=1 r=1

where 0 L< 40, 0 < ar < 00,y << mm ak/L) The point X = (2, ..., 2,),
such that 2 |z, —a,| < 7, being fixed we put Pz ={Y: (X, Y) e P}

Let C’m(Px) stand for the space of continuous functions Z(Y) = (2%(Y), ...
ey @™ Y)) from Px to R™ with the norm

IZ]| = maxmax{|z4(¥)|; ¥ ¢ Pz}
. <
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- A function »(X, Y) will be called the function of class D in the pyramid P
if w(X,Y) is continuous in P, possesses Stolz’s differential with regard to
(X, Y) on its side surface a.nd has first derivatives with respect to Y a.nd
Stolz’s differential with respect to X in its interior.

If, moreover, the derivatives u,(X,Y) (¢=1,..,p) are continuous with
respect to (X, Y) for X = X, then u(X, Y) Will be called the function of
clags D,.

Agsumptions H;. The function o(t,y) will be said to satisfy As-
sumptions H, if it is non-negative and continuous in the domain ¢>> 0, y > 0.

For 5 > 0 we denote by w(t, n) the right-hand maximum solution (see [1]
§ 5) through (0, %) of the ordinary equation

dy

i d(t; ?/)

(1.1) p

Assumptions H,. The function o(t, y) is said to satisfy Assumptions H,
if in the domain ¢ >0, y > 0 it is non-negative and continuous, o(t, 0)=0
and y(t)= 0 is the unique solution of (1.1) satisfying the condition

limy (f) = 0
>0

Assumptions H;. The function o(t, y) is said to satisfy Assumptions H,
if in the domain ¢ >0, y > 0 it is non-negative and continuous, (¢, 0) = 0
and ¥(t) = 0 is the unique solution of (1.1) satisfying the conditions

llmy(t) = hm'gi-) =0
o 1

2. Comparison theorems for a system of differential-functional inequalities. In .
this chapter we will prove three comparison theorems for a system of differential-
-functional inequalities in the case p = 1. x, is now simply denoted by . -

THEOREM 2.1. Let the fumctions Uz, Y)= (uNz, ¥), ..., ™®, ¥)) be of
ctass D in the pyramid

(2.1) jo—a) <y, lyp—ip < as—Llo—a|  (k=1,..,9)
where 0 K<L << 400, 0L ak‘< ‘—l-oo, y < min(ax/L). Sdppose the initial in-
equalitieé ‘ ’

(2.2) [ui(2y, ) < 7 (=1, ., m)

and the differential-functional inequalities

(2.3) ] < o(lo—al, 1T (@, )+ Y by (=1, ey m)
k=1






