ZESZYTY NAUKOWE UNIWERSYTETU JAGIELLONSKIEGO
CCCCLXXV PRACE MATEMATYCZNE, ZESZYT 19 , 1977

Attempted genei'alization of the idea of a tensor product

by A. L. DAWIDOWICZ

0. Introduction. In this paper I shall try to generalize the definition of a tensor
product for any conecrete category and to formulate the theorems known in the
category of modules for any category. I wish to express my gratitude to
Dr. E. Tutaj, who helped me in the section on topology, Dr. B. Grell, thanks to
whom the paper has been accomplished, Mr K. M. Werber, thanks to whom the
_ idea of these concepts was conceived.

Terminology »

f: ACsB — f is an injection 4 in B

fi A—-B — f is a surjection 4 on B

3! ‘ — there exists one and only one

X A; — a Cartesian product

iel

4 = (A, str A) — an object of concrete category

A — the underlying set of A

str A — the structure of 4

C(4, B) — the set of morphisms 4 —B in category C for fe<C(4, B)
we note also f: A—;B or f: A—»B

A[N] — the free - algebra sprea.d on N (the V- algebra of terms on N)

= {0,1,2,..}

A, ‘ — the ca.tegory of v-algebras, defined by the relatlon where

vi 85N, 7e(#[N])?
= {k: »(k) = i}
top A — the family of open subsets of A4, i.e. str A = topA for

A e objll, where II is the category of topological spaces.

1. Fundamental concepts. Let C be any concrete category, I be any set.
Let A:I—objCtelxe x A;. We define in® = in}: A4;— X 4;, by the formula

: JeIN(} jel
in*(y) = @ v {2, y)}. .
Definition: We call a map A: X A;— B(B ¢ 0bjC) the I-morphism (poly-
tel
morphism) iff Viel Veze x Aj; h* = hoin® ¢ C(4;, B).
feIN\ty
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Definition: A universal I-morphism >< A: in an object of category C is

called a tensor product of the family {A.;}fa of the objects of the category C,
i.e. ® is a tensor product of a family {4},
iff

daf
1° ® X4i—B (B= QA= ®A)
fel iel
2° ® is an I- morphlsm

3° Vh: x A;—->O if his an I- morphlsm, then 319 e C(B, 0): ¢ o ® h
tel

XA.
ief™!

® h
B¢
THEOREM: A tensor product is unequivocally determined exact to an isomorphism.
Proof: Suppose two different tensor products ® and @ exist, ®: X 41—B

iel
and ®: X As—C.

tel

X Aj

iel

®
&

B

Q .

K
® 18 an I-morphism, hence 3! ¢ ¢ C(C, B): po® = ®
'® is an I-morphism, hence 3! g eC(B, 0): ge®@= @

(p peC(C, C) and (pog)e®@= @ and id, satisfy the same properties so
@ o @ = id; and analogously ¢ - ¢ = idg, hence ¢ ¢ isoC

2. Problem of associativity and commutativity. Let be @: JC51 |
THEOREM: If I ® 44 3 ®A¢ma then 3! @*: ®A¢-->®A¢(,) @ (®(a:))

iel - del
= ®”¢(1>
Proof Jp: x A;—-»x Aw, defined by formula ¢(r) = @ o ¢ i.e. [p(@)]; = z,
iel

x A;

el ) ¥ m i)
® ®
Al e ————— — Ay :

QA - badl
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For proving the existence and uniqueness of ¢* we must prove, that ® o ¢ is
an J-morphism.
Let z e X A4; in®: Aq—X 4 in*(y) = 2 {55 9)},
7 €I\ — el

in*(y) o p = w0 @ U {(97'(¢); ¥)} = in®“¥(y)
®opoiniy) = ®ocin*¥y) cg = @ o in*%y). |

Corollary: If ¢: JC.I is a bijection, then ® A1~ ® 4yy-

i€l jet
TerOREM: If I = \J I;-separable union amd the category C is with tensor

jeI
products, then

ANep: @A—® Q4 9(Qu)= ® Qo
tel jeJ iely iel jeJ iely
Proof:

XA e X [ XAj) e

el jed ielj
X@,‘
jed
X{® Aj) P
el ielj
®

i?IAi Y L ®i®a
jel ite

where ®;: X Ai—® A¢

tel; iely
P@)= @ ®ja

jeJ iely

Let now ze X Ai z(j)=2|I; d¢l,

£ eIN\{1o}
in®(y) = @ v {(io; ¥)} =, JL{” }m(j) v @Iy, v {(io; ¥)}

€ 0;
= U () v in®0(y) = ((in®De\ia) - in™) (3)
thi:;J;Y? in® = ® o (in®*Mje\tn}) o ®; o in™
morphism morphism
Then p is an I-morphism, hence 3! such that ¢(@z) = p(x).
Definition: A tensor product is said to be associative, iff ¢ (from the

preceding theorem) is an isomorphism. '

3. Tensor products in A,

THEOREM: The category A, is with tensor products.
Proof: Let A: Isi—(A4y;a’)= Aseobj#,. I spread a free vr-algebra

B=(B,f)=#,[X 4] on X 4.
el iel
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I determine the relation in B:

1° keSomexAsteI @i = ab, then & ~ fi
. iel
20 keS8 n>0 al..ae X Ag; i el: xj= ... =a} for j # ¢
iel »
x; for j#1i
Y5 =

7

aj(@}...a}) for j=1

then y ~ fr(z... 2").

I denote the least congruence containing ~ by ~ and introduce

QAi=Bl~=(®A45y) and =80t
iel iel i )

where 12 X A:C—B is the canonical injection and s: B—-B/~ is the canonical
iel - -

surjection.

Now I must prove that & is an I-morphism.

Let ke, e X A¢i: @ = af
iel
o = [o] = 81 = 1t

?

Now let keS8 n >0 al...2e X Ay ;= ..=a} for j #1

el
x; : for j#4
Y=\ai@t o) for j=i

®y = [y] = [Be(@"... #™)] = ya([@'] ... [&"]) = ya( @2 .. @2").
Now 1 shall prove the umversahty ‘

iel .
/
B"\ .
® ls ™~
— QA — e

Let ¢: >< A¢—D be an I-morphism, where .D = (D; 9).

o~

We ha,ve (from the definition of B):
Ages(B;D): g=got
We have still to show ¢ is transported on ® A.

iel

For this purpose we must show that if @~y then gz = gy. But it is satistied by
the relation = which generates the relation ~ and pisa morphlsm, hence @ is

transported on ® A,.
iel
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4, Tensor products of topological spaces

THEOREM: The category II of topologwal spaces and ils continuous maps is

. with tensor products.

Proof: Let A: I—objIl be a famlly of topoioglcal spaces. I determine
®Ai= x A, and -
1ef tel

Vetop @ diesVjeIVoe X A Vy= (in®)}(V) etop 4y

‘ iel i eINU} :
I determine @ = id. I-continuity is evident from the definition itself. Let
now ¢: X Ai—B be I-continuous i.e.

iel
VjeIVze X A ¢oin® is continuous. Let jel e X As U < topB
teI\N} ieINY

[g(U)]e = (in%)%g~(U) = (p o in){(T) e top 4 .

Therefore ¢ is contmuous in ® Aq, but is the only possible mapplng commutating
tel )

the diagram, and therefore ® is a tensor product.

Remark: The topology of the tensor product is stronger than the Tichonov
topology.

TuEOREM: Tensor products in a category of topological spaces and ils continwous
maps are associative.

Proof: @ di= X 4i= X X A;j= X ®A¢ = ® & Aq. Therefore I have

-iel i€l jeJ iel; jed tel; jed tely
proved ¢: ® A;—® & Ai is a one-to-one function. The map is continuous,
iel jeliel;

because it is a morphism. Finally I shall prove the open access:
Let Vetop ®4i e X X Ai Te ® A where & = (w;)i for i ¢ I; and let
iel jed\Uoliel; ieIN\Ij,
ze ® A
el \lio}

(in)=Y(in®)-{(V) = (in? « in?)"4V) = (in®V%)-(V) € top 4s,.
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