ZESZYTY NAUKOWE UNIWERSYTETU JAGIELLONSKIEGO
CCCCLXXV PRACE MATEMATYCZNE, ZESZYT 19 ‘ 1977

A modlﬁcatmn of the method of Euler polygons for the ordinary delay
differential equation

by S. HABRAT

The author sincerely thanks Professor A. Pelczar for the formulation of the
problem which is the subject of the paper and his valuable advice.

§ 1. Let ¢, b(f, < b) be real numbers, fixed throughout this paper. Denote
by F the set of all real continuous functions defined in [f,, b]. We shall consider
the ordinary delay differential equation

(1.1) @'(1) = f(t, #(t), 2(2)(2))
where ‘ ,
u) = (¢1(“)7 Dy(1) y -ees @k(u)) ’
D Foul)>Di(u)()eF, i=1,..,k,

‘ Di(w) ()<t forte[to,b],ue.?" i=1,.,k,
with the given initial function
(1.2) w(t) = () for tela,t]
where ‘
S a=inf{r: v= Di(u)(t) te[to,b],ue&' i=1, L kY.

By 2,.), %= 0,1, ..., we denote the Euler polygon constructed for the
interval [a, &] and the d.lVlSlOIl of the interval [y, £] by points tj = t,+jh, where

11
Eelty,b), h= é—o
()

Thus we pub

j=0,1,.

o(t) for te[a, ],
olly)  for te (i, £],
p(t) for tela,t], ' -
@ (t) + (I—1,) f(toy Zo.15(T0) 5 @(zo,to)(t)) for te (toy 4],

-1

P (to)+-h 2 F(tey 24 (t:), D (2, (1)) (E—8) f(ty 2,4(1), Plag) (&)
im0

for te (tz,',t1+1] .

zo e(t)

e

h (1.‘3) ‘ zn,&(t)

- where =1, ...,n—1,



202

| [t y t— 1t
l = entier (__};_q) = the integer part of the number (—k—") or equivalently

(1) for tela,t,],
zn,s(tz) +{E—t) f(t, z;;,e(tl}y Q(zn,s) (tz)) for te(t, TR
.~ where I =0,1,..,n—1. |

' Now we put

' df
{1.5) Pa(l) = l

(1.4) qua)=|

(1) fm“ng
zn,(t)‘ for t e (t,, b].

Rem ark 1. From the deflmtlon of the sequence {g,} it follows dlrectly that

we may write it in the following form:
(0 l¢(t) for t ¢ [a, %],
o) lotw) for te(h,b],
. (t) : for te[a,t,],

w(t) =, i—to pod

0 Plt)+ g'f(ti,pl(ts),@(w)(m) for te (ta, b]

or equivalently « '
(1) ' : : for t ¢ [a, 1y]

(1.7)  galt) = l

Pr—1(tp—1) -1 Pn—1{fo1)s Q(?’n Dt 1) for t e (ty, 8],

,i .
where t¢=t0+—(t—to), t1=0,1,..,n—1, n=1,2,

Now, similarly as in [2], the following problem arises: Is the sequence {pn}
umformly convergent to the solution of (1.1) (1.2)7 The answer to this problem
is given by the following:

THEOREM 1. Let us assume that
L f=f@t, 2,9, ..., yz) is defined and continuous in a cermm sufficiently large

neighborhood T of the point

(tcn (P(to,)a D(9p) (to)) ’

@(.) is defined and continuous in [a, t,], ’

Yueoto, i-,...xPi(u)(.) s defined and continuous in [ty, b],

f1< M,

in the mterval [fo; bl there emists exactly one solution z( . ) of the problem (1.1) (1.2).
Then the sequence {pn(.)} is uniformly con'verge'nt to x(.) in [, b].

Proof. First we shall prove

Lemma 1. If the assumptions of Theorem 1 are Sulfilled them the sequence
{2n ()} 8 uniformly convergemt to @(.) in [t,,b].
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