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§ 1. Let ¢, b(f, < b) be real numbers, fixed throughout this paper. Denote
by F the set of all real continuous functions defined in [f,, b]. We shall consider
the ordinary delay differential equation

(1.1) @'(1) = f(t, #(t), 2(2)(2))
where ‘ ,
u) = (¢1(“)7 Dy(1) y -ees @k(u)) ’
D Foul)>Di(u)()eF, i=1,..,k,

‘ Di(w) ()<t forte[to,b],ue.?" i=1,.,k,
with the given initial function
(1.2) w(t) = () for tela,t]
where ‘
S a=inf{r: v= Di(u)(t) te[to,b],ue&' i=1, L kY.

By 2,.), %= 0,1, ..., we denote the Euler polygon constructed for the
interval [a, &] and the d.lVlSlOIl of the interval [y, £] by points tj = t,+jh, where

11
Eelty,b), h= é—o
()

Thus we pub

j=0,1,.

o(t) for te[a, ],
olly)  for te (i, £],
p(t) for tela,t], ' -
@ (t) + (I—1,) f(toy Zo.15(T0) 5 @(zo,to)(t)) for te (toy 4],

-1

P (to)+-h 2 F(tey 24 (t:), D (2, (1)) (E—8) f(ty 2,4(1), Plag) (&)
im0

for te (tz,',t1+1] .

zo e(t)

e

h (1.‘3) ‘ zn,&(t)

- where =1, ...,n—1,
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| [t y t— 1t
l = entier (__};_q) = the integer part of the number (—k—") or equivalently

(1) for tela,t,],
zn,s(tz) +{E—t) f(t, z;;,e(tl}y Q(zn,s) (tz)) for te(t, TR
.~ where I =0,1,..,n—1. |

' Now we put

' df
{1.5) Pa(l) = l

(1.4) qua)=|

(1) fm“ng
zn,(t)‘ for t e (t,, b].

Rem ark 1. From the deflmtlon of the sequence {g,} it follows dlrectly that

we may write it in the following form:
(0 l¢(t) for t ¢ [a, %],
o) lotw) for te(h,b],
. (t) : for te[a,t,],

w(t) =, i—to pod

0 Plt)+ g'f(ti,pl(ts),@(w)(m) for te (ta, b]

or equivalently « '
(1) ' : : for t ¢ [a, 1y]

(1.7)  galt) = l

Pr—1(tp—1) -1 Pn—1{fo1)s Q(?’n Dt 1) for t e (ty, 8],

,i .
where t¢=t0+—(t—to), t1=0,1,..,n—1, n=1,2,

Now, similarly as in [2], the following problem arises: Is the sequence {pn}
umformly convergent to the solution of (1.1) (1.2)7 The answer to this problem
is given by the following:

THEOREM 1. Let us assume that
L f=f@t, 2,9, ..., yz) is defined and continuous in a cermm sufficiently large

neighborhood T of the point

(tcn (P(to,)a D(9p) (to)) ’

@(.) is defined and continuous in [a, t,], ’

Yueoto, i-,...xPi(u)(.) s defined and continuous in [ty, b],

f1< M,

in the mterval [fo; bl there emists exactly one solution z( . ) of the problem (1.1) (1.2).
Then the sequence {pn(.)} is uniformly con'verge'nt to x(.) in [, b].

Proof. First we shall prove

Lemma 1. If the assumptions of Theorem 1 are Sulfilled them the sequence
{2n ()} 8 uniformly convergemt to @(.) in [t,,b].

?P?F
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Proof.‘Il. Tirst we shall show that the sequence {z,(.)} is uniformly boun-
ded and uniformly equicontinuous in [%, b]. From (1.3) and the assumptions 3, 4
we have

(18) Tualle) = pll0) =01,y
(1.9) Clmg =) #= 0Ly
~>i0

hence all the functions of the sequence {z,,} are continuous in the point i,:
Let t ¢ (fy, b]. For each n there exists exactly one integer ! such that

t—1 t—1
te(to-l—l % e+ (1) °].
, n n
o |
The point f,+1 %t" we shall denote by #™ or if = is fixed, shortly, by ¢;. We put
dat )
(1.10) o) = f(tey Znplty)s D(2p)(B)  fOr Telty i) -

Hence from (1.4) and (1.10)

. t '
(1.11) euplly) = Znp(t)+ [ pals)ds .
74
But
, -1 .
(1.12) 2(8) = Zupt) D, Cptid) = 2np(1) + 20p0) — Zn(0) -
i=0

" Taking into consideration (1.8), (1.10) and (1.11) we may write the formula (1.12)
in the form: : S

t .
(1.13) Zupt) = @ (o) + [ pa(s)ds .
. fo

Thus from (1.13) and the assumptions we have
(114) s < lp(to)|+ (b—to) M for tefte,B] n=0,1,..

Moreover, for t,% e [t, b]
' t )
C(L18)  [s(t)—2anD] = Ip(te)+ [ pa(s)ds—o (to)— [ pals)ds]
) to " to
i
- U%(s)ds[g t—i M
i

for 1, €[ty bly %= 0,1, ...
From (1.14) and (1.15) we have IL.

ot e i
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IT1. From Arzela’s theorem, the assumptions of which are satisfied (see I1),
it follows that from an arbitrary subsequence {z,,;} of the sequence {z,,} it is
- possible to choose a uniformly convergent subsequence {z, ,}. Let

>

lim 2,, (1) = @,(t)  for t e [4,, b]
where z,(f) = ¢(t,) from (1.8) (1.9). |
- Evidently for ¢ [a, ]
lim 2, ,(2) = (1) .
We put: '
(1) for tefa,t,),

z(t) =

z(t)  for te(ty, b].

Because the functions ®, P, f,2,, are continuous, we have for t e %, b]

lim @ (2, ,)({) = D (x)(t)

n-—>oc

Lim £(t, 25,5(t), P(2,5) (1)) = f(t, ©(t), D(@)(1)) .
n—>00
It is easy to see that if m—oo then h = 1, ,—%;—0; hence
lim ya(t) = f(t, ©(t), B(2) (1)) -

Passing in
t
Zap(1) = @ () + [ p,(5)ds
to

to the limit as n—occ we have for e [t,, b]

t
@(t) = g (t)+ [ f(s, 2(s), D(2)(s))ds .
to

The last equality with the condition
x(t) = @(t) for te[a,t]

i8 equivalent to (1.1) (1.2), hence the limit x(.) is the solution (1.1) (1.2). We
have proved then that each uniformly convergent subsequence is convergent
to the solution. From assumption 5 we infer that the limit is independent of the
choice of the subsequence {z, ,}. Hence {z,,} is uniformly convergent in [¢,, b]
to the solution. '

Remark 2. Lemma 1 is also true when the division of the interval [¢,, b] is
not proportionate but such that ‘

Hm ( max |t;,,—&])=0.

7t->00 {=0,...,m—1
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IIIl We shall take an arbitrary é € [tp, b]. :
By zn ¢.) we denote the function eonstructed for the interval [a b] and the
division :

1 o n—1 n—l—i _
tyy to‘l";‘"z (E—to): ey o+ T (5'—"’0); ‘5; to+- T(S‘—to) ?

k
ERLES ] to“l‘;?’(f‘—‘to)ﬂ’

where k i3 an integer such that

k E+1
bt = (1) < b <ty “‘"+ (E—1,) -
n n

Of course we have

(1.16) 2, (€)= 2,,0(8) = @, (£) -
From Lemma 1 and Remark 2 we have
Ve>oanee[tn,b]vte[t,,,b][” = ‘N=>1§n’e(t)—m(t)| < €]
In particular - ,
(1.17) VesodwVicuuln > N = 2, (&) — 2 (&) < €]
From (1.17) and (1.16) we have the end of the proof of Theorem 1.

| § 2. Remark 3. It is known that the solution z(.) of the problem {(1.1) (1.2)
may not fulfil the following condition
lim 2'(t) = lim ¢'(1) .
13 ity
With regard to the inductive definition (1.7) of the sequence {¢,} and the delay
D (g} derivatives of the functions ¢, may not exist as well at the point {, as also
in another points. In order to guarantee the existence of the first derivatives

~of the sequence {p,} n = 1, 2, ..., we shall assume that the initial function ¢ ful-
fils the condition

(2.1) lim ¢'(1) = f(ts, ¢ (to), P(9) (%)) -
t—tg
Then from (1.7) the function ¢, defined by the formula
(t) = {?’(t) , for te[a, ],
Ap o)+ (E—to) f(to, @ (to) , D () (to))  for te(f, ]

will have the derivative

. o ?'(%) for te[a, t(;] y
(2.2) ¢i(t) = { f(to, @), P(9) (%)) for te(ty, b].



- (24) @)=
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‘We ghall now prove :
LEMMA 2. If the function f has the contmuous and bounded partial derwatifves

| 8f af 3f k in the set T, th t d & :
% o ay vy & in the set T, the fumctions ¢(.) an o(u)(.) for every
u € O'by, b], &= 1, ..., k have the continuous derivatives respectively in the inter-

- vals [a,1,], [f, b], the condition (2.1) is true,

then each function of the sequence {pn} n = 1,2, ..., has the continuous deriva-
tive for te[a,b] and

Pnlte) = F(toy @ (1), B (@) () -

Proof. For n = 1 Lemma 2 is true with regard to the assumptions and (2.2).
Now we assume that the derivative @y exists and is continuous in [a, b] and

(2.3) . Pa-1(t) = F(to, #(t), P(p) (1)) .
From (1.7) and with regard to the a.ssumptions we have

P ‘, for tefa,t,),

Pl n—l) ‘|‘ f (ta1s Praltn) ; P(@Pn—s) (tars))+

+ T dtf(tn-ly ‘Pﬂ-—l(tn—l) ¢(‘Pn—1) (tn—l))

for t e (1, b]

hence ¢, exists and is continuous in the interval [a, b] everywhere beyond the
point #,. But from (2.1), (1.7)

(2.5) lim g;,(1) = iliri{up'(t) = f(to, p(to), D(9) () -

i~
However, from (2.3), (2.4), (1.7) and the assumptions of Lemma 2

(2.6) limg!(t) =
TN 4

= Falto) ™ + 2 1y Baale); Bl () = s 9 (1), P) 1)

From (2.5) and (2.6) we have

’;P;z(to) = f(toa ?(lo)y D(p) (t'o)) :

- which finishes the induction proof of Lemma 2.

Now we shall prove the following
THEOREM 2. Let us assume that
1. f is defined and continuous in T,
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f f af
ot’ o’ 6y
Lipschitz condmo'n with respect to all variables,

0

f has the bounded gaamal derivatives - ok fulﬁlling the

3. @ has the derivative ¢’ fulfilling the condition

\

90— () <Lit—i  for t,%ela,b],

d
4. Yoo, i=1,...xPi(%) () has the dem"vat*i'vegi (Pi(u)(.)) fulfilling the condition

d , d el .
AP0~ GO D)< N,
for 1,5 e[lo, b), i=1, .., ,

< a,,

of
b. |f| < M:la‘tlg Mly ‘9;01\

i=1,.,k,
6. (b—1,) M, < 1.

af}

5— < Msi7 o'l < My,
Yi :

i .
zﬁ@i’ < Msi,

7. inthe interval [1,, b] there exists emaotly one solution (. ) of the problem (1. 1) (1.2),

8. ” ,lft{l P'(t) = [, 9(l), P{@) (1)) -

Then the sequence of derivatives {p,(.)} is uniformly convergent to x'(.) in
[to, 1.

Remark 4. 1) The assumptions 2, 3, 4, 8 gnarantee the reality of Lemma 2.
2) From the assumptions 1 and 5 it follows that if b—¢, is sufficiently small,
there exists exactly one solution of the problem (1.1) (1.2) (see, e.g., [1], [3]).

Proof. I2. First we shall show with the aid of the induction procedure that

(2.7) lpn(0)| <@ for tela,b], n=1,2,..,
where
k
M+ (b_to)(M1 +c21 Msz‘Mu)
1— (b—to) M, ) '

From (2.2) (2.8) and assumptions 5, 8 it follows that '

(2.8) @, = max (M“

(2.9) | I < M, <@ for te[ad].

Now we assume that

I?’;—1(t)l <@ for tefa,d].
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From (2.4) and Lemma 2 we have

. for te[a,t),
. 4 (
1 fp;t—l(tn—l)’?n —}'
1, .
+ ?‘if (te 1y Pu-s(tn), D(@n) (tnr)) +
—1, {af N |
: + 1= (tn—ly Pn—(tr—), ‘p(¢n—1)(in-—1)) -— +
(2.10)  @l(t) = n (9 _ n
of , n—1
+ éa—v (tn—ly Pp—1(ty_1)@ (‘Pn—1),(tn—1))' Pr—1{ty—1) T +
k
7 .
+ 2 [Egj;t (te1y Pra(tn—s), D (n—y) (tn—)) X
i=1
a | | |
X at (q)i(ﬁpn—l)(tn—l))]} for e (i, b].

From the assumptions and (2.10) we have _
(2.11) (] < M, <@ for tefa, 1]

however, for t e ({,, 5] we have

b—1,
n

: k
- , n—1 1 n—1 n—1 B
(212) el < @ TRt (M1 - +M2Q1—?~%—+;1.M3¢MM).

Coa—1 -
Because = < 1, thus for ¢t (1,, b]

L

- N

k
‘ M+ (b—10) (My+ Y My M)
(213) g0 <@ ("’% ) + ‘

e

k
1— (b__ iO)Mz + M_I_ (b"'to) (Ml-l_igl MS‘i'MG‘i}
n , n
However, from (2.8)

% .
M +(b——t.,)(M1+g; My My;)

S ‘
&> 1= (0—1,) M, 2
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fro&h (2.13) we have
(2.14) : len()] < Q,  for te(ty, b].
Thus from (2.11)‘and. (2.14) we have
lpn(0)] < @, for te[a, b]
hence (2.7) holds, i.e. the sequence {g,} is uniformly bounded. .
I12. Let Iy, Ly, Lugty Tony Loy Tst, Liss, Dsasy Tisgty 1y § = 1, ey k be the

Lipschitz constants for the partial derivatives of the function f fulfilling (see
assumption 2) the conditions: :

of . _ _ _
= (b %y Yyy veey Yu)— 5 () Zy Fry oes Ti)

E

. .
< Ly |t ii + Ly lo— 7| - ZLlai lyi— il ,

=1

of o - _ _
5{"17 (¢, =, Yiy ooy Yu)— 5{; (s &y oy oees Yi)

(2.15) : . :
< Ly [t— 1| +-Loa [0 — 2| + 3 Lws lyi— 7l

t=1

of af - _ _
la@(t,w,yl,...,yk)—@j(t,w,y],...,yk)

N

k
Lusglt— 1 +Lsas lo— 7|+ > Lgsi [yi— 4l -
i=1

It is easy to see that

n—1
)

!‘Pn—l(tn—,i);?n—l(fnﬂ)l <O, [t— ZI

(2.16)

-1 ~
PR, i=1, .,k

|Pi(pn—) (tna)— Di(pn—) (En—'l)] < Mg "

Now we shall prove with the aid of the induction procedure that

(2.17) [a(f)—@a(t)| < R, lt—2|  for t,te[a,b], m=1,2,..,

where

Prace matematyczne z. 19 ' 14
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R, = max (L, A+B+0 )

1—(b—1)M,)’

k
4 = 2 MsiMsi ’

i=1

B= A+2(M,+M,Q,)+

(2‘18) : +(b— to)[g Mthﬂ‘*‘gMu ( 317+L32IQI+
+ ZLsaﬂMat)] ’
i=1

k
= (b"‘ t) [Lu +I112Q1 + ZLISiMﬁf -+

i=1

0 (Tt Taut 3 T M

i=1

For n==1 we shall distinguish 3 events:
1o, t,te[a,t,]. Then from (2.2) (2.18) and assumption 3

7t —e1(B)] = o' () — ¢’ ()| < Lit—¥| < Ry t—1] -
20. 1, te[ty, b]. From (2.2) (2.18) |
| e 1) —pi(B) = 0 < By Jt—1] .
30. te[a,ty), {e(t,b]. From (2.2) (2.18) and assumption 3 we have
lPi(1)— g1 (D) < lpi(t)—pilto) | + oy (fo)— ¢i(8)| < Llt—to| < By ft—1|

hence

2.19) lpi(t)—@1(8)| < R, |t—¢ for t,te[a,bd].
Now we shall assume that

(220)  Igh 0= aa® < Rili—il  for 4,7 c[a, ).

Again we shall distinguish 3 events:
10. 1, te[a,t,). From (1.7) (2.18) and assumption 3 we have

lpn(t)—#a(®)] = 19’ (1) — ¢’ ()| S Lt— 8| < By |t—1] .
2. t,1¢ (4, b]. From (2.10) (2.15) (2.16) we have

b—1t) M\, ro3
@30 gl < (1 =il

!



211"

‘ . : . -1 - ' ,
where A, B, C are defined in (2.18). Becauseﬁ;r <1 and (2.20) holds, from
the inequality (2.21) we have

_ 1—(b—1,) M. A-+B .
(2.22) l¢;(t)n—¢;(t>1<[Rl—R, el At +0:||t._.t|,

From (2.18) (2.22)

(2.23) lpa(t)— o) < By [t—17] . for 1, e (4, b] ‘-

Remark 5. The continuity @,, and the theorem of behaviour of the inequa.lity'
in the limit imply that the inequality (2.22) holds good over the whole interval
[t b].

3% tela, ], t e (ty, b]. From i° and 2° and Remark 5 we have

1#(8)— )] < @) — @nlto)| + [ (te)— @ (D)]

S L=t + B jt—i| < Ry Jt—1#| .
In consequence the sequence {g,} is uniformly equicontinuous. .

III2. Let {g,} be an arbitrary subsequence of the sequence {g,}. From
Arzela’s theorem, the assumptions of which are satisfied in view of parts 12
and IT2, it follows that there exists a subsequence {#;,} of the sequence {p, }
uniformly convergent. From Theorem 1 it follows that the sequence {pp } I8
uniformly convergent to « in [t,, b]. Hence {@3,} is uniformly convergent to z'.
From assumption 7 we conclude that the limit is independent of the choice of

the sequence {p, }. Hence {p,} is uniformly convergent in the interval [%,, b]
to a'. :

§ 3. Remark 6. In order that the solution 2 has continuous derivatives
up to the rank [ inclusively in [{,, b] it is necessary, except in adequate assump-
tions for the functions ¢, @, f, to assume also the following condition of confor-

‘mity: _
-1
lim ¢®(t) =

Remark 7. From (2.4) we would have

floyz(ty), D(@)(t)) for p=1,2,..,1

' (1) , - for te [d,to)',v
. n—1)\2 '
‘P-n—l(tn—l)( o ) +‘

2d
‘P::(t) =1+ ,ﬁa‘tf((tn—u Pr{tn), Q(‘pﬂ“l)(tﬂ—?))’f"

b s onsltan); ® ._
+ T d—taf( n=1y Pn-1(ta=1), P(Pn-) (nﬂl))

for t € (t, b] .
14*
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In order to guarantee the existence and the continuity ¢, for n =0,1, ..., we
shall assume that

l‘ir?_ '(f) = f(toy @ (to), Do) (to)) =0,

i ;
Hm ¢"(t) = —f ((to; p(t), P(9) (ta)) = 0.
toty

Tt is easy to see from (1.7) that now ¢, ¢," exist and are continuous as far as ¢, D, f -
are an adequate class. ' :

After these remarks we shall formulate the following:

LeMmmaA 3. If
1. the functions f, ¢, @iu) have all the derivatives

' ar
?’(p)y ai Di(u)

*f
oMoxT oy, ..., oy’

YueCt,,b], i=1,..,k
adequately continuous in T, [a,t,], [t, b], where p =1, ..., 1;
g+r+8 S =P ¢, 7, 8,y Sk =0,1,..,1,

-1

2. lim ¢®(t) =

dtp—1f(toa @ (to), P(@) () = 0
tsty

for p=1,...1L

Then each function of the sequence {wn} has a continuous derivative of the
rank 1 in [a, b].

Proof. From Lemma 1 and Remark 7 we conclude that all the functions of
the sequence {g»} %= 0,1, ..., have continuous first derivatives in the in-
terval [a, b].

Now we assume that the derivatives ¢/™ for m =1, ..,1—1, n=0,1, ...,
exist and are continuous in [a, b]. It is easy to see that ¢, ¢ exist and are

" continuous in [a, b]. Applying the induction procedure with respect to n, from

(1.7) and the assumptions, we can prove the existence and the continuity of
the derivatives {¢¥} in [a, b].
THEOREM 3. Let us assume that
1. f s defined, continuous and bounded in T,
2. f, ¢, Pi(u) have the bounded derivatives

*f ()

F
= Dy(u
dearoyr, . opy @ i)

A € O 4, 11,00 Where p=1,..,1; Q+T+v3,1>+‘---+3k =P; ¢,7 8, e Sk
= 0,1, ...,1; fulfilling the Lipschitz condition with respect to all variables
adequately in T, [a,t,), [t,, b], '






